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ABSTRACT: High performance water transport in nanopores has drawn a
great deal of attention in a variety of applications, such as water
desalination, power generation, and biosensing. High water transport
enhancement factors in carbon-based nanopores have been reported over
the classical Hagen−Poiseuille (HP) equation which does not account for
the physics of transport at molecular scale. Instead, comparing the
experimentally measured transport rates to that of a theory, that accounts
for the microscopic physics of transport, would result in enhancement
factors approaching unity. Such a theory is currently missing. Here,
molecular corrections are introduced into the HP equation by considering
the variation of key hydrodynamical properties (viscosity and friction)
with thickness and diameter of pores in ultrathin graphene and finite-
length carbon nanotubes (CNTs) using Green−Kubo relations and
molecular dynamics (MD) simulations. The corrected HP (CHP) theory successfully predicts the permeation rates
from nonequilibrium MD pressure driven flows. The previously reported enhancement factors over no-slip HP (of the
order of 1000) approach unity when the permeations are normalized by the CHP flow rates. The results of our study will
help better understand nanoscale flows in carbon-based pores and tubes.
KEYWORDS: graphene nanopores, carbon nanotubes, hydrodynamics, thickness-dependent transport, slip length, viscosity,
molecular dynamics

Recent advances in nanotechnology and nanofabrica-
tion1,2 combined with unique properties3−9 of water
transport in nanopores and nanotubes have led to

significant advances in, for example, membrane technology. Due
to the high flux and enhanced selectivity properties, nanoporous
membranes have been found to be excellent candidates for water
desalination,10,11 electric power generation,12 and biological
sensing applications.1,13−15 Water transport rates in carbon-
based nanopores have been shown to be several orders of
magnitude larger than the rates predicted by the classical no-slip
Hagen−Poiseuille (HP) equation.5−7,16 In carbon nanotubes
(CNTs), enhanced flow rates are attributed to the highly
frictionless and smooth surfaces.7,8,17 Ultrathin nanoporous
membranes (e.g., single-layer graphene) exhibit high transport
rates11,18−22 as, classically, water flux scales inversely with the
membrane thickness.23 The exceptionally high fluxes obtained
with carbon-based membranes have led to the definition of
enhancement factors (EFs),6,24,25 where the experimentally
measured or computationally determined (using, for example,
molecular dynamics (MD) simulations) flow rates are
normalized by the flow rates computed using the classical

theory (typically the HP theory), expressed as EF
Q

Q
EXP/NEMD

HP
= .

While the enhancement factors are exciting and indicate the

significance of carbon-based and other materials for nanofluidic
transport, an important question arises as to whether the
classical theory, which does not account for molecular physics
that plays an important role at interfaces and under confinement,
can be used to define EFs. Indeed, if a theory that accounts for all
the microscopic physics is used to compute the flow rates, one
would expect EFs to approach unity. However, such a theory is
currently missing, and in this work we report on important
molecular physics that can be incorporated into the classical HP
theory which can lead to EFs approaching unity (EF → 1), i.e.,

EF 1
Q

Q
EXP/NEMD

CHP
= → .

To develop the corrected HP (CHP) theory, we characterize
the thickness and diameter dependent flow by considering
ultrathin graphene and finite-length CNTs. The variation of
hydrodynamic properties such as interfacial friction, slip, and
viscosity is studied for various thickness and diameter pores. By
accounting for the variation of the key hydrodynamical
properties, we develop a corrected HP equation with size
dependent relations. Flow rates for pressure driven flows
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obtained from nonequilibrium molecular dynamics (NEMD)
and published experimental data indicate that the corrected HP
equation can provide EFs approaching unity. In a few cases, EFs
deviating from unity are observed, and possible reasons for this
are discussed.

RESULTS AND DISCUSSION
Scaling of Interfacial Friction, Viscosity, and Slip

Length. A typical simulation box consists of water molecules,
two graphene sheets (the end walls), and a CNT in between the
sheets. In the case of a graphene nanopore system, there are only
a single graphene sheet and water molecules. A nanopore (close
to the diameter of a CNT) is drilled in each graphene sheet.
(6,6), (8,8), (10,10), (14,14), (18,18), and (26,26) CNTs (the
corresponding center-to-center diameters are 0.81 nm, 1.08 nm,
1.36 nm, 1.90 nm, 2.44 nm, and 3.53 nm, respectively) with

center-to-center thicknesses (the distance between the centers
of the carbon atoms at the two ends of the tubes) of 5 nm, 10 nm,
and 20 nm are considered in this study. The system dimensions
vary from 3.75 to 11.25 nm in x and y and 6 to 26 nm in z (which
is along the axis of the pores) depending on the diameter and
thickness of the pores. The dimensions in x and y change with
the diameter to account for the porosity of the nanopores. The
simulations contain about 16,000−110,000 atoms. A typical
schematic of the simulation box for a graphene nanopore and
CNT is shown in Figure 1. In equilibrium MD (EMD)
simulations, friction coefficient (λ) and viscosity (μ) are
obtained using the Green−Kubo formalisms26,27

K TA
F F t t

1
(0) ( ) d

B 0
∫λ = ⟨ · ⟩

∞

Figure 1. a) Simulation box for water across a monolayer graphene nanopore. b) Simulation box for water across a 5 nm-long (14,14) CNTwith
a graphene sheet at both ends of the tube. c) h, xe, σc−c, and r are shown for a CNT. The CNT and graphene walls are shown in green. The dashed
line represents the centerline of the pore. h is the physical thickness of each pore including the size of the carbon atom (σc−c). r is the water
accessible radius of the pore. l denotes the combined length of both end regions which is given by l x e2 (1 )h x

e
/2 e= − − where l approaches 2xe for

large h (h > 2xe), and l approaches h for small h (h < 2xe). d) Cross-sectional view of a CNTwhere the interfacial annular region, bulk-like region,
r, di, and σc−c are shown. di is the thickness of the interfacial annular region.
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and

V
K T

P P t t(0) ( ) dab ab ab
B 0

∫μ = ⟨ · ⟩
∞

respectively. KB, T, A, V, F(t), and Pab(t) are the Boltzmann
constant, temperature, nanopore surface area, nanopore volume,
total wall−fluid axial force, and stress tensor, respectively. Note
that A and V are calculated based on the water accessible
diameter of pores (carbon−carbon Lennard-Jones (LJ)
parameter, σc−c subtracted from carbon center-to-center
diameter). ab are the xz and yz components of the stress tensor,

( )P r Fab V i
N p p

m i
N

j i
N

ija ijb
1 1

2
ia ib

i
= ∑ + ∑ ∑ ≠ where i and j are atom

indices,N is the number of atoms, pi is the momentum of atom i,
mi is the mass of atom i, and rij and Fij are the distance and force
between the pair of atoms i and j, respectively. Since the flow is in
the z-direction (the axis of the tube), we are only interested in
the xz and yz components of the stress tensor for the viscosity
calculation. Therefore, we consider the mean of the xz and yz

components of viscosity in the CNT as the shear viscosity along
the flow direction. λ and μ are calculated within the physical
thickness of each pore/tube (h) including the size of carbon
atoms at the ends. In this work, “end region” refers to the region
inside the pore/tube as shown in Figure 1c. In graphene
nanopores, the carbon−carbon LJ parameter, σc−c = 0.34 nm, is
taken as the physical thickness (h) of the membrane. As shown
in Figure 1c, in CNTs, h is the addition of the center-to-center
thickness and σc−c (e.g., for the CNT with the center-to-center
thickness of 5 nm, the physical thickness is given by h = 5 nm +
σc−c = 5.34 nm). As shown in Figure 1d, for the variation of
viscosity with diameter, a two-viscosity model (as discussed later
in themanuscript) is considered with a core viscosity modeled as
the bulk viscosity and an interfacial viscosity denoted by μi with a
layer thickness of di. The cumulative integrals of the Green−
Kubo auto correlation functions as a function of time are
provided for one nanopore size in the Supporting Information
(Figure S1).

Figure 2. Interfacial friction coefficient (a), viscosity (b), and slip length (c) inside the nanopores are plotted as a function of the physical
thickness of the nanopores (h) for different diameters. The graphene nanopores (denoted as GRP with h = 0.34 nm) and CNTs have similar
diameters. λ and μ decrease with an increase in thickness. Friction is high at the ends increasing the overall friction in short nanopores. Viscosity
is higher in short nanopores due to density layering at the ends. Slip length changes with thickness following the scaling of μ

λ
. As thickness

increases, the values of friction, viscosity, and slip length approach that of infinitely long CNTs.
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λ and μ decrease with the increase in the thickness of the pore
(h) as shown in Figure 2a-b. Significant variation of λ and μ is
observed as we approach smaller thicknesses, especially for the
monolayer graphene case. For long CNTs, λ is dominated by the
low friction approaching the limiting friction value of infinitely
long CNTs (where a periodic boundary condition is applied
along the CNTs in MD simulations).8 As the membrane
becomes thinner (short CNTs and graphene nanopores), λ
increases due to the significantly high friction at the ends of the
pores (see Figure S6 of the Supporting Information for the
variation of friction coefficient along the length of the
nanotube). μ is higher in graphene nanopores (higher than
the bulk value, μbulk = 0.85 mPa·s) owing to the highly layered
structure of water in the direction of the flow in the nanopore.
The axial density variation in a graphene nanopore is shown to
be correlated with viscosity.21 For CNTs, large density

variations only exist at the ends of the tube (see Figure S7 of
the Supporting Information for the variation of water density
along the length of the CNT). As the thickness increases, the
overall μ inside the tubes is influenced to a lesser degree by the
density fluctuations at the ends (Figure S6 of the Supporting
Information shows the variation of viscosity along the length of
the nanotube) and is dominated by the lower viscosity
observed25,28 inside the nanotube for an infinitely long CNT.

Slip length, δ, which is the ratio of viscosity to friction( )δ = μ
λ
, is

directly obtained from NEMD simulations using
Uslip

interface
δ =

μ

τ
,

whereUslip is the slip velocity, and τinterface is the friction force per
unit area of the pore. We obtained the slip lengths directly from
NEMD to reduce the large error bar associated with the
calculation of viscosity and friction coefficients obtained from
EMD (both NEMD and EMD simulations result in comparable

Figure 3. Interfacial friction coefficient (a), viscosity in monolayer graphene (b), viscosity in finite-length CNTs (c), and slip length (d) are
plotted as a function of diameter of the nanopore (the graphene nanopores (denoted as GRP) and CNTs have similar diameter). For CNTs,
friction decreases with an increase in diameter (except the single-file (6,6) CNT) as small diameters exhibit larger friction at the ends. This is in
contrast with the behavior in infinitely long CNTs where a periodic boundary condition is applied with no ends. Viscosity in monolayer
graphene is higher for smaller diameters because of stronger density layering along the flow direction. As the diameter increases, viscosity
approaches its bulk value in both graphene nanopores and CNTs. Slip length increases for CNTs (except for the single-file (6,6) CNT) and
decreases for graphene with an increase in diameter following the scaling of the viscosity-to-friction coefficient ratio. Unlike infinitely long
CNTs, slip length increases with diameter for finite-length CNTs especially for shorter CNTs (e.g., 5.34 nm)where the end effects are dominant.
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slip lengths within the error bars). δ increases with the thickness
of the pore for most cases (anomalous behavior in small
diameter pores is discussed later in this paper) as shown in
Figure 2c. Since the variation of λ with the physical thickness of
the pore (∼h−0.7) is more significant compared to that of μ
(∼h−0.5), slip length (which is the ratio of μ to λ) increases with
thickness (scaling is based on the range of thicknesses
considered here). For longer CNTs (e.g., h = 20.34 nm), the
values of viscosity and friction start to converge to those of
infinitely long CNTs. The increasing slip length with thickness is
consistent with the velocity profiles observed for graphene
nanopores and infinitely long CNTs. In graphene, the radial
velocity profile is more parabolic23 (with a lower δ) compared to
the plug-like velocity profiles in CNTs (with a higher δ).7 The
calculated slip lengths in the finite-length CNTs are 1 order of
magnitude lower than the values reported in previous
simulations8,25,29 where the slip lengths are calculated for
infinitely long CNTs without considering the end effects. We
note that the slip lengths (of the order of 70 to 80 nm for very
large diameters)8,29 in simulations for infinitely long CNTs are
lower than the slip lengths (∼300 nm) observed for long CNTs
(with a thickness of∼1,000 nm) in experiments.17 Secchi et al.17

suggested that the large slip length could be due to the lack of
understanding of the electronic structure of interfaces. In
addition to force fields, accurate calculation of slip lengths from
experimentally measured permeation rates depends on the
theory used to describe the flow inside the CNTs as well as the
resistance at the ends.
The scaling of λ, μ, and δ with the diameter of the pore is

shown in Figure 3. For finite-length CNTs, λ reduces (except for
the single-file (6,6) CNT) with increasing diameter. This is in
contrast to the trend for infinitely long CNTs where the friction
coefficient increases with diameter, reaching a maximum value
equal to that of the zero-curvature nanochannel8 (λflat = 1.1 ×
104 N s m−3). In infinitely long CNTs, where the effect of the
ends is ignored, the friction is mainly governed by the degree of
curvature8 of the CNTs. However, for finite-length CNTs,
friction at the ends of the tube’s wall dominates, and it increases
as the diameter decreases. As the thickness of CNT increases
(e.g., 20.34 nm), the end effects become less dominant, and the
scaling behavior approaches that of an infinitely long CNT. The
(6,6) CNT exhibits a very low friction coefficient. Falk et al.8

showed that for single-file water in CNTs, the force amplitude or
the force in the z direction between the water and CNT wall
almost vanishes (the friction coefficient can be obtained from

f S q( )
K T

2
B

λ ρ= τ , where τ is the relaxation time of the force

autocorrelation function, ρ is the surface density of water, f is the
force amplitude (the force per particle from the wall), S(q) is the
structure factor of water, and q is the wavenumber). To further
investigate the low friction coefficient in (6,6) CNTs, we plotted
the force autocorrelation function (FACF) for different CNT
diameters in Figure S5 of the Supporting Information. The
magnitude of FACF at t = 0 (⟨F(0)2⟩), is shown to be the
smallest for the (6,6) CNT consistent with the explanation of
low force amplitude by Falk et al.8 In addition, the relaxation
time of FACF for the (6,6) CNT is small, which leads to a
smaller friction coefficient, compared to other CNTs (for more
details, see the Supporting Information). For the graphene
nanopore case (see Figure 3a), λ exhibits a small increase with
the increase in diameter until it reaches the value equal to that of
the zero-curvature single-layer graphene slit. In Figure 3b, μ is
plotted for the graphene nanopores as a function of the pore

diameter, and a value higher than that of the bulk viscosity is
observed for the pore diameters considered. μ decreases with
diameter as the structural layering of water along the axis of the
pore (z direction) starts to vanish for a larger pore diameter. For
very small diameter nanopores (subnanometers), inside the
pore, the bulk-like region vanishes, and viscosity is dominated by
the low interfacial viscosity. In CNTs (Figure 3c), μ is lower than
the bulk viscosity and increases with the diameter until it reaches
the bulk value for large enough tubes (as large diameter CNTs
have larger bulk-like region, compared to small diameter
CNTs). In small diameter CNTs, the overall effective viscosity
is affected by the low viscosity near the surface. Low viscosity
near the surface is explained by higher than the bulk diffusion
coefficient near the surface25 (viscosity and diffusion are
inversely related by the Einstein relation). Diffusion coefficient
increases as the hydrogen bonding is weakened near the
surface.30 Slip length, in finite-length CNTs, increases with
diameter as the ratio of viscosity-to-friction coefficient increases
with diameter as shown in Figure 3d (viscosity increases with
diameter and friction decreases with diameter). Slip length in
graphene, however, decreases with diameter as viscosity
decreases and friction increases with diameter.
Water viscosity and friction coefficient exhibit length-scale

dependence, e.g., variation with thickness of the CNT. The
effective viscosity and friction coefficient for a given radius can
be obtained from the weighted average of the values in the end
regions (μe and λe) and in the middle section of CNT (μ∞ and
λ∞ (modeled by infinitely long CNTs)). These effective
parameters are subsequently used in a simplified single-form
HP equation (discussed in the next section of the manuscript)
without separately calculating the contribution from the end
region and the middle section of CNT. For a given radius (r),
viscosity and friction coefficient variation with thickness for
finite-length CNTs can be expressed as

h r
l r h l r

h
( , )

( ) ( ) ( )e

μ μ μ= · + − · ∞

and

h r
l r h l r

h
( , )

( ) ( ) ( )e

λ λ λ= · + − · ∞

where l denotes the total length of the end regions at both ends
of the tube (see Figure 1c). We define l as a function of h and xe
(xe is the length of the region at one end, see Figure 1) using

l x e2 (1 )e
h
x2 e= − − where l approaches 2xe for large h (h > 2xe)

and l approaches h for small h (h < 2xe). As shown in Figure S6,
most of the variation of viscosity and friction coefficient takes
place within 0.7 nm of the edge of the nanotube (the end region
length at one end of the nanotube is set to be xe = 0.7 nm). The
expressions given above are found to describe the thickness
variation of viscosity and friction coefficient (see Figure S2 in the
Supporting Information). As shown in Figure S6 of the
Supporting Information, viscosity and friction vary along the
length of the CNT; therefore, viscosity and friction in the end
regions (μe and λe) and in the middle section of the nanopore
(μ∞ and λ∞) are different for different radii of the CNT.
Variation of viscosity with radius is obtained as a weighted
average of viscosities in the interface (denoted by μi with a layer
thickness of di (see Figure 1d)) and in the bulk region of the

CNT using ( )r( ) 1A r
A r

A r
A ri

( )
( ) bulk

( )
( )

i

T

i

T
μ μ μ= + − , where Ai and

AT are the interfacial and total cross-sectional areas of CNTs,
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respectively.25 Expressing Ai and AT in terms of r and di , the
variation of μe and μ∞ with radius is reduced to

r
d

r

d

r
( )

( ) ( ) 2 ( )

(Pas)

e
e e

i
2

bulk i
2

i bulk i
bulkμ

μ μ μ μ
μ=

−
−

−
+

and

r
d

r

d

r
( )

( ) ( ) 2 ( )

(Pas)

i
2

bulk i
2

i bulk i
bulkμ

μ μ μ μ
μ=

−
−

−
+∞

∞ ∞

where μi
e, μi

∞, and di are 9.5× 10−4 Pa s, 3.2× 10−4 Pa s, and 0.38
nm, respectively. See the Supporting Information (Figures S3

and S4) for details on the variation of viscosity with radius. The
variation of λe and λ∞ with radius are expressed using the power
law form as

r C r( ) (N s m )e
1 slit

31λ λ= +α −

and

r C r( ) (N s m )2 flat
32λ λ= +α∞ −

where the coefficientsC1 andC2 and exponents α1 and α2 are 5.9
× 104 N s m−3 nm3.5, −6.3 × 103 N s m−3 nm0.6, −3.5, and −0.6,
respectively. λslit = 4.2× 105 N sm−3 and λflat = 1.1× 104 N sm−3

are the friction coefficient in a slit with a thickness of xe and a
nanochannel with two flat parallel graphene sheets, respectively
(r→∞). r (accessible radius of CNTs) and h are in nm. See the

Figure 4. Permeation coefficients of monolayer graphene and finite-length CNTs from pressure driven NEMD simulations (blue circles) are
compared with the corrected-HP model (PQ

CHP, red solid line) and other theoretical models (HP with viscosity and friction from infinitely long
CNTs (PQ

HP‑sc, black dashed line), no-slip HP with bulk viscosity (PQ
HP, green dotted line), Dagan’s model (PQ

Dagan, blue solid line), and Dagan’s
model with viscosity and friction from infinitely long CNTs (PQ

Dagan‑sc, pink dashed and dotted line)) for a. (10,10), b. (14,14), and c. (18,18)
CNTs and similar graphene nanopore sizes. The limit of Sampson’s model (Dagan’s model with h → 0) is also shown by a blue arrow. The
corrected HP theory predicts the permeation from NEMD simulations reasonably well. For long CNTs, no-slip HP and Dagan theories fail as
they do not account for the slippage in long CNTs. Slip-HP fails as it overestimates the slippage for short nanopores. Slip-Dagan fails for short
nanopores since it overestimates the resistance modeled by the Sampson theory.
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Supporting Information (Figure S4) for more details on the
variation of friction coefficient with radius.

Pressure Driven Flows. Permeation coefficient( )PQ
Q

P
= Δ

,

defined as the volumetric flow rate (Q) normalized by the
applied pressure difference across the pore (ΔP), is obtained
from the HP equation. The permeation coefficient determined
f rom the HP equa t ion wi th a s l ip cond i t i on ,

( )
PQ

r r

h r h
CHP

4

8 ( , )
1

h r
h r

l

4 3 ( , )
( , )

Dagan=
π

μ

+ μ
λ , is corrected by taking into account

the variation of λ, μ, and δ with thickness and diameter of the
nanopore. In addition, the thickness in the corrected-HP (CHP)
is the distance over which the pressure drops. Dagan et al.31

developed a theory for pressure driven Stokes flow through an
orifice in which the effective hydrodynamic pressure drop length
is estimated to be a function of radius and thickness of the orifice
as h h rl

Dagan 3
8
π= + . The permeation coefficient predicted by

the CHP is shown in Figure 4 as a function of the reciprocal
thickness of the pore for three different diameters corresponding
to CNTs of (10, 10), (14,14), and (18, 18). We note that the
CHP theory is able to reasonably match the water permeation
coefficient from NEMD simulations (used as the reference
method) for all the thickness and diameter variations considered
in this study. In NEMD, different pressure drops, ranging from
10 to 50 MPa, are applied to obtain the reference permeation
coefficients presented as blue circles in Figure 4. For
subnanometer pores (e.g., single-file water flow in (6,6))

where the water flow is anomalous and is governed by a
hopping mechanism,23 the CHP fails to predict the permeation
coefficients from NEMD simulations. We also plotted the
permeation coefficients obtained from other models in Figure 4.
The HP equation with a slip condition, where viscosity and
friction coefficient are taken from an infinitely long CNT
i

k

jjjjjjj
y

{

zzzzzzz
( )

PQ

r r

h
HP sc

4

8
1

4 3

=
π

μ
‐ + μ

λ
∞
∞

∞
, fails to predict PQ for the graphene

nanopores and short CNTs as it overestimates the slip length

( )μ
λ

∞

∞
for thin membranes. As shown in Figure 2, slip length

decreases as the thickness of the membrane decreases. The HP
equation with no-slip condition and bulk viscosity

( )PQ
r

h
HP

8
14

bulk
= π

μ
fails for the thicknesses considered, and the

deviation grows for longer tubes where the slippage becomes
more dominant. The permeation coefficient estimated by

Dagan’s equation,
( )

PQ
r

h r

Dagan
8

14

bulk
3
8

= π
μ π+

, fails to match the

NEMD results (see Figure 4) mainly due to the lack of slippage
in the model. For infinitesimally thin membranes (h → 0),
Dagan’s solution reduces to Sampson’s equation which serves as
the upper limit for the no-slip Stokes flow permeation coefficient
through an orifice. We should note that Dagan’s equation is
simply the HP with no-slip condition with a correction to the
hydrodynamic pressure drop length. UsingMD simulations, Suk

Figure 5. Enhancement factors using the classical no-slip HP theory (filled symbols) and the corrected-HP theory (hollow symbols) are shown
for different pore sizes as a function of the physical thickness-to-radius ratio for various experimental and computational permeation
coefficients.5,6,17,19,23,40−46 The previously reported enhancement factors based on the classical HP theory (of the order of 1000 for long CNTs)
approach unity when the permeations are normalized by that of the corrected-HP theory. We show this for one of the experimental

measurements (Bui et al.44) by an arrow( )214 0.7
Q

Q

Q

Q
EXP

HP

EXP

CHP
= → = .
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et al.21 introduced an empirical relationship for the hydro-
dynamic pressure drop length, hl

GRA = 0.27r + 0.95 nm in a
monolayer graphene pore. As shown in Figure S8, Dagan’s and
HP with no-slip condition result in identical permeation
coefficients when Suk’s empirical relationship is used for the
thickness in HP with no-slip condition. We also introduced the

slip term in Dagan’s equation
i

k

jjjjjjj
y

{

zzzzzzz
( )

( )
PQ

r r

h r
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4 3

3
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3
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∞
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∞
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∞

using the viscosity and friction coefficient from that of an
infinitely long CNT. Dagan’s equation with a constant slip
condition also fails for thin membranes as it overestimates the
resistance modeled by Sampson (this is evident as the
permeations by Sampson are lower than the permeations in a
monolayer graphene nanopore from NEMD). In general,
accurate variations of viscosity, friction, and slip length with
thickness and diameter as well as a proper hydrodynamic
pressure drop length are required for a complete model. The
individual contribution for the corrections of viscosity, friction,
and hydrodynamic pressure drop length is discussed in the
Supporting Information (see Figure S9).
Enhancement Factors. In experiments, water transport

rates in CNTs have been shown to be enhanced by several
orders of magnitude over the rates predicted by the no-slip HP
theory. Holt et al.6 attributed this enhancement to the large
slippage at the frictionless CNT surface, and enhancement
factors of 100−1000 over no-slip HP flow rates were reported.
The validity of the HP equation for small diameter CNTs was
questioned25,32 because of the giant slip lengths5,6,17 and the lack
of understanding of the scaling of hydrodynamic properties with
CNT sizes. With the HP equation corrected to account for
the variation of viscosity and slip length with the diameter
of CNTs, the enhancement factor was reassessed21,24 as

( )1
Q

Q
r

r r
4 ( )

( )
slip

no slip

bulk= + δ μ
μ‐

. Suk et al.29 included the effect of

finite-length CNTs by modeling the entrance friction using
Sampson’s equation and reassessed the enhancement factor
based on the thickness and diameter of CNTs; here, a direct
investigation of the variation of hydrodynamic properties with
both diameter and thickness of the pores, including single-layer
graphene nanopores, was performed. Figure 5 shows the
enhancement factors reported in the literature for various
nanopores and CNTs. The data includes both experiments and
computations as well as some NEMD calculations performed in
this study. When the enhancement factors (from experiments
and NEMD simulations) were reassessed using the corrected
HP theory, they approach unity. As shown in Figure 5 for most

thickness-to-radius ratios ( )h
r
, the permeations obtained from

the CHP theory approach unity and are in reasonable agreement
with experiments, especially for larger values of h

r
. For graphene,

the permeation coefficients are overestimated by the CHP
theory, and the enhancement factors are below one. Possible
explanations for this discrepancy are (i) the lack of accurate
force-fields for graphene nanopores where quantum and other
effects could be important and affect the scaling of hydro-
dynamic parameters, (ii) challenging flow rate measurements
and existence of defects and contaminants in experiments,17,19

(iii) inaccurate prediction (by Dagan) of the actual hydro-
dynamic pressure drop distance, etc. For some of the long CNTs,
the permeation coefficients are underestimated by the CHP
(leading to enhancement factors higher than 1) which onemight

find counterintuitive due to the presence of defects and
contaminants in experiments. However, the presence of defects
and contaminants in experiments can also result in flow
enhancement in some cases. It was shown that pure graphene
(in vacuum conditions) is more hydrophilic (the force fields
used in this work) than the graphene contaminated in air.33

Enhanced hydrophobicity (especially in the case of long CNTs)
results in faster water flow rates in experiments. In addition, it
was shown that hydroxyl groups at the edge of nanopores can
enhance the flow rates by attracting water molecules toward the
nanopore.10 Therefore, enhancement factors of both higher and
lower than 1 should be expected. There is also some discrepancy
between the permeations predicted by CHP and other NEMD
studies. This is mainly due to the use of different force-fields. In
our study, we used the force-field developed byWu et al.34 which
reasonably matches the experimental water contact angle on
graphene.

CONCLUSION

Flow rates in carbon-based nanopores far exceed the predicted
HP flow rates; therefore, in the absence of a theory that accounts
for the microscopic physics of transport in nanopores, large
enhancement factors were reported. When the microscopic
physics is incorporated into the HP theory, the previously
reported enhancement factors (of the order of 1000) approach
unity. To develop the corrected HP model, the variation of
hydrodynamical properties (friction coefficient, viscosity, and
slip length) with the thickness and diameter are calculated using
Green−Kubo relations and molecular dynamics simulations.
Significant variations are observed as the thickness approaches
the infinitesimal thickness of the single-layer graphene nano-
pore. Flow in long CNTs is enhanced by the smooth and
frictionless nature of the tube surface where a high slippage
occurs. As the thickness reduces, flow rates are dominated by
high interfacial friction and viscosity at the pore end regions. For
friction coefficient and viscosity, size dependent relations are
introduced. Permeation coefficients from the corrected Hagen−
Poiseuille model, based on the friction and viscosity relations,
successfully predict the values from experiments and molecular
dynamics simulations.

METHODS
MD simulations were performed using the LAMMPS package.35 The
SPC/Ewatermodel was used, and the SHAKE algorithmwas employed
to maintain the rigidity of the water molecule. The carbon−water
interactions were modeled by the force-field parameters given in Wu et
al.34 Since the carbon atoms are fixed in space, the interactions between
carbon atoms were turned off. We should note that fixing the carbon
atoms can lead to flow rate errors of 10%−20% due to lower friction.7,36

Since flexible membranes add complexity to the calculation of different
properties in the radial direction, the effect of flexibility is neglected in
this study. The LJ cutoff distance was 12 Å. The long-range electrostatic
interactions were calculated by the Particle−Particle-Particle-Mesh
(PPPM) method.37 Periodic boundary conditions were applied in all
three directions. For each simulation, first the energy of the system was
minimized for 10000 steps. Next, the system was equilibrated using the
NPT ensemble for 1 ns at a pressure of 1 atm and a temperature of 300
K with a time-step of 1 fs. With the graphene atoms held fixed in space,
the NPT simulations allow the water to reach its equilibrium density (1
g/cm3). Then, an additional NVT simulation was performed for 2 ns to
further equilibrate the system. Temperature wasmaintained at 300K by
using the Nose-̀Hoover thermostat with a time constant of 0.1 ps.38,39

Finally, the production equilibrium and nonequilibrium simulations
were carried out in the NVT ensemble for 20 ns.
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