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Abstract

The finite cloud method (FCM) [Int. J. Numer. Methods in Eng. 50(10) (2001) 2373] is a meshless technique com-

bining a fixed kernel approximation of the unknown function(s) with a point collocation discretization of the governing

PDEs. The meshless approximation and the collocation discretization are the two major steps in FCM. Since the quality

of the numerical solution depends on the quality of the meshless approximation functions or shape functions and the

discretization scheme employed, in this paper, we propose several improvements to the construction of meshless shape

functions and compare several collocation schemes within the framework of the FCM. The improvements to the shape

functions are combined with various collocation schemes to solve several 2-D Poisson and elastostatic examples. The

convergence characteristics of the collocation schemes are studied. The accuracy of the collocation schemes with a scat-

tered point distribution is also investigated.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Meshless methods have emerged as a class of effective

numerical methods which are capable of avoiding the

difficulties encountered in conventional computational

mesh based methods, such as, meshing complex geome-

tries, mesh distortion due to large deformation and

remeshing in moving boundary problems. Extensive re-
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search has been conducted in the area of meshless meth-

ods in recent years (see [2–4] for an overview). Broadly

defined, meshless methods contain two key steps: con-

struction of meshless approximation functions or shape

functions and their derivatives and meshless discretiza-

tion of the governing partial-differential equations

(PDEs). Least-squares, kernel-based and radial basis

function approaches are three techniques that have

gained considerable attention for construction of mesh-

less shape functions. The meshless discretization of the

partial-differential equations can be categorized into

three classes: cell integration, local point integration,

and point collocation. A more detailed review of these

techniques is presented in [5].
ed.
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The finite cloud method (FCM) [1] is a meshless

method combining a fixed kernel approximation of the

unknown function(s) with a point collocation discretiza-

tion of the governing PDEs. Least-squares and kernel-

based approaches have been used extensively for the

construction of meshless shape functions (see [6] for a de-

tailed discussion on the similarity between least-squares

and kernel approximations). However, several limita-

tions exist in the standard kernel and least-squares

approaches:

1. The shape functions do not have the Kronecker delta

property. In a global weak form discretization

approach, this can impose difficulty and require more

computational effort in enforcing the essential

boundary conditions [14]. Moreover, it has been

shown that [13], for approximations with a polyno-

mial basis and second-order consistency conditions,

the Kronecker delta property is a necessary and suf-

ficient condition for satisfying the first positivity con-

dition in a meshless point collocation approach.

Various techniques [15–18] have been proposed in

the literature to overcome this difficulty. However,

the implementation of these techniques can be

involved.

2. The construction of the meshless shape functions

treats the boundary and the interior nodes the same

way and, typically, the boundary conditions and

the governing equations are not satisfied simulta-

neously at the boundary; satisfying the boundary

conditions and the governing equations simulta-

neously at the boundary can provide a more accurate

solution to a given problem.

3. For structures with a high aspect ratio, it is desirable

to reduce the number of points along the dimension

with a larger length. Unfortunately, analogous to

the ‘‘locking’’ phenomena in the finite element

method, the meshless approximations for point dis-

tributions with high aspect ratios are typically of

poor accuracy.

In this paper, we propose several approximation

schemes to address the difficulties mentioned above—

first, we propose a modification to the fixed kernel

approximation to obtain the Kronecker delta property

of the shape function; Second, we propose two ap-

proaches to satisfy the boundary conditions and the gov-

erning equations simultaneously at the boundary; and

Third, for high aspect ratio elasticity problems, we pro-

pose an approach where the fixed kernel approximation

reproduces the finite element stencil with reduced-order

integration.

The key idea in a point collocation approach is to

satisfy the governing partial differential equation(s) at

each of the points covering the domain of interest. Point

collocation is probably the simplest and the easiest ap-
proach to discretize the governing partial differential

equations. The point collocation technique also has the

advantage that it enforces the boundary conditions

(Dirichlet, Neumann and mixed type) exactly. [1,7–10]

have reported satisfactory results on solving various

kinds of problems in mechanics using a collocation tech-

nique. Although a collocation technique gives satisfac-

tory results for a large class of problems, when the

point distribution is highly scattered and the solution

is not smooth, the numerical results can be sensitive to

the point distribution and the cloud size (or the support

size). Oñate et al. [7,8,11] have observed some stability

issues when applying the point collocation method to

fluid flow problem. Benito et al. [12] also reported that

the solution of the generalized finite difference method

depends on the number of nodes in the cloud, the rela-

tive coordinates of the nodes with respect to the star

node, and on the weighting function employed. It has

been shown that the quality of a cloud can be controlled

by satisfying the positivity conditions [13]. However, for

a given set of scattered points in 2-D, the positivity con-

ditions can often be violated, and one needs to modify

the point distribution in the cloud to satisfy the positiv-

ity conditions. The stability of the meshless collocation

methods can also be improved by employing more

sophisticated collocation schemes instead of the simple

point collocation technique. In this paper, we explore

several collocation schemes and compare the perfor-

mance of the various collocation schemes by using

examples from 2-D elasticity and potential theory.

The rest of the paper is organized as follows: Section

2 presents a brief description of the fixed kernel approx-

imation and several proposed improvements, Section 3

describes four kinds of collocation schemes, Section 4

compares the performance of the various collocation

schemes by using 2-D potential and elastostatic prob-

lems as examples and finally, conclusions are given in

Section 5.
2. Improvements to the fixed kernel approximation

2.1. Classical fixed kernel approximation

In the following, we outline the steps used for the

construction of fixed kernel shape functions (see [1,6]

for more details). The domain X is first represented by

a set of NP points (or nodes), as shown in Fig. 1 for

2-dimensions. Then, for each node an approximation

function is generated by constructing a cloud about that

node (also referred to as a star node). A support/cloud is

constructed by centering a kernel (i.e., the weighting

function) about the star point. The kernel is non-zero

at the star point and at few other nodes that are in the

vicinity of the star point. The shape of the cloud, which

defines the region at which the kernel is non-zero, can be
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Fig. 1. Physical domain (left) is represented by a set of points (right). Clouds are constructed for each point. Also shown in the figure

are circular and rectangular clouds.
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arbitrary. Typical shapes we have employed are cir-

cles and rectangles in 2-D. In a fixed kernel approach,

an approximation ua(x,y) to an unknown u(x,y) is given

by

uaðx; yÞ ¼
Z

X
Cðx; y; xK � s; yK � tÞ/ðxK � s; yK � tÞ

� uðs; tÞdsdt ð1Þ
where /(xK � s,yK � t) is the kernel function centered at

(xK,yK) and Cðx; y; xK � s; yK � tÞ is the correction func-

tion which is given by

Cðx; y; xK � s; yK � tÞ ¼ pTðxK � s; yK � tÞcðx; yÞ ð2Þ

where pT(xK � s,yK � t) = {p1,p2, . . . ,pm} is the 1 · m
vector of basis functions and cT(x,y) = {c1,c2, . . . ,cm}
is the 1 · m vector of correction function coefficients.

A quadratic basis is given by

pTðxK � s; yK � tÞ

¼ 1; xK � s; yK � t; ðxK � sÞ2; ðxK � sÞðyK � tÞ; ðyK � tÞ2
n o

;

m ¼ 6 ð3Þ

The unknown correction function coefficients can be

determined by satisfying the reproducing or the consis-

tency conditions, which are given by,Z
X
pTðxK � s; yK � tÞcðx; yÞ/ðxK � s; yK � tÞpiðs; tÞdsdt

¼ piðx; yÞ; i ¼ 1; 2; . . . ;m ð4Þ

A discrete approximation of the above consistency con-

ditions is written as

XNP

I¼1

pTðxK � xI ; yK � yI Þcðx; yÞ/ðxK � xI ; yK � yI ÞpiðxI ; yIÞDV I

¼ piðx; yÞ; i ¼ 1; 2; . . . ;m ð5Þ

where NP is the total number of points covering the do-

main X, and DVI is the nodal volume associated with

node I. The consistency conditions summarized in Eq.

(5) can be written in a matrix form as

Mcðx; yÞ ¼ pðx; yÞ ð6Þ

whereM is the m · m moment matrix. The entries in the

moment matrix are given by
Mij ¼
XNP

I¼1

pjðxK � xI ; yK � yIÞ

� /ðxK � xI ; yK � yIÞpiðxI ; yIÞDV I ð7Þ

Note that for a given star point (xK,yK),M is a constant

matrix, i.e., it is not a function of x and y. From Eq. (6),

the unknown correction function coefficients are com-

puted as

cðx; yÞ ¼M�1pðx; yÞ ð8Þ

Substituting the correction function coefficients into Eq.

(1), we obtain

uaðx; yÞ ¼
Z

X
pTðx; yÞM�TpðxK � s; yK � tÞ

� /ðxK � s; yK � tÞuðs; tÞdsdt ð9Þ

The approximation in Eq. (9) can be rewritten as

uaðx; yÞ ¼
XNP

I¼1

NIðx; yÞûI ð10Þ

where ûI is the unknown nodal parameter for node I,

and NI(x,y) is the fixed kernel shape function (or

approximation function) given by

NIðx; yÞ ¼ pTðx; yÞM�TpðxK � xI ; yK � yIÞ
� /ðxK � xI ; yK � yIÞDV I ð11Þ

Since the moment matrix (Eq. (7)) is constant, the deriv-

atives of the shape function can be computed simply by

differentiating the polynomial basis vector in Eq. (11).

For example, the first and second x-derivatives are com-

puted as:

NI ;xðx; yÞ ¼ 0 1 0 2x y 0½ �M�T

� pðxK � xI ; yK � yIÞ/ðxK � xI ; yK � yIÞDV I

ð12Þ

NI ;xxðx; yÞ ¼ 0 0 0 2 0 0½ �M�T

� pðxK � xI ; yK � yIÞ/ðxK � xI ; yK � yIÞDV I

ð13Þ

Note that one can choose (xK,yK) arbitrarily and conse-

quently the shape function and its derivatives given in
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Eq. (11)–(13) can be multivalued. A unique set of

shape functions can be constructed by fixing (xK,yK) at

the point (x,y), i.e., when computing NI(x,y), I =

1,2, . . . ,NP and its derivatives, the center of the kernel

function is fixed at (x,y) (see [1] for more details).

2.2. Kronecker delta property of the shape function

One drawback with both least-squares and kernel

approximations is that the shape function does not sat-

isfy the Kronecker delta property. As discussed in Sec-

tion 1, this can impose difficulties in both collocation

and weak form based meshless methods [13,14]. Various

techniques [15–18] have been proposed in the literature
P
/IDx2I

P
/IDxIDyI

P
/IDx3I

P
/IDx2I DyI

P
/IDxIDy2IP

/IDxIDyI

P
/IDy2I

P
/IDx2I DyI

P
/IDxIDy2I

P
/IDy3IP

/IDx3I
P

/IDx2I DyI

P
/IDx4I

P
/IDx3I DyI

P
/IDx2I Dy2IP

/IDx2I DyI

P
/IDxIDy2I

P
/IDx3I DyI

P
/IDx2I Dy2I

P
/IDxIDy3IP

/IDxIDy2I
P

/IDy3I
P

/IDx2I Dy2I
P

/IDxIDy3I
P

/IDy4I

0
BBBBBB@

1
CCCCCCA

c1
c2
c3
c4
c5

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

ðx � xKÞ
ðy � yKÞ
ðx � xKÞ2

ðx � xKÞðy � yKÞ
ðy � yKÞ

2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

x¼xK ;y¼yK

¼

0

0

0

0

0

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð18Þ
to overcome this difficulty. These techniques have relied

on a background grid structure [15,16], special form of

the weighting function [17] or a significant change in

the construction of the approximation [18]. In this sec-

tion, we propose a simple modification to the fixed ker-

nel approximation to enforce the Kronecker delta

property. For a given cloud and its star point (xK,yK),

we rewrite the fixed kernel approximation to the un-

known u(x,y) (Eq. (1)) as

uaðx; yÞ � uðxK ; yKÞ ¼
Z

X
Cðx; y; xK � s; yK � tÞ

� /ðxK � s; yK � tÞ
� uðs; tÞ � uðxK ; yKÞ½ �dsdt ð14Þ

In the following, we show that if the correction function

Cðx; y; xK � s; yK � tÞ is of the form

C ¼ c1ðxK � sÞ þ c2ðyK � tÞ þ c3ðxK � sÞ2

þ c4ðxK � sÞðyK � tÞ þ c5ðyK � tÞ2 ð15Þ

and the consistency conditions up to the second order

are imposed, the fixed kernel approximation satisfies

the Kronecker delta property, i.e.,
uaðx; yÞ ¼
XNP

I¼1
NIðx; yÞuðxI ; yIÞ ð16Þ

NIðxJ ; yJ Þ ¼
1 J ¼ I

0 J 6¼ I

�
ð17Þ
It follows immediately from Eq. (14) that the zeroth-

order consistency condition is satisfied. In the fixed ker-

nel approximation, the uniqueness of the approximation

function can be ensured by fixing the star point (xK,yK)

at the point (x,y) (see [1] for more details). Denoting

xK � xI and yK � yI as DxI and DyI, respectively, the

first- and second-order consistency conditions can be

written in a matrix form as
Assuming the weighting function is / 2 C0 and the point

distributions are regular [13], the moment matrix in Eq.

(18) is non-singular. Therefore, from Eq. (18),

c1 ¼ c2 ¼ c3 ¼ c4 ¼ c5 ¼ 0 ð19Þ

Eq. (14) can be written in a discrete form as

uaðx; yÞ � uðxK ; yKÞ ¼
XNP

I¼1
Cðx; y; xK � xI ; yK � yIÞ/ðxK

� xI ; yK � yIÞ uðxI ; yIÞ½

�uðxK ; yKÞ�DV I ð20Þ

Since the approximation is constructed by fixing (xK,yK)

at the point (x,y), Eq. (20) can be rewritten in short form

as

uaðx; yÞjx¼xK ;y¼yK
¼

XNP

I¼1;I 6¼K

NIðxK ; yKÞuðxI ; yIÞ

� uðxK ; yKÞ
XNP

I¼1;I 6¼K

NIðxK ; yKÞ

þ uðxK ; yKÞ

¼
XNP

I¼1
NIðxK ; yKÞuðxI ; yIÞ ð21Þ
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where

NIðxK ; yKÞ ¼

CðxK ; yK ; xK � xI ; yK � yIÞ
�/ðxK � xI ; yK � yIÞDV I

I 6¼ K

1�
PNP

I¼1;I 6¼K
CðxK ; yK ; xK � xI ;

yK � yIÞ/ðxK � xI ; yK � yIÞDV I

I ¼ K

8>>>>>>>>>><
>>>>>>>>>>:

ð22Þ

Substituting Eq. (19) into Eq. (15), it follows that

CðxK ; yK ; xK � xI ; yK � yIÞ ¼ 0. Therefore

NIðxK ; yKÞ ¼
0 I 6¼ K

1 I ¼ K

�
ð23Þ
2.3. Approximations at the boundary nodes

Typically, in the point collocation technique, either

the governing equation or the boundary condition is en-

forced for a boundary point. It is difficult to satisfy both

the governing equation and the boundary condition at

the same point since the number of unknowns at a point

must equal the number of equations. In this section, we

propose two approaches to satisfy both the boundary

condition and the governing equation at the boundary

points.

2.3.1. Enforcing the boundary conditions in the

construction of the shape functions

We refer to the first approach as the embedding

boundary condition technique. The key idea in this tech-

nique is to enforce the boundary condition into the

approximation of the boundary point and then to satisfy

the governing equation in the collocation discretization.

The approach is described using the classical fixed kernel

approximation. The extension of the approach to the

least-squares and other approximations is straight-for-

ward. Assuming the unknown u at a boundary point

(x,y) is approximated by a general polynomial

uaðx; yÞ ¼ c0 þ c1x þ c2y þ c3x2 þ � � � ð24Þ

or

uaðx; yÞ ¼ pTc c 2 fc0; c1; . . . ; cm�1g ð25Þ

where pT = {1 x y x2 . . .} is the polynomial basis and c

is the unknown coefficient vector. Assume that there

are q boundary conditions specified on the boundary

point (x,y), which are given by

Biðuaðx; yÞÞ ¼ fiðx; yÞ i ¼ 1; 2; . . . ; q and q 6 m

ð26Þ

Substituting Eq. (24) into Eqs. (26), Eq. (26) can be

rewritten in a matrix form
Bq�mcm�1 ¼ fq�1 ð27Þ

Eq. (27) is typically a rectangular linear system which

can be further written as

B1q�qB2q�ðm�qÞ
� �

c0
c1
..
.

cq�1

cq

..

.

cm�1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

¼ fq�1 ð28Þ

For illustration purpose, we assume B1 in Eq. (28) is

non-singular. In practice, one may need to perform piv-

oting on Eq. (28) to ensure that B1 is non-singular.

Defining ĉT ¼ fc0 c1 � � � cq�1g and cT ¼ fcq cqþ1 � � �
cm�1g, Eq. (28) can be rewritten as

B1q�qĉq�1 þ B2q�ðm�qÞcðm�qÞ�1 ¼ fq�1 ð29Þ

Therefore,

ĉq�1 ¼ �B1�1
q�qB2q�ðm�qÞcðm�qÞ�1 þ B1�1

q�qfq�1

¼ Rq�ðm�qÞcðm�qÞ�1 þ f 0q�1 ð30Þ

where R = �B1�1B2 and f 0 = B1�1f. By using the defini-

tion of ĉ and c, Eq. (25) can be rewritten as

uaðx; yÞ ¼ pT1 ĉþ pT2 c ð31Þ

where p1 and p2 are the basis functions corresponding to

the coefficients ĉ and c. Substituting Eq. (30) into Eq.

(31), the approximation of the unknown u can be rewrit-

ten as

uaðx; yÞ ¼ p0ðx; yÞ þ pTðx; yÞc ð32Þ

where p0ðx; yÞ ¼ pT1 f
0; pTðx; yÞ ¼ pT1Rþ pT2 and c is the

remaining unknown coefficients to be determined. The

boundary conditions (Eq. (26)) are hence embedded into

the new approximation of the unknown (Eq. (32)).

Taking pTðx; yÞ as the basis functions, the remaining

independent unknown coefficients c can then be deter-

mined by using the fixed kernel approximation. The

approximation is written as

uaðx; yÞ � p0ðx; yÞ ¼
Z

X
pTðs; tÞcðx; yÞ/ðxK � s; yK � tÞ

� ½uðs; tÞ � p0ðs; tÞ�dsdt ð33Þ

The consistency conditions for pðx; yÞ gives

pðx; yÞ ¼
Z

X
pTðs; tÞcðx; yÞ/ðxK � s; yK � tÞpðs; tÞdsdt

j ¼ 1; 2; . . . ;m� q ð34Þ

In a matrix form, the consistency conditions can be writ-

ten as

Mcðx; yÞ ¼ pðx; yÞ ð35Þ
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where

Mij ¼
XNP

I¼1

pjðxI ; yIÞ/ðxK � xI ; yK � yIÞpiðxI ; yIÞDV I ð36Þ

Thus, c can be computed by

cðx; yÞ ¼M
�1
pðx; yÞ ð37Þ

Substituting Eq. (37) into Eq. (33), the discrete form of

the approximation of the unknown u and its derivatives

can be written as

uaðx; yÞ ¼ p0ðx; yÞ þ
XNP

I¼1

NIðx; yÞûI

�
XNP

I¼1
NIðx; yÞp0ðxI ; yIÞ ð38Þ

ouaðx; yÞ
ox

¼ op0ðx; yÞ
ox

þ
XNP

I¼1

oNIðx; yÞ
ox

ûI

�
XNP

I¼1

oNIðx; yÞ
ox

p0ðxI ; yIÞ ð39Þ

o2uaðx; yÞ
ox2

¼ o2p0ðx; yÞ
ox2

þ
XNP

I¼1

o2NIðx; yÞ
ox2

ûI

�
XNP

I¼1

o2NIðx; yÞ
ox2

p0ðxI ; yIÞ ð40Þ

where

NIðx; yÞ ¼ pTðx; yÞM�T
pðxI ; yIÞ/ðxK � xI ; yK � yIÞDV I

ð41Þ
2.3.2. Hermite-type fixed kernel approximation for the

boundary nodes

Another approach to satisfy both the governing

equation and the boundary condition is to include more

independent variables for the boundary nodes. Hermite-

type interpolation and approximation schemes [9,19,20]

treat the normal derivative of the unknown as an inde-

pendent variable. In this section, we introduce a Her-

mite-type fixed kernel approximation for the boundary

nodes, i.e.,

ua ¼
Z

X
pTðs; tÞ~cðx; yÞ/ðxK � s; yK � tÞuðs; tÞdsdt

þ a
Z

C

op

on

T

ðs; tÞ~cðx; yÞ/ðxK � s; yK � tÞqðs; tÞdsdt

ð42Þ

where C is the boundary of the domain, n is the bound-

ary outward normal, a is a constant accounting for

dimensionality analysis (typically a = 1 is used for con-

venience), p is the base interpolating polynomial, ~c is

the unknown correction function coefficient vector and

q(x,y) is the normal derivative of the unknown u(x,y).
The correction function coefficients can be determined

by applying the consistency conditions. A discrete

approximation of the consistency conditions is written

as

piðx; yÞ ¼
XNP

I¼1

pTðxI ; yIÞ~cðx; yÞ/ðxK � xI ; yK � yIÞ

� piðxI ; yIÞDV I þ
XNB

I¼1

opT

on
ðxI ; yIÞ

� ~cðx; yÞ/ðxK � xI ; yK � yIÞ

� opi

on
ðxI ; yIÞDV I i ¼ 1; 2; . . . ;m ð43Þ

where NB is the number of boundary points. Eq. (43)

can rewritten in a matrix form as

~M~cðx; yÞ ¼ pðx; yÞ ð44Þ

where the entries of the moment matrix ~M are given by

~Mij ¼
XNP

I¼1

pjðxI ; yIÞ/ðxK � xI ; yK � yIÞpiðxI ; yIÞDV I ð45Þ

þ
XNB

I¼1

opj

on
ðxI ; yIÞ/ðxK � xI ; yK � yIÞ

opi

on
ðxI ; yIÞDV I

ð46Þ

The unknown correction function coefficients are com-

puted by

~cðx; yÞ ¼ ~M
�1
pðx; yÞ ð47Þ

Substituting Eq. (47) into Eq. (42), the Hermite-type

fixed kernel approximation can be written in the discrete

form as

ua ¼ pTðx; yÞ ~M�TXNP

I¼1

pðxI ; yIÞ/ðxK � xI ; yK � yIÞDV I ûI

þ pTðx; yÞ ~M�TXNB

I¼1

opðxI ; yIÞ
on

/ðxK � xI ; yK � yIÞDV I q̂I

ð48Þ

and the first and second x derivatives, for example, are

computed as

oua

ox
¼ opTðx; yÞ

ox
~M

�TXNP

I¼1

pðxI ; yIÞ/ðxK � xI ; yK � yI ÞDV I ûI

þ opTðx; yÞ
ox

~M
�TXNB

I¼1

opðxI ; yIÞ
on

/ðxK � xI ; yK � yIÞDV I q̂I

ð49Þ

o2ua

ox2
¼ o2pTðx; yÞ

ox2
~M

�TXNP

I¼1
pðxI ; yIÞ/ðxK � xI ; yK � yIÞDV I ûI

þ o
2pTðx; yÞ
ox2

~M
�TXNB

I¼1

opðxI ; yI Þ
on

/ðxK � xI ; yK � yIÞ

� DV I q̂I ð50Þ
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Remarks

• The embedding boundary condition technique

enforces multiple boundary conditions at the bound-

ary nodes without adding additional degrees of free-

dom. The number of the unknowns remains the

same, and the computational cost to solve the final

linear system does not increase.

• Compared to the construction of the Hermite-type

fixed kernel shape functions, the construction of the

shape functions using the embedding boundary con-

dition approach is more complicated and expensive,

since an additional under-determined system needs

to be solved for each boundary point. In addition,

we observe that the Hermite-type shape functions

typically provide higher accuracy compared to the

shape functions obtained by the embedding bound-

ary condition approach. Therefore, we adopt the

Hermite-type approximation for the boundary nodes

in this paper.

• The Hermite-type approximation and the embedding

boundary condition approach can also be used with

the moving kernel, the fixed least-squares and the

moving least-squares approximations.
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2.4. Approximation functions for high aspect ratio

problems

In many engineering applications, structures with a

high aspect ratio are often encountered. In such struc-

tures, if points are distributed evenly over the domain,

a large number of points are required to cover the struc-

tural domain. It is desirable to reduce the number of

points, especially along the dimension with a larger

length, so that the point distribution is not uniform.

Unfortunately, like other conventional methods, when

a high aspect ratio structure, such as a thin beam, is sub-

jected to bending, the solution with the finite cloud

method deteriorates as the aspect ratio of the point dis-

tribution increases. This phenomena is called ‘‘shear

locking’’ in the finite element method. In this section,

we investigate possible approaches to improve the per-

formance of FCM with high aspect ratio point

distributions.
2.4.1. High order basis functions

It is well-known that for beam bending problems, the

shear strain is quite small. In the expression for the shear

strain

cxy ¼
ou
oy

þ ov
ox

ð51Þ
the two terms on the right hand side have relatively large

values, compared to the shear strain, with opposite

signs. In the FCM, ou/oy and ov/ox are approximated

by using the fixed kernel approximation. When the dis-

tance between the points in, e.g., the x-direction is much

larger than in the y-direction, the truncation error of the

approximation in the x-direction is much higher than

the truncation error in the y-direction. Since ou/oy and

ov/ox cancel with each other, the truncation error is lar-

gely magnified. Therefore, one approach to overcome

this problem is to increase the accuracy of the approxi-

mation to reduce the truncation error of ou/oy and

ov/ox.

To reduce the truncation error of the approximation,

one can utilize a high-order basis. For example, a sixth-

order basis in 2-D

pðs; tÞ ¼
1 s t s2 st t2 s3 s2t st2 t3

s4 s3t s2t2 st3 t4 s5 s4t s3t2 s2t3 st4

t5 s6 s5t s4t2 s3t3 s2t4 st5 t6

2
64

3
75

ð52Þ

gives accurate results for a point distribution with an as-

pect ratio of up to 15:1.

Remarks
• When high-order basis functions are used, the cloud

size for a point is typically large, and the dimension

of the moment matrix also increases. For the sixth-

order basis functions given above, the moment

matrix is 28 · 28. Hence, the cost of computing the

shape function or the approximation function for a

point increases even though the total number of

points decreases.

• The high-order basis approach can reduce the trunca-

tion error when a rectangular point distribution is

used. For scattered point distributions with a high

aspect ratio, the cloud could be ill-balanced and the

positivity conditions can be easily violated (see

[13]). For this reason, the high-order basis approach

is not effective for scattered point distributions.

Therefore, the high-order basis approach is of limited

use in practice and a more efficient approach is

desirable.
2.4.2. FEM reduced integration stencil

In the finite element method, a weak form of the gov-

erning equations is first generated based on a variational

approach, and integrations are then performed on each

element to generate the element stiffness matrices which

are assembled into the global stiffness matrix. In the fi-

nite cloud method, a collocation approach directly
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assembles the shape functions and their derivatives at

each point into the row of the global matrix correspond-

ing to that point. Even though these two methods are

somewhat different mathematically, it can be shown

that, for a given finite element mesh with rectangular ele-

ments, one can simply take the finite element nodes as

the meshless points and use the finite cloud method to

generate an equivalent final linear system and obtain

an identical solution to the FEM solution by choosing

proper weightings for the points in the cloud.

In the following, we take the simple potential prob-

lem, $2u(x,y) = 0, to illustrate the approach. Fig. 2

shows a cluster of four rectangular quadrilateral finite

elements centered at (0,0). Each element has a length

Dx and width Dy. The standard element stiffness matrix

for element 1 can be written as

k1 ¼

k11 k12 k13 k14
k21 k22 k23 k24
k31 k32 k33 k34
k41 k42 k43 k44

2
6664

3
7775 ð53Þ

where

kij ¼ kji ¼
Z

V 1

ðN fem
i;x N fem

j;x þ N fem
i;y N fem

j;y ÞdV 1 i; j ¼ 1; 2; 3; 4

ð54Þ

and V1 denotes the area of element 1. For illustration

purpose, the isoparametric mapping is not used here.

The finite element shape functions can be directly writ-

ten as

N fem
1 ¼ 1� x

Dx

� �
1� y

Dy

� �
ð55Þ

N fem
2 ¼ x

Dx
1� y

Dy

� �
ð56Þ

N fem
3 ¼ x

Dx
y

Dy
ð57Þ

N fem
4 ¼ 1� x

Dx

� � y
Dy

ð58Þ
∆ x

∆y

1 2

34

element 1element 2

element 3 element 4

(0,0)

Fig. 2. Rectangular finite element configuration for a point at

(0,0).
When a full numerical integration scheme is used, the

integrations in Eq. (54) are evaluated exactly. For

exampleZ
V 1

ðN fem
1;x N fem

1;x ÞdV 1 ¼
Z

V 1

1

Dx

� �
1� y

Dy

� � !2
dxdy ¼ 1

3

Dy
Dx

ð59Þ

SimilarlyZ
V 1

ðN fem
1;x N fem

2;x ÞdV 1 ¼ � 1

3

Dy
Dx

ð60Þ

Z
V 1

ðN fem
1;x N fem

3;x ÞdV 1 ¼ � 1

6

Dy
Dx

ð61Þ

Z
V 1

ðN fem
1;x N fem

4;x ÞdV 1 ¼
1

6

Dy
Dx

ð62Þ

Therefore, all the entries of matrix k1 can be computed.

Note that when the matrix k1 is assembled into the glo-

bal stiffness matrix, the entries are added according to

their local-global node index mapping. After all the four

elements in Fig. 2 are integrated and assembled into the

global stiffness matrix, the row in the global matrix for

point (0,0) is fully determined. The values of the entries

in that row determine the FEM stencil for point (0,0).

In Eq. (54), there are two terms in each integration:

the x-derivative term and the y-derivative term. These

two terms in the weak form correspond to the o2u/ox2

and o2u/oy2 terms in the governing equation, respec-

tively. We compute the FEM stencil separately into an

x-stencil and a y-stencil. The FEM stencils for the point

(0,0) are shown in Fig. 3.

In the finite cloud method, the stencil of a point is

assembled by collocating the governing equation at that

point. For the potential equation, the second derivatives

of the unknown u(x,y) in the governing equation are

approximated by using the second derivatives of the

meshless shape function, i.e., N,xx and N,yy (N here,

for example, is the shape function defined in Eq. (11)).

Therefore, the effect of N,xx and N,yy resembles the effect

of
R

N fem
;x N fem

;x dxdy and
R

N fem
;y N fem

;y dxdy in the finite ele-

ment method. For the center point (0,0), one can set

up a cloud centered at point (0,0) and cover the nine

points shown in Fig. 2. If one uses the weighting scheme

shown in Fig. 4 for the cloud, the resultant FCM stencils

are as shown in Fig. 5. Comparing Fig. 5 with Fig. 3, it is

easy to see that when the FCM stencils are multiplied by

a constant DxDy the FEM stencils and the FCM stencils

are identical. Thus, for the rectangular quadrilateral ele-

ments, the FEM stencils can be reproduced within the

framework of the finite cloud method if a proper weight-

ing scheme is chosen. Since the ‘‘shear locking’’ pheno-

mena can be reduced in FEM by using a reduced

integration scheme for the shear strain, one can further

manipulate the weights for the points in the cloud to
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Fig. 4. FCM weighting to reproduce the FEM stencils.
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reproduce the FEM reduced-order integration stencils.

Derivation of the FCM stencil which reproduces the re-

duced integration FEM stencil for the elastostatic prob-

lem is given in Appendix A.

An example containing a high aspect ratio fixed-fixed

elastic beam subjected to a uniform pressure is shown in

Fig. 6. Fig. 7 shows the numerical results for the fixed-

fixed beam shown in Fig. 6. The beam has a geometry

of 20 · 1. The Young�s modulus is E = 1.69e+3 and

Poisson�s ratio m = 0.3. The surface pressure is set to be

0.5. The results show that the FEM equivalent FCM

scheme produces accurate results up to an aspect ratio

of 8:1 for the point distribution.
Remarks
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Fig. 5. FCM stencils for the second x-derivative of the meshless shap

shape function N,yy (b).
• The locking problem in meshless methods with a high

aspect ratio point distribution can be reduced by

using a higher order polynomial interpolation and/

or by using a reduced-order integration. However,

these approaches avoid the locking only in some

cases. To avoid locking for structures with incom-

pressible material (‘‘volumetric locking’’), displace-

ment/pressure mixed interpolation/approximation

techniques together with a reduced-order integration

are typically employed in the finite element method

[21]. The mixed approximation techniques have been

empolyed in several weak form based meshless meth-

ods [22–24] to solve incompressible problems. The

application of the mixed approximation techniques

in collocation based meshless methods is still an open

research topic.
3. Collocation schemes

In Section 2, we have proposed several approaches to

improve the fixed kernel approximation. Taking advan-

tage of these improvements (shape function with the

Kronecker delta property and the Hermite-type approx-

imation for the boundary nodes), we investigate the sec-

ond major step of the finite cloud method: collocation
∆
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∆
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e function N,xx (a) and the second y-derivative of the meshless
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p=0.5

Fig. 6. A high aspect ratio fixed-fixed beam subjected to a

uniform pressure. The length of the beam is 20 units and the

thickness of the beam is 1 unit.
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Fig. 7. FCM results for the fixed-fixed beam shown in Fig. 6

obtained by using the FEM-equivalent stencils.
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discretization. Four types of collocation schemes for the

governing equation are considered in this section: point

collocation, strong form local domain collocation, local

domain least-squares collocation and double grid

collocation.

3.1. Point collocation

Point collocation is the simplest and the easiest way

to discretize the governing equations. In a point colloca-

tion approach, the governing equations for a physical

problem can be written in the following general form:

Luðx; yÞ ¼ f ðx; yÞ in X ð63Þ

Guðx; yÞ ¼ gðx; yÞ on Cg ð64Þ

Huðx; yÞ ¼ hðx; yÞ on Ch ð65Þ

where X is the domain, Cg is the portion of the boundary

on which Dirichlet boundary conditions are specified, Ch

is the portion of the boundary on which Neumann

boundary conditions are specified and L; G and H

are the differential, Dirichlet and Neumann operators,

respectively. The boundary of the domain is given by

C = Cg [ Ch. After the meshless shape functions are con-
structed, for each interior node, the point collocation

technique simply substitutes the approximated unknown

into the governing equations. In the classical point col-

location aprpoach, for nodes with prescribed boundary

conditions, the approximate solution or the deriva-

tive of the approximate solution are substituted into

the given Dirichlet and Neumann-type boundary condi-

tions, respectively. Therefore, the discretized governing

equations are given by

Luaðx; yÞ ¼ f ðx; yÞ for points in X ð66Þ

Guaðx; yÞ ¼ gðx; yÞ for points on Cg ð67Þ

Huaðx; yÞ ¼ hðx; yÞ for points on Ch ð68Þ

In the embedding boundary condition approach intro-

duced in Section 2.3.1, the boundary conditions (Eqs.

(64), (65)) are embedded into the shape functions and

the governing equations are satisfied at all nodes, i.e.,

Luaðx; yÞ ¼ f ðx; yÞ for all points in X and on C

ð69Þ

In the Hermite-type approximation approach (Section

2.3.2), the normal derivative of the unknown at the

boundary nodes is taken as an independent variable.

Given a boundary node, the governing equation and

the boundary condition are satisfied simultaneously.

Therefore, the discretized governing equations are given

by

Luaðx; yÞ ¼ f ðx; yÞ for all points in X and on C

ð70Þ

Guaðx; yÞ ¼ gðx; yÞ for points on Cg ð71Þ

Huaðx; yÞ ¼ hðx; yÞ for points on Ch ð72Þ

When the interpolating (Kronecker delta property)

meshless shape functions are used, the point collocation

approach gives rise to a linear system of equations of the

form

Ku ¼ F ð73Þ

The solution of Eq. (73) provides the solution at the

nodes. Note that if the shape functions do not satisfy

the Kronecker delta property, Eq. (73) would be

Kû ¼ F, where û are the nodal parameters and the solu-

tion u is computed by using Eq. (10).

Remarks
1. In this paper, the point collocation approach is

implemented with the interpolating shape func-

tions and their derivatives for the interior points

and Hermite-type approximation for the boundary

nodes.
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2. We have found that, for scattered point distributions,

the quality of the clouds can directly influence the

numerical error in the solution. When the point dis-

tribution is highly scattered, it is likely that certain

stability conditions, namely the positivity conditions

(see [13] for details), could be violated for certain

clouds. For this reason, the modified Gaussian, cubic

or quartic inverse distance functions [13] are better

choices for the kernel/weighting function in point col-

location. In [13], we have proposed quantitative crite-

ria to measure the cloud quality and approaches to

ensure the satisfaction of the positivity conditions

for 1-D and 2-D problems. However, for really bad

point distributions, it could be difficult to satisfy

the positivity conditions and modification of the

point distribution may be necessary.
3.2. Strong form local domain collocation

For a scattered point distribution, the standard collo-

cation can be sensitive to the point distribution in the

clouds. When the point distribution is highly scattered,

it is difficult to define a well balanced cloud. Instead of

satisfying the governing equation at each node, the

strong form local domain collocation (or subdomain

collocation) [21] enforces the average residual in a local

domain surrounding the star point to be zero, i.e.,Z
Xs

wðx; yÞðLuðx; yÞ � f ðx; yÞÞdX ¼ 0 ð74Þ

where Xs is the local integration domain of the star point

(x,y) and w(x,y) is the weighting function centered at

the star point. One can chose various kinds of functions,

e.g. constant, Gaussian or cubic spline functions, as the

weighting function. In this paper, the weighting function

w(x,y) is taken as the kernel function given in Eq. (1),
Fig. 8. Strong form local domain collocation.
which vanishes outside the cloud (denoted as Xc in

Fig. 8). A typical cloud and the local integration domain

of a star point are shown in Fig. 8. The circle is the

cloud. The shaded rectangle is used as the local integra-

tion domain. Note that although the size and shape of

the local integration domain can be arbitrary, we have

observed that the results are more accurate when

[Xs � X and the integration domains of the points do

not overlap too much. In this paper, square local inte-

gration domains are used and the minimum distance

from the points to the star point is chosen as the width

of the local integration domain. Typically, nine Gauss

quadrature points are used in the local domain for inte-

gration purpose. The fixed kernel approximation is used

to evaluate the derivatives at the Gauss quadrature

points. For example, consider the Laplace equation

r2uðx; yÞ ¼ 0 ð75Þ

For a star point (xI,yI), the discretized form of Eq. (74)

can be written as

XNG

Q¼1

wðxI
Q; y

I
QÞW gðxI

Q; y
I
QÞ

�
XNP

J¼1

o2NJ

ox2
ðxI

Q; y
I
QÞ þ

o2NJ

oy2
ðxI

Q; y
I
QÞ

 !
uJ

¼ 0 I ¼ 1; 2; . . . ;NP ð76Þ

where NG is the number of the Gauss quadrature

points, ðxI
Q; y

I
QÞ, Q = 1,2, . . . ,NG, are the Gauss quadra-

ture points for star point I and Wg is the Gauss quadra-

ture weight. Note that for an interpolating fixed kernel

approximation, ûJ ¼ uJ .

Remarks

1. In this paper, we implement the strong form local

domain collocation scheme by using the interpolating

shape functions for the interior points and Hermite-

type approximation for the boundary points.

2. Just like the point collocation scheme, the strong

form local domain collocation scheme is also a true

meshless discretization scheme. However, the integra-

tion of the governing equation in the strong from

local domain approach is more expensive compared

to the point collocation scheme.
3.3. Weighted local domain least-squares collocation

Unlike the point collocation method, the least-

squares collocation technique satisfies the governing

equations in a least-squares sense at some auxiliary

points as well as at the domain points [25,26]. For the

governing equation given in Eq. (63), a residual norm

is first defined
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F ¼
XNP

I¼1

LuaðxI ; yIÞ � f ðxI ; yIÞ½ �2

þ
XNA

H¼1

LuaðxH ; yH Þ � f ðxH ; yH Þ½ �2 ð77Þ

where NA is the number of additional auxiliary points in

the domain. Note that in [26] NA is taken to be zero. For

a linear differential operator L, substituting the fixed

kernel approximation for the unknown function into

the governing equation and collocating the governing

equation at each domain and auxiliary point, we obtain

LuaðxI ; yIÞ ¼
XNP

J¼1

KIJuJ I ¼ 1; 2; . . . ;NP ð78Þ

LuaðxH ; yH Þ ¼
XNP

J¼1

KHJuJ H ¼ 1; 2; . . . ;NA ð79Þ

where K is the discrete approximation of the operator

L. For example, for the Laplace operator,

KIJ ¼ o2NJ

ox2
ðxI ; yIÞ þ

o2NJ

oy2
ðxI ; yIÞ ð80Þ

NP linear equations can be obtained by minimizing the

residual norm given by Eq. (77)

oF
ouI

¼ 0 I ¼ 1; 2; . . . ;NP ð81Þ

The linear system in Eq. (81) can be solved to find the

unknown u(x,y). Note that, if the differential operator

L is nonlinear, Eq. (81) gives a nonlinear system of uI,

I = 1,2, . . . ,NP. Given a scattered point distribution,

the location and the number of auxiliary points to use

is an issue. This issue can be easily addressed if a local

domain is used for least-squares minimization. This is

discussed next.

Atluri et al. [4] have employed a local domain least-

squares approach to minimize the residual norm in local

domains. In this paper, we minimize the local residual

norm by using a weighted integration form as

F ¼
Z

Xs

w Luaðx; yÞ � f ðx; yÞ½ �2dX ð82Þ

where Xs is the local integration domain of the star point

(x,y) and w is the weighting function. We construct the

local integration domain Xs by using the approach dis-

cussed in Section 3.2. For a linear differential operator

L, minimizing Eq. (82) with respect to the unknowns uI

oF
ouI

¼ 0 I ¼ 1; 2; . . . ;NP ð83Þ

we obtainZ
Xs

w Luaðx; yÞ � f ðx; yÞ½ �KIðx; yÞdX ¼ 0 ð84Þ
where KI(x,y) is the discrete approximation of the oper-

ator L at a point (x,y). For example, for the Laplace

operator,

KIðx; yÞ ¼
o2NI

ox2
ðx; yÞ þ o2NI

oy2
ðx; yÞ ð85Þ

and the discretized form of Eq. (84) for a star point

(xI,yI) can be written as

XNG

Q¼1
wðxI

Q; y
I
QÞW gðxI

Q; y
I
QÞ
XNP

J¼1

o2NJ

ox2
ðxI

Q; y
I
QÞ

�"

þ o2NJ

oy2
ðxI

Q; y
I
QÞ
�
uJ � f ðxI

Q; y
I
QÞ
#
KIðxI

Q; y
I
QÞ ¼ 0

ð86Þ

where ðxI
Q; y

I
QÞ, Q = 1,2, . . . ,NG, are the Gauss quadra-

ture points and Wg is the Gauss quadrature weight.

Remarks

1. The weighted local domain least-squares collocation

scheme is different from the global least-squares col-

location schemes [25,26] as it minimizes the residual

norm in the clouds (local domains). The Gauss

quadrature points of the local domains are naturally

used as the auxiliary points. The weighted local

domain least-squares collocation scheme is imple-

mented by using the interpolating shape functions

for the interior points and Hermite-type approxima-

tion for the boundary points.

2. As shown in the results section, the weighted local

domain least-squares collocation is generally more

accurate compared to the other collocation schemes

discussed in this paper. However, the implementa-

tion of the least-squares collocation is more compli-

cated and the computational cost is higher compared

to other collocation schemes. Furthermore, it is

only attractive for linear problems as the imple-

mentation for nonlinear problems is extremely

complicated.
3.4. Double grid collocation

The basic idea in double grid collocation is to

approximate the second derivatives of the unknown

function u(x,y) by using two subsequent first-order dif-

ferentiations of the shape function [27]. In the double

grid collocation technique, the second derivative of the

unknown is defined as
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Fig. 9. A typical cloud in a double grid collocation technique.
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o2ua

ox2
ðx; yÞ ¼ o

ox
oua

ox
ðx; yÞ

� �

¼
XNP

I¼1

oNI

ox
ðx; yÞ oua

ox
ðxI ; yIÞ

� �

¼
XNP

I¼1

oNI

ox
ðx; yÞ

XNP

J¼1

oNJ

ox
ðxI ; yIÞuJ

 !
ð87Þ

Eq. (87) contains two summations over two sets of first

derivative approximations. The point sets I and J can

either be the same or different within the cloud. Fig. 9

shows a typical double grid cloud where the auxiliary

points (shown as square points) are the I points and

the domain points (shown as black points) are the J

points. For the Poisson equation, by using the same

set of points for I and J, we substitute Eq. (87) into

the governing equation to obtain

XNP

I¼1

oNI

ox
ðx; yÞ

XNP

J¼1

oNJ

ox
ðxI ; yIÞuJ

 !

þ
XNP

I¼1

oNI

oy
ðx; yÞ

XNP

J¼1

oNJ

oy
ðxI ; yIÞuJ

 !
¼ f ðx; yÞ ð88Þ
Remarks

1. Eq. (88) is satisfied at each interior domain point by

using the interpolating fixed kernel shape functions.

Again, the governing equation and the boundary

condition are both satisfied at the boundary points

by using the Hermite-type approximation.

2. We observe that, for scattered point distributions,

the solution of the double grid collocation is sensi-

tive to the point distribution.
3. For structured point distributions, the double grid

collocation technique exhibits a higher convergence

rate compared to other collocation schemes for cubic

base interpolating polynomial.
4. Numerical results

In this section, we first compare the performance of

the boundary approximation schemes introduced in

Section 2.3. Second, we compare the performance of

various collocation schemes presented in Section 3 with

the improvements to the fixed kernel approximation,

i.e., the Kronecker delta property and the Hermite-type

approximation at the boundary. A 2-D Poisson problem

and several elastostatic problems are used as examples

to show the numerical results. The error in the numerical

solution is measured by

� ¼ 1

juðeÞjmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

NP

XNP

I¼1

½uðeÞI � uðcÞI �2
vuut ð89Þ

where � is the error and the superscripts (e) and (c) de-

note, respectively, the exact and the computed solutions.

4.1. 2-D Poisson

Consider a 2-D Poisson example with a high local

gradient. The governing equation along with the bound-

ary conditions are given by

o
2u
ox2

þ o
2u
oy2

¼ �6x � 6y � 4

a2
� 4

x � b
a2

� �2

� 4
y � b

a2

� �2
" #

� exp � x � b
a

� �2

� y � b
a

� �2
" #

0 6 x 6 1 0 6 y 6 1 ð90Þ

uðx ¼ 0Þ ¼ �y3 þ exp � b
a

� �2

� y � b
a

� �2
" #

ð91Þ

u; xðx ¼ 1Þ

¼ �3� 2
1� b

a2

� �
exp � 1� b

a

� �2

� y � b
a

� �2
" #

ð92Þ

uðy ¼ 0Þ ¼ �x3 þ exp � x� b
a

� �2

� �b
a

� �2
" #

ð93Þ

uðy ¼ 1Þ

¼ �x3 � 1þ exp � x � b
a

� �2

� 1� b
a

� �2
" #

ð94Þ
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where a = 0.2 and b = 0.5. The exact solution for this

problem is given by

u ¼ �x3 � y3 þ exp � x � b
a

� �2

� y � b
a

� �2
" #

ð95Þ

To investigate the convergence rate of the various collo-

cation schemes, the Poisson problem is solved by

employing 9 · 9, 17 · 17, 33 · 33, and 65 · 65 uniformly

distributed points. Fig. 10 shows a comparison of the

convergence rate of the boundary approximation

schemes introduced in Section 2.3. We observe that the

Hermite-type approximation typically has the lowest

error. Furthermore, for a 9 · 9 point distribution, the

results from the Hermite-type approximation and the
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rr
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Point collocation
Strong form integration
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Double grid collocation

Fig. 11. Convergence rate of different collocation schemes for

the Poisson problem.

Fig. 13. Comparison of u obtained from various collocation

schemes with the exact solution along the boundary x = 1.
embedding boundary condition approach are signifi-

cantly more accurate than the results obtained from

the standard fixed kernel approximation. When 65 · 65

points are used, however, the results from the three tech-

niques are quite close. Therefore, a Hermite-type

approximation can produce more accurate results for

coarse discretizations. The convergence plots for the

four collocation schemes are shown in Fig. 11. We ob-

serve that the convergence rates of the four collocation

schemes are almost the same (about 2.0). The least-

squares collocation has slightly better solutions com-

pared to the other collocation schemes. However, its

computational cost is also higher. The point collocation

is the simplest and fastest of the four collocation

schemes.
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Fig. 16. The displacement in x-direction (denoted by u) along

x = �0.5.
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The Poisson problem is again solved by using a set of

scattered points. The point distribution is shown in Fig.

12. Fig. 13 shows the solution along the boundary x = 1.

The solution from the least-squares collocation matches

well with the exact solution. The solution from the other

collocation schemes is less accurate at the corner point.

4.2. 2-D Elasticity: Bending beam

The governing equations for elasticity (in a plane

stress situation) are given by

2

1� m
o2u
ox2

þ 1þ m
1� m

o2v
oxy

þ o2u
oy2

¼ 0 ð96Þ

2

1� m
o2v
oy2

þ 1þ m
1� m

o2u
oxy

þ o2v
ox2

¼ 0 ð97Þ

where u and v are the x- and y-components of the dis-

placement and m is Poisson�s ratio. We consider the solu-

tion of a beam subjected to a uniform load and a shear

as shown in Fig. 14. The beam is centered at (0,0), l = 0.5

unit, c = 0.5 and t = 1 unit. The modulus of elasticity is

3 · 103, the Poisson�s ratio is 0.25 and the pressure q is

1000.

The following boundary conditions are considered

uðx ¼ l; y ¼ 0Þ ¼ mql
2E

vðx ¼ �l; y ¼ 0Þ ¼ 0

sxyðy ¼ �cÞ ¼ 0

ryðy ¼ �cÞ ¼ �q

ryðy ¼ þcÞ ¼ 0

rxðx ¼ �lÞ ¼ q
2I

2

3
y3 � 2

5
c2y

 !

sxyðx ¼ �lÞ ¼ � q
2I

x c2 � y2
� �

The exact solution for this problem is given by [28]
u ¼ q
2EI
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3
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 !+
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12
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6
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4

5
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2

� � !
ð99Þ

This problem is solved by using a scattered point distri-

bution of 423 points. The point distribution is shown in

Fig. 15. The solution of u along x = �0.5 is shown in
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Fig. 16. The results indicate that the least-squares collo-

cation and the strong form local subdomain collocation

provide a better solution compared to the classical point

collocation technique.

4.3. 2-D Elasticity: Plate with a hole

Shown in Fig. 17 is a portion of an infinite plate with

a central circular hole subjected to a uniform tensile load

of 1.0 in the x-direction. Due to symmetry, only a quad-

rant of the plate is modeled. Symmetric boundary condi-

tions are imposed on the left and bottom edges, and the

inner boundary at a = 1 is set to be traction-free. The

Young�s modulus is 1.0 · 103 and Poisson�s ratio is 0.3.

The exact solution for this example is given by

rxðx; yÞ ¼ 1� a2

r2
3

2
cos 2h þ cos 4h

 !
þ 3a4

2r4
cos 4h

ð100Þ
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Fig. 18. The scattered point distribution employed for the plate

with a hole problem.
ryðx; yÞ ¼ � a2

r2
1

2
cos 2h � cos 4h

 !
� 3a4

2r4
cos 4h ð101Þ

rxyðx; yÞ ¼ � a2

r2
1

2
sin 2h þ sin 4h

 !
þ 3a4

2r4
sin 4h ð102Þ

A set of 325 scattered points is used to solve the prob-

lem. The point distribution is shown in Fig. 18. The

computed stress in the x-direction along x = 0 is com-

pared with the exact solution in Fig. 19. We have again

observed that the least-squares collocation and the

strong form local domain collocation provide a better

solution compared to the classical point collocation

technique.
6

6

(0,0)

p

1.5
1.5

Fig. 20. A plate with several holes subjected to a uniform load

on the top.
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Fig. 23. The displacement in y-direction along y = 6.
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4.4. 2-D Elasticity: Plate with several holes

An elastostatic problem with a more complex geom-

etry is solved in this section. As shown in Fig. 20, a

square plate with several circular holes is subjected to

a uniform load at the top. The width of the plate is 6.

The diameter of the holes is 1.5. The bottom of the plate

is fixed. The pressure at the top is 1. Young�s modulus is

1.0 · 103 and Poisson�s ratio is 0.3.

Fig. 21 shows the point distribution employed for the

plate with holes problem. The deformation of the plate

is shown in Fig. 22. The displacement in the y-direction

along y = 6 is shown in Fig. 23. We have again observed

that the least-squares collocation provides a better

solution compared to the other collocation schemes.

The performance of the strong form local subdomain

collocation is close to the least-squares collocation.
5. Conclusions

In this paper, we have proposed several improvements

to the fixed kernel approximation. The improvements

include the Kronecker delta property, embedding bound-

ary condition and Hermite approach to satisfy both the

governing equation(s) and the boundary condition(s)

at the boundary point, and weighting coefficients to

reproduce FEM stencils for large aspect ratio rectangu-

lar grids. The weighted local domain least-squares collo-

cation scheme, the classical point collocation scheme,

the strong form local domain collocation scheme and

the double grid collocation scheme are implemented by

combining them with the interpolating fixed-kernel

shape functions for the interior points and Hermite-type

approximation for the boundary points. By comparing

all the collocation schemes, we have observed that, for

scattered point distributions, the local domain least-

squares collocation and the strong form local domain

collocation are generally more accurate than the classi-

cal point collocation scheme. However, they are also

more expensive. Furthermore, the implementation of the

local domain least-squares collocation for nonlinear

problems can be complicated. For scattered point distri-

butions, the performance of all the collocation schemes

can be improved by taking into account the positivity

conditions discussed in [13].
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Appendix A. Approximation functions for high aspect

ratio elasticity problem

The FEM element stiffness matrix for linear elasticity

is given byZ
BTDBdxdy ð103Þ

where

B ¼
N fem

1;x 0 N fem
2;x 0 N fem

3;x 0 N fem
4;x 0

0 N fem
1;y 0 N fem

2;y 0 N fem
3;y 0 N fem

4;y

N fem
1;y N fem

1;x N fem
2;y N fem

2;x N fem
3;y N fem

3;x N fem
4;y N fem

4;x

2
664

3
775

ð104Þ

D ¼ E
1� m2

1 m 0

m 1 0

0 0 1�m
2

2
64

3
75 ð105Þ

where E is Young�s modulus and m is Poisson�s ratio. For
high aspect ratio problems, the entries of BTDB ob-

tained from the multiplication of the entries of the third

row of B (shear strain) are integrated by using a re-

duced-order numerical integration. Basically, four

kinds of terms are integrated in Eq. (103), i.e,R
N fem

i;x N fem
j;x ;

R
N fem

i;y N fem
j;y ;

R
N fem

i;x N fem
j;y and

R
N fem

i;y N fem
j;x ,

i, j = 1,2, . . . ,4. Note that for a given i and j,R
N fem

i;x N fem
j;y 6¼

R
N fem

i;y N fem
j;x . The FEM stencils are linear

combinations of these integrals. We can also separate

a full FEM stencil into four sub-stencils. Each sub-sten-

cil contains only one kind of integral. It can be seen from

Eq. (104) that full and reduced-order integrations are re-

quired for all the four kinds of integrations. Further-

more, the FEM stencils at the boundary nodes are

different from those at the interior nodes since only

two elements are involved for a boundary point. There-

fore, the total number of FEM sub-stencils is 16 (four

full integrations and four reduced-order integrations

for both the interior nodes and the boundary nodes).

We use Z to represent a full FEM sub-stencil, Z to rep-

resent a reduced-order FEM sub-stencil, I to denote an

interior sub-stencil, B to denote a boundary sub-stencil,

and subscripts xx,yy,xy and yx to represent the integral
1/21/2
1

2

star point b1 1

1/2

1/2

basis p=[ 1  x  y  x2  xy ]

(a) (b

Fig. 25. Weighting schemes and reduced b
types. For example, an interior FEM sub-stencil con-

taining reduced-order
R

N fem
i;y N fem

j;x integrations will be de-

noted as ZIyx.

It is shown that a weighting scheme of FCM shown

in Fig. 4 generates interior FCM stencils for N,xx and

N,yy equivalent to the FEM stencils for
R

N fem
i;x N fem

j;x andR
N fem

i;y N fem
j;y , respectively. It is easy to show that

ZIxy ¼ ZIyx ¼ ZIxy ¼ ZIyx and ZIyx is also equivalent to

the FCM stencil for N,xy generated by the weighting

scheme shown in Fig. 4. Hence, by using the weighting

of Fig. 4

N ;xx � ZIxx ð106Þ

N ;yy � ZIyy ð107Þ

N ;xy � ZIxy ¼ ZIyx ¼ ZIxy ¼ ZIyx ð108Þ

where ��� denotes equivalency. Moreover, without prov-

ing, ZIxx and ZIyy can be reproduced by FCM using the

weighting scheme shown in Fig. 24. Denoting the shape

functions generated by using the weighting scheme

shown in Fig. 24 as R, we have

R;xx � ZIxx ð109Þ

R;yy � ZIyy ð110Þ

For a boundary point b, as shown in Fig. 25, the FEM

stencils only contain five points in the vicinity of the

point b. Therefore, only six points can be covered by a

cloud for point b. Since there are only two layers of
2

2

star point b
1/2

1/2

basis p=[ 1  x  y  x2  ]

)

asis functions for boundary points.
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points in the cloud, the FCM basis must be reduced to

avoid singularity of the moment matrix. To reproduce

the FEM stencil at a boundary point, we propose two

sets of weighting schemes with reduced basis to con-

struct the shape functions at the boundary. Fig. 25(a)

shows the first set of weighting scheme and reduced ba-

sis. We denote the shape functions generated by this

scheme as Q. Fig. 25(b) shows the second set of the

weighting and basis. The shape functions generated by

the second scheme are denoted by M. Again without

proving, the special shape functions for the boundary

point are equivalent to the FEM boundary sub-stencils

as shown in Eqs. (111)–(116).

Q;xx � ZBxx ð111Þ

M ;y � ZByy ð112Þ

Q;y � ZByy ð113Þ

M ;xx � ZBxx ð114Þ

Q;xy � ZBxy ¼ ZBxy ð115Þ

M ;x � ZByx ¼ ZByx ð116Þ

Eqs. (111)–(116) give all the FCM shape functions

equivalent to the FEM sub-stencils. Hence, the high

aspect ratio fixed-fixed beam shown in Fig. 6 can be

solved by FCM to obtain properties of reduced-order

shear strain FEM solution. For a given interior point

(x,y), the FCM discretized governing equation is rewrit-

ten as

XNP

I¼1
NI;xxðx; yÞuI þ

1� m
2

XNP

I¼1

RI ;yyuI

þ 1þ m
2

XNP

I¼1

NI ;xyðx; yÞvI ¼ 0 ð117Þ

XNP

I¼1
NI;yyðx; yÞvI þ

1� m
2

XNP

I¼1

RI ;xxvI

þ 1þ m
2

XNP

I¼1

NI ;xyðx; yÞuI ¼ 0 ð118Þ

Note that Eqs. (117), (118) are in fact the discretized Na-

vier�s equations with the special shape functions R to

represent the reduced-order FEM shear strain. For a

given boundary point (xb,yb) located at the top or bot-

tom of the beam, the FEM equivalent FCM stencil is gi-

ven by
E
2ð1þ mÞ

XNP

I¼1

NI ;yðxb; ybÞnybuI

� E
2ð1� m2Þ

XNP

I¼1

NI ;xxðxb; ybÞDyuI

þ E
2ð1þ mÞ

XNP

I¼1

MI ;xðxb; ybÞnybvI

� Em
2ð1� m2Þ

XNP

I¼1

NI ;xyðxb; ybÞDyvI ¼ T x ð119Þ

E
1� m2

XNP

I¼1

MI;yðxb; ybÞnybvI

� E
4ð1þ mÞ

XNP

I¼1

MI ;xxðxb; ybÞDyvI

þ Em
1� m2

XNP

I¼1

MI;xðxb; ybÞnybuI

� E
4ð1þ mÞ

XNP

I¼1

NI ;xyðxb; ybÞDyuI ¼ T y ð120Þ

where nyb is the unit surface outward normal of point b

projected to the y axis, Tx and Ty are the x- and y-com-

ponents of the surface traction.
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