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Abstract

Meshless and mesh-based methods are among the tools frequently applied in the numerical treatment of partial

differential equations (PDEs). This paper presents a coupling of the meshless finite cloud method (FCM) and the

standard (mesh-based) boundary element method (BEM), which is motivated by the complementary properties of both

methods. While the BEM is appropriate for solving linear PDEs with constant coefficients in bounded or unbounded

domains, the FCM is appropriate for either homogeneous, inhomogeneous or even nonlinear problems in bounded

domains. Both techniques (FCM and BEM) use a collocation procedure in the numerical approximation. No mesh is

required in the FCM subdomain and its nodal point distribution is completely independent of the BEM subdomain.

The coupling approach is demonstrated for linear elasticity problems. Because both FCM and BEM employ traction–

displacement relations, no transformations between forces and tractions (typical of BEM and finite element coupling)

are needed. Several numerical examples are given to demonstrate the proposed approach.
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1. Introduction

Recently, domain-based meshless techniques [1] have emerged as a new viable alternative to do com-

putational analysis of various physical problems. Common features of these methods are: (1) particles or

points instead of elements are used to discretize the physical domain; (2) interpolations are constructed

without requiring connectivity information among the particles; and (3) collocation or Galerkin (either

local or global) methods are used for discretization of the governing equations. Meshless methods provide
great flexibility to numerical analysis of many complicated problems.
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In this paper, a coupling approach to combine a meshless method, namely the finite cloud method (FCM)
[2], with the standard boundary element method (BEM) is proposed and demonstrated for elasticity

problems. The FCM uses a fixed kernel approximation for construction of meshless interpolation functions,

and a collocation method for discretizing the governing partial differential equations (PDEs). The BEM

utilizes boundary integral equations and fundamental solutions (or Green�s functions) to compute the un-
known displacements and tractions. The final linear system obtained from the FCM is then assembled with

the final linear system obtained from the BEM. There are several advantages of the proposed approach over

the conventional coupling between the BEM and the finite element method (FEM), as listed below.

• FCM does not require a mesh or background cells for integration––it is a true meshless method. Only

points need to be sprinkled over the domain.

• FCM and BEM share the same set of nodes at common boundaries. There is no interpolation needed to

transfer numerical quantities between the two domains.

• Point refinement in the FCM domain and mesh refinement in BEM domain are independent. Thus the

coupling scheme is not restricted by the order of boundary elements employed.

• In elasticity applications, both BEM and FCM are inherently based on traction–displacement formula-

tions. Thus the coupling of the two methods does not require any transformation between forces and
tractions.

The remainder of this paper is organized as follows. A brief literature review involving related work on

coupling of numerical methods is given in Section 2. The FCM for two-dimensional (2-D) elastostatics is

presented in Section 3, the standard BEM for 2-D elastostatics is summarized in Section 4, the FCM/BEM

coupling approach is introduced in Section 5, and numerical results are given in Section 6. Finally con-

clusions are inferred and potential extensions of this work are discussed in Section 7.

2. Related work

The coupling of different numerical methods has attracted attention of the engineering community

because of the potential advantages associated with each of the methods being considered in the coupling

approach. For instance, several researchers have coupled two domain-based methods, the FEM and a

meshless method such as the element-free Galerkin (EFG) method or the reproducing kernel particle

method (RKPM) [3–7], with various goals and using different formulations. Belytschko et al. [3] and
Krongauz and Belytschko [4] have coupled the FEM and the EFG as a means to enforce the essential

boundary conditions in meshless approximations. The technique is based on a string of finite elements

along the essential boundaries. The shape functions from these edge finite elements are then combined with

the shape functions of the meshless method so that the essential boundary conditions can be enforced. With

similar objectives, Hegen [5] has presented a different EFG/FEM coupling approach where the FEM do-

main and the meshless region are connected by means of Lagrange multipliers. Huerta and Fern�aandez-
M�eendez [6] have developed a general formulation using mixed interpolations for EFG/FEM coupling and

for enrichment of the finite element mesh with particles. Liu et al. [7] have presented a scheme to enrich the
finite element approximation with the RKPM.

Boundary-based methods may be coupled with domain-based methods to take advantage of the best

properties of both methods. In the literature, most efforts have concentrated on coupling the BEM with the

FEM, and several approaches have been proposed to treat these mesh-based methods. Differently from

previous approaches, the contribution of the present work is on coupling the mesh-based BEM with the

meshless FCM. However, due to the advances and relevance of FEM/BEM coupling, a brief discussion on

this subject matter is in order.
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The FEM is successful in dealing with inhomogeneities and nonlinearities, while the BEM may be more
appropriate for unbounded problems such as infinite domain and exterior problems. In some applications,

it is advantageous to combine the two methods [8] to achieve high-quality solutions [9–12]. In the last

decade, the FEM/BEM coupling approaches have been applied to solve various problems in engineering,

such as soil–structure interactions [13], fluid–structure interactions [14], contact problems [15], electro-

magnetics [16,17], elastodynamics [18,19], and medical problems [20]. There has also been a significant

amount of work in the symmetric FEM/BEM coupling [14,17,21–24].

Consider, for instance, an application involving elastostatics. In general, there are three major FEM/

BEM coupling approaches [9]: (1) using the finite element solution as the boundary conditions for the
boundary element subdomain; (2) treating the boundary element subdomain as a finite element and em-

bedding it into the finite element system––in this approach, the traction–displacement relations of BEM are

transformed to FEM force–displacement relations; and (3) treating the finite element subdomain as an

equivalent boundary element and embedding it to the boundary element system––in this approach, the

force–displacement relations of FEM are transformed to BEM traction–displacement relations. Ap-

proaches (2) and (3) are commonly used in the literature [9–11]. However, the transformation between

traction–displacement and force–displacement relations require extra matrix inversion and interpolation.

Moreover, when FEM and BEM nodes do not coincide, additional interpolations are required. It is shown
below that the present BEM/FCM coupling approach does not present any of these problems, which are

typical of BEM/FEM coupling.

3. Finite cloud method for 2-D elastostatics

3.1. Governing equations

We will be primarily concerned with two-dimensional linear elastostatic analysis in this work. For small

mechanical deformations, the linear theory of elasticity is used [25].

r � ðrÞ þ b ¼ 0 in X; ð1Þ

u ¼ g on Cg; ð2Þ

r � n ¼ h on Ch; ð3Þ

where r is the Cauchy stress tensor, b is the body force vector, u is the displacement vector, g is the pre-
scribed displacement vector on the boundary portion Cg, h is the surface traction vector on the boundary

portion Ch, n is the unit outward normal vector, and the dot denotes the inner product.

3.2. Relevant aspects of the FCM

The FCM uses a fixed kernel approximation [2,26] to construct the meshless interpolation functions and

a point collocation technique [27] to discretize the governing partial differential equations (PDEs). In the

following, we outline the steps used for the construction of interpolation functions (see [2] for more details).

The domain is first represented by a set of points (or nodes), as shown in Fig. 1. Then, for each point, an

interpolation function is generated by constructing a cloud about that node (also referred as a star node). A

cloud is constructed by centering a kernel about the star point. The kernel is typically a cubic spline or a
Gaussian function. The kernel is non-zero at the star point and at few other nodes that are in the vicinity of

the star point. The shape of the cloud, which defines the nodes at which the kernel is non-zero, can be

arbitrary. Typical shapes used in 2-D applications are circles and rectangles.
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In a meshless fixed kernel approach, an approximation uaðx; yÞ to an unknown uðx; yÞ is given by

uaðx; yÞ ¼
Z

X
Cðx; y; xk � s; yk � tÞ/ðxk � s; yk � tÞuðs; tÞdsdt; ð4Þ

where Cðx; y; s; tÞ is the correction function which is given by

Cðx; y; xk � s; yk � tÞ ¼ pT ðxk � s; yk � tÞcðx; yÞ; ð5Þ

/ is the kernel function centered at ðxk; ykÞ, which is usually taken as a cubic spline or a Gaussian function.
In this paper, / is taken as the following modified Gaussian function

/ðx� xIÞ ¼
wðx� xIÞ

1� wðx� xIÞ þ êe
; ð6Þ

where êe is a small number which is used to avoid the singularity of /ðx� xIÞ. In this paper, êe is chosen to be
10�5. The expression wðx� xIÞ is a normalized Gaussian function given by

wðzÞ ¼
e�ðz=cÞ2 � e�ðdmi=cÞ2

1� e�ðdmi=cÞ2
z6 dmi;

0 z > dmi;

8<
: ð7Þ

where dmi is the support size of a cloud, c is the dilation parameter which is taken as dmi=2. In 2-D, the kernel
function is constructed as

/ðx� xI ; y � yIÞ ¼ /ðx� xIÞ/ðy � yIÞ: ð8Þ
The 1� m vector pT ¼ fp1; p2; . . . ; pmg contains the basis functions. In 2-D, a quadratic basis vector is

given by

pT ¼ ½1; xk � s; yk � t; ðxk � sÞ2; ðxk � sÞðyk � tÞ; ðyk � tÞ2� m ¼ 6 ð9Þ
and cðx; yÞ is an m� 1 vector of unknown correction function coefficients. The correction function coef-
ficients are computed by enforcing the consistency conditions, i.e.,Z

X
pT ðxk � s; yk � tÞcðx; yÞ/ðxk � s; yk � tÞpiðs; tÞdsdt ¼ piðx; yÞ i ¼ 1; 2; . . . ;m: ð10Þ

In discrete form, Eq. (10) can be rewritten as

XNP
I¼1
pT ðxk � xI ; yk � yIÞcðx; yÞ/ðxk � xI ; yk � yIÞpiðxI ; yIÞDVI ¼ piðx; yÞ i ¼ 1; 2; . . . ;m; ð11Þ

Cloud

Node

Cloud

Star point

Fig. 1. The physical domain (left) is represented by a set of points (right), and clouds are constructed at each point. Also shown in the

figure are a circular and a rectangular cloud.
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where NP is the number of points in the domain, and DVI is the nodal volume associated with node I (see [2]
for a discussion on nodal volumes). Eq. (11) can be written in matrix form as

Mcðx; yÞ ¼ pðx; yÞ; ð12Þ

with

Mij ¼
XNP
I¼1

pjðxk � xI ; yk � yIÞ/ðxk � xI ; yk � yIÞpiðxI ; yIÞDVI i; j ¼ 1; 2; . . . ;m: ð13Þ

From Eq. (12), the unknown correction function coefficients are computed as

cðx; yÞ ¼M�1pðx; yÞ: ð14Þ

Substituting the correction function coefficients into Eq. (5) and employing a discrete approximation for

Eq. (4), we obtain

uaðx; yÞ ¼
XNP
I¼1

NIðx; yÞûuI ; ð15Þ

where ûuI is the nodal parameter for node I , and NIðx; yÞ is the fixed kernel meshless interpolation function
defined as

NIðx; yÞ ¼ pT ðx; yÞM�Tpðxk � xI ; yk � yIÞ/ðxk � xI ; yk � yIÞDVI : ð16Þ

The derivatives of the unknown u are approximated by

ouaðx; yÞ
ox

¼
XNP
I¼1

oNIðx; yÞ
ox

ûuI ;
ouaðx; yÞ

oy
¼
XNP
I¼1

oNIðx; yÞ
oy

ûuI ; ð17Þ

o2uaðx; yÞ
ox2

¼
XNP
I¼1

o2NIðx; yÞ
ox2

ûuI ;
o2uaðx; yÞ

oy2
¼
XNP
I¼1

o2NIðx; yÞ
oy2

ûuI ; ð18Þ

o2uaðx; yÞ
oxoy

¼
XNP
I¼1

o2NIðx; yÞ
oxoy

ûuI : ð19Þ

Fig. 2 shows the plots of a typical 2D fixed kernel interpolation function and its derivatives.

After the interpolation functions are constructed, the FCM uses a point collocation technique to dis-

cretize the governing equations. In point collocation, the governing equations are satisfied at every node

which does not carry a boundary condition. For nodes with prescribed boundary conditions the approx-

imate solution or the derivative of the approximate solution are set to the given displacement and traction

boundary conditions, respectively. The point collocation approach gives rise to a linear system of equa-

tions, the solution of which provides the nodal parameters at nodes. Once the nodal parameters are
computed, the unknown solution at each node can be computed from Eq. (15).

3.3. FCM for linear elasticity

For two-dimensional elasticity, there are two unknowns associated with each node in the domain,

namely the displacements in the x and y directions. The governing equations given in Eq. (1), assuming zero
body force, can be rewritten as the Navier–Cauchy equations of elasticity
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r2uþ 1

1� 2m0
o

ox
ou
ox

þ ov
oy

� �
¼ 0;

r2vþ 1

1� 2m0
o

oy
ou
ox

þ ov
oy

� �
¼ 0;

8>><
>>: ð20Þ

with

m0 ¼
m for plane strain;

m
1þ m

for plane stress;

(
ð21Þ

where m is the Poisson�s ratio. In this paper we consider plane stress situation. For an interior node, Eq. (20)
is approximated by the fixed kernel interpolation given by Eqs. (15)–(19). For a node J satisfying the
equilibrium equation, we obtain

2

1� m

PNP

I¼1
o2NIðxj; yjÞ

ox2
ûuI þ

1þ m
1� m

XNP

I¼1
o2NIðxj; yjÞ

oxoy
v̂vI þ

XNP

I¼1
o2NIðxj; yjÞ

oy2
ûuI ¼ 0;

2

1� m

PNP

I¼1
o2NIðxj; yjÞ

oy2
v̂vI þ

1þ m
1� m

XNP

I¼1
o2NIðxj; yjÞ

oxoy
ûuI þ

XNP

I¼1
o2NIðxj; yjÞ

ox2
v̂vI ¼ 0;

8>><
>>: ð22Þ

where ðxj; yjÞ is the coordinate of node J , and m is the Poisson�s ratio.

Fig. 2. 2D fixed kernel interpolation function and its derivatives: (a) Nðx; yÞ, (b) oNðx; yÞ=ox, (c) oNðx; yÞ=oy, (d) o2Nðx; yÞ=ox2,
(e) o2Nðx; yÞ=oy2, (f) o2Nðx; yÞ=oxoy.
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For a node K with a Dirichlet-type boundary condition on the x-component of the displacement (e.g.
ua ¼ g), we obtain

XNP
I¼1

NIðxk; ykÞûuI ¼ g; ð23Þ

where ðxk; ykÞ refers to the location of node K.
Similarly, for a node L with a Neumann-type boundary condition (e.g. f ðu;xÞ ¼ hx in the expressions of

the tractions), we obtain

XNP
I¼1

f
oNIðxl; ylÞ

ox
ûuI

� �
¼ hx; ð24Þ

where ðxl; ylÞ is the coordinate of node L.
Combining Eqs. (22)–(24) for all the nodes, we obtain a linear system of equations

Kûu ¼ f; ð25Þ

where K, f are the coefficient matrix and the right hand side, respectively. The solution of Eq. (25) gives the

nodal parameters ûuI and v̂vI . Once the nodal parameters are known, the x- and y-displacements are com-
puted by

uaðx; yÞ ¼
XNP
I¼1

NIðx; yÞûuI vaðx; yÞ ¼
XNP
I¼1

NIðx; yÞv̂vI : ð26Þ

4. Boundary element method for 2-D elastostatics

The boundary integral equation of 2-D elastostatics is given by

Cu ¼
Z

C
u�tdC �

Z
C
t�udC þ

Z
X
u�bdX; ð27Þ

where C is the corner tensor, u and t are the displacement and the traction vectors, respectively, u� and t� are

the displacement and the traction fundamental solution vectors, respectively, and b is the body force vector,

which is not considered here. According to the notation established previously, X denotes the domain and C
denotes the boundary of the body. The fundamental solutions for the 2-D elastostatics are given by [10]

u�lk ¼
1þ m0

4pE0ð1� m0Þ ð3
�

� 4m0Þln 1

r

� �
dlk þ

or
oxl

or
oxk

�
; ð28Þ

t�lk ¼ � 1

4pð1� m0Þr
or
on

ð1
�

� 2m0Þdkl þ 2
or
oxk

or
oxl

�
� ð1� 2m0Þ or

oxl
nk

�
� or
oxk

nl

��
; ð29Þ

with

m0 ¼ m; E0 ¼ E; for plane strain ð30Þ

and

m0 ¼ m
1þ m

; E0 ¼ Eð1� m02Þ; for plane stress; ð31Þ
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where E is the Young�s modulus and m is the Poisson�s ratio. Moreover, r is the distance between the source
and the field points, and n is the unit outward normal vector on the boundary.

The boundary of the domain is discretized into a set of small elements. Each element contains one or

more collocation nodes. The boundary integral equations are satisfied at each collocation node. Various

types of elements have been used in the literature. In this work, quadratic elements are used. Thus, the

boundary integral equation can be discretized as (in the absence of body forces)

Ciui ¼
XNE
j¼1

Z
Cj

u�tdC �
XNE
j¼1

Z
Cj

t�udC; ð32Þ

where i refers to the collocation point, and NE is the number of elements. Although we have selected
quadratic boundary elements, any other interpolation order can be used in the coupling scheme. For

quadratic elements, the displacements u and tractions t in an element are written as

uðx; yÞ ¼ ½U1ðx; yÞ U2ðx; yÞ U3ðx; yÞ �
u1
u2
u3

2
4

3
5; ð33Þ

tðx; yÞ ¼ ½U1ðx; yÞ U2ðx; yÞ U3ðx; yÞ �
t1
t2
t3

2
4

3
5; ð34Þ

where uh and th, h ¼ 1; . . . ; 3, are the displacements and the tractions on the element, and Uh are the
quadratic interpolation functions given by

U1 ¼
nðn � 1Þ
2

; U2 ¼ 1� n2; U3 ¼
nðn þ 1Þ
2

: ð35Þ

Substituting the interpolations for displacements and the tractions, Eq. (32) can be written as

Ciui ¼
XNE
j¼1

Z
Cj

u�UdCtj �
XNE
j¼1

Z
Cj

t�UdCuj: ð36Þ

Equation (36) gives rise to a linear system of equations

Gu ¼ Ht; ð37Þ
where G, H are the coefficient matrices. The solution of Eq. (37) gives the unknown nodal displacements or
tractions at the nodes.

5. The BEM/FCM coupling approach

In the proposed BEM/FCM coupling approach, the physical domain is divided into BEM and FCM

subdomains, as shown in Fig. 3. The boundary of the BEM region (denoted by B) is divided into elements,

and points are sprinkled over the FCM region (denoted by F). The nodes at the interface (denoted by I) are
shared by both the FCM and BEM regions. Numerical procedures are carried out for each domain by

means of their corresponding method (see Sections 3 and 4). Once the final linear systems for all the

subdomains are obtained, they are assembled into the coupled linear system, which includes unknowns

associated with the BEM subdomain, unknowns associated with the FCM subdomains, and common

unknowns at the interface between the BEM and the FCM subdomains. Thus, all the unknowns can be

computed by solving the final coupled linear system.
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The final matrix form of the FCM subdomain (Eq. (25)) can be rewritten as

KFûuF ¼ f ¼ sF

tFI

 �
¼ ½I� sF

tFI

 �
¼ I1 I2½ � sF

tFI

 �
; ð38Þ

where KF is the stiffness matrix of the FCM subdomain, ûuF denotes the nodal parameters, sF contains the

known nodal body force, prescribed displacement or prescribed traction (not force), tFI is the unknown

nodal traction at the interface, and ½I� is the identity matrix. Note that, for the purpose of assembling the
final coupled matrices, the right hand side of the FCM final linear system is multiplied by an identity matrix

and then divided into non-interface and interface parts, I1 and I2, respectively. Similarly, The final matrix

form of the BEM subdomain (Eq. (37)) can be rewritten as

HB HB
I

� � uB

uBI

 �
¼ GB GB

I

� � tB

tBI

 �
; ð39Þ

where HB and GB are the coefficient matrices of the BEM subdomain (see Eq. (37)), uB denotes the nodal

displacements of the BEM subdomain, and tB refers to the nodal tractions of the BEM subdomain.

Applying the interface compatibility and equilibrium conditions:

uI ¼ uBI ¼ uFI ¼ NûuF; ð40Þ

tI ¼ tBI ¼ �tFI ; ð41Þ
respectively, where N is the interpolation function sub-matrix of the FCM subdomain (see Eq. (26)), we
have

HB HB
I N �GB

I

0 KF I2

� � uB

ûuF
tI

8<
:

9=
; ¼ GB 0

0 I1

� �
tB

sF

 �
: ð42Þ

The linear system above is rearranged according to the boundary conditions. The final coupled linear

system is typically not symmetric since the blocks of FCM and BEM in Eq. (42) are all non-symmetric.
However, it can be conveniently solved by means of sparse solvers [29]. Notice that the BEM blocks are

fully populated, and the FCM blocks are sparse. After the unknown ûuF is computed, the nodal displace-

ments uF in the FCM subdomain can be computed by using Eq. (26).

The FCM/BEM coupling approach can be easily extended to solve multizone problems where a physical

domain is divided into various multi-subdomains. An example, is given in Fig. 4, where the domain has

three regions with different material properties [30]. Therefore, the regions need to be treated separately.

Assume that the domain is divided into 1 FCM region and 2 BEM regions as shown in Fig. 4. The FCM

subdomain is denoted as F1, and the BEM subdomains are denoted as B1 and B2. The interface F1B1 refers
to the interface of the subdomain F1 and the subdomain B1. The other interfaces are defined similarly. Note
that the corner point C is shared by the three regions F1, B1 and B2.

B

IF

Fig. 3. Coupled FCM and BEM regions.
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The final matrix form of the FCM region can be written as

KF1 ûuF1 ¼ IF11 IF12 IF13 IF14
� � sF1

tF1F1B1
tF1F1B2
tF1C

8>><
>>:

9>>=
>>;: ð43Þ

The final matrix form of the two BEM regions (B1 and B2) can be written as

HB1 HB1
F1B1

HB1
B1B2

h i uB1

uB1F1B1
uB1B1B2

8<
:

9=
; ¼ GB1 GB1

F1B1
GB1
B1B2

GB1
C

h i tB1

tB1F1B1
tB1B1B2
tB1C

8>><
>>:

9>>=
>>;; ð44Þ

HB2 HB2
F1B2

HB2
B1B2

h i uB2

uB2F1B2
uB2B1B2

8<
:

9=
; ¼ GB2 GB2

F1B2
GB2
B1B2

GB2
C

h i tB2

tB2F1B2
tB2B1B2
tB2C

8>><
>>:

9>>=
>>;; ð45Þ

respectively. The interface compatibility conditions for this example are

uF1B1 ¼ uF1F1B1 ¼ uB1F1B1
uF1B2 ¼ uF1F1B2 ¼ uB2F1B2
uB1B2 ¼ uB1B1B2 ¼ uB2B1B2

8><
>:

tF1B1 ¼ tF1F1B1 ¼ �tB1F1B1 ;
tF1B2 ¼ tF1F1B2 ¼ �tB2F1B2 ;
tB1B2 ¼ tB1B1B2 ¼ �tB2B1B2 ;
tF1C þ tB1C þ tB2C ¼ 0:

8>>><
>>>:

ð46Þ

Applying the compatibility conditions, the coupled multizone linear system can be assembled as

KF1 0 0 0 �IF12 �IF13 0 IF14 IF14
HB1
F1B1

NF1B1 HB1 0 HB1
B1B2

GB1
F1B1

0 �GB1
B1B2

�GB1
C 0

HB2
F1B2

NF1B2 0 HB2 HB2
B1B2

0 GB2
F1B2

GB2
B1B2

0 �GB2
C

2
64

3
75

ûuF1

uB1

uB2

uB1B2
tF1B1
tF1B2
tB1B2
tB1C
tB2C

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

¼
IF11 0 0
0 GB1 0

0 0 GB2

2
4

3
5 sF1

tB1

tB2

8<
:

9=
;; ð47Þ

E  , υ3 3E  , υ2 2
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BEM

C

BEM

F B

1 1E  , υ

11 F B2

F

B B

1

2

B
B

1

1
2
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Fig. 4. A multizone problem.
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where NF1B1 and NF1B2 is the FCM interpolation sub-matrix for the shared points at the interfaces F1B1 and
F1B2, respectively. This is the final linear system which can be solved for the various unknowns in the

problem.

6. Numerical results

Three examples of 2-D elastostatic analysis are given in this section and presented in order of increasing
complexity:

1. Patch test

2. Cantilever beam

3. Plate with holes

In all the examples, normalized and consistent physical units are employed. The convergence of the

FCM/BEM coupling approach is measured by using a global error measure [2]

e ¼ 1

juðeÞjmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

NT

XNT
I¼1

½uðeÞI � uðcÞI �2
vuut ; ð48Þ

where e is the error in the solution, NT is the total number of nodes (or points), and the superscripts (e) and
(c) denote, respectively, the exact and the computed solutions.

6.1. Patch test

The first example is the plane stress patch test as shown in Fig. 5. In this example, a unit surface traction

is applied at the right side of a 2� 1 plate. The FCM and BEM regions are shown in Fig. 5(a) and the

computed deformation is shown in Fig. 5(b). The Young�s modulus of 1.0 and the Poisson�s ratio of 0.25
are used in this example. The exact solution is given by

u ¼ x; v ¼ � y
4
: ð49Þ

p=1
FCM
region

BEM
region

0 1 2 3 4
–1

–0.5

0

0.5

1

1.5

2

undeformed shape 
deformed shape 

x-coordinate

y-
co

or
di

na
te

(a) (b)

Fig. 5. (a) Patch test, (b) computed result using nine FCM points and four BEM elements (coarse discretization).
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Different point/element discretizations are applied to solve the problem. Table 1 shows a comparison of

the computed results and the exact solution at the point ðx; yÞ ¼ ð2; 0:5Þ. Excellent results are obtained and
the convergence rates of the coupling approach for this example are 1.2 for u displacement, and 1.23 for v
displacement (see Fig. 6). Table 1 also provides the number of degrees of freedom (DOFs) and the con-

dition number for the various coupled system. Note that while reasonably well-conditioned matrices are

obtained, the condition number of the final matrix is approximately a quadratic function of DOFs of the

problem. To illustrate the matrix sparsity pattern obtained with the present coupling strategy, the image of

the final coefficient matrix for the last case of Table 1 is shown in Fig. 7. Notice that the total matrix size is
706� 706 or 498,436 entries. However, only 46,925 entries are nonzero, i.e. 9.4%.

6.2. Cantilever beam

The second example is a cantilever beam subjected to a shear force, as shown in Fig. 8. The material

properties are identical to those of the first example. The exact solution is given by [28]:

u ¼ � P
6EI

y
�

� D
2

�
½3xð2L� xÞ þ ð2þ mÞyðy � DÞ�; ð50Þ

Table 1

Patch test: comparison of computed displacements at ðx; yÞ ¼ ð2; 0:5Þ with the exact solution and properties of the problem
Discretization # of DOFs Condition number uð2; 0:5Þ vð2; 0:5Þ
9 FCM points and 4

BEM elements

34 281 1.999768 )0.125092

25 FCM points and 8

BEM elements

82 1.5� 103 2.000083 )0.124962

81 FCM points and

16 BEM elements

226 1.3� 104 2.000016 )0.124982

289 FCM points and

32 BEM elements

706 1.1� 105 2.000008 )0.124994

Exact solution – – 2.0 )0.125
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u disp
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lo
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Fig. 6. Convergence plot of the displacements.
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v ¼ P
6EI

x2ð3L
"

� xÞ þ 3mðL� xÞ y
�

� D
2

�2
þ 4þ 5m

4
D2x

#
; ð51Þ

where P is the shear force, L and D are the length and the height of the beam, respectively, and I is the
moment of inertia. In this example, L ¼ 2, D ¼ 1, thickness¼ 1, and the cross-section is rectangular. The
FCM and BEM regions are shown in Fig. 8(a) and the computed deformation is shown in Fig. 8(b). Table 2

shows a comparison of the computed displacement at the point ðx; yÞ ¼ ð2; 1Þ with the exact solution. The
results converge monotonically to the exact solution and the convergence rates are found to be 2.25 for u
displacement and 2.5 for v displacement (Fig. 9). Table 2 also provides the number of DOFs and the

Fig. 7. Image of the final coefficient matrix of Eq. (42). The sizes of the block matrices are the following:HB: 128� 96;HB
I N: 128� 578;

GB
I : 128� 32; 0: 578� 96; KF: 578� 578; I2: 578� 32.

P=1region
FCM BEM

region D

L

–0.5 0 0.5 1 1.5 2 2.5
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0
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1.5
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2.5
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Fig. 8. (a) Cantilever beam, (b) computed result using 81 FCM points and 16 BEM elements.
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condition number for the system matrix of the coupled systems, which again indicate that reasonably well-

conditioned matrices are obtained.

6.3. Plate with holes

The final example deals with a more complicated problem. As shown in Fig. 10, a plate containing three
holes and a notch is subjected to a uniform pressure at its right edge [31]. The problem is solved by using

four methods: FEM, BEM, FCM, and FCM/BEM coupling. Furthermore, to assess the influence of in-

terface length and shape in the FCM/BEM coupling approach, we have used three different types of in-

terfaces. The solutions obtained from the four methods are compared in terms of accuracy, computational

cost and numerical properties. We construct the BEM and FCM discretizations by employing the same set

of FEM nodes. For example, as shown in Fig. 11, the FEM domain contains 25 nodes. Thus the 16

boundary FEM nodes are used as the BEM nodes, and all the 25 FEM nodes are used as the FCM points.

Fig. 12(a) shows the deformed shape obtained by the FEM code ANSYS. The FEM mesh consists of 4474
nodes. Following the strategy of Fig. 11 for the example of Fig. 10, the 636 boundary nodes of the ANSYS

FEM mesh are taken as the boundary nodes in BEM simulation, and all the 4474 ANSYS nodes are taken

as the points in the FCM simulation. The deformed shapes obtained by BEM and FCM are shown in Fig.

12(b) and (c), respectively. For FCM/BEM coupling, the domain is divided into FCM and BEM regions by

using three types of interfaces: straight line, semi-circular and wave shaped. The deformed shapes for the

three cases are shown in Fig. 13(a), (b) and (c), respectively. The results obtained from all the approaches

agree with each other quite well and the difference of the maximum displacement is within 1%. Fig. 14

shows the rxx stress distribution obtained from the FCM/BEM coupling approach with a wave-shaped

Table 2

Cantilever beam: comparison of computed displacements at ðx; yÞ ¼ ð2; 1Þ with the exact solution and properties of the problem
Discretization # of DOFs Condition

number

uð2; 1Þ vð2; 1Þ

25 FCM points and 8 BEM elements 82 3.5� 104 )0.279602 0.862080

81 FCM points and 16 BEM elements 226 8.7� 104 )0.250112 0.776138

289 FCM points and 32 BEM elements 706 6.5� 105 )0.241930 0.751646

1089 FCM points and 64 BEM elements 2434 6.2� 106 )0.239858 0.745168

Exact solution – – )0.24 0.745
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Fig. 9. Convergence plot of the displacements.
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interface. It matches quite well with previous solutions (e.g. FEM). Fig. 15 shows a quantitative com-

parison of the computed rxx stress on the surfaces of the holes obtained from the four methods and three

interfaces. Since BEM usually gives accurate boundary stress solutions, the BEM solution is taken as the
reference solution to obtain the absolute deviations of the various solutions as shown in Fig. 15. The errors

for FEM, FCM and three coupling solutions (FCM/BEM 1, FCM/BEM 2, FCM/BEM 3) measured by Eq.

(48) are 0.0182, 0.0030, 0.0079, 0.0040 and 0.0026, respectively. The results show very good agreement and

demonstrate that the FCM/BEM coupling approach provides accurate results for problems with complex

geometries. Moreover, the approach is robust for various kind of interfaces. Table 3 summarizes the nu-

merical properties of the four methods for this example. The BEM largely reduces the DOF of the problem,

however, due to the final unsymmetric dense matrix, the computational cost by using an LU solver is even

larger than that of FEM. Note (although it is not a topic of this paper) that the computational cost of BEM
can be largely reduced by using fast solvers such as the fast multipole method (FMM) [32,33]. The com-

putational cost of FCM and FEM is similar in this example. Note that the computational cost of FEM

includes the meshing time. Although there is no meshing process in FCM, the interpolation functions need

to be computed for each node. However, the CPU time of computing interpolation functions scales linearly

with respect to the number of nodes no matter the problem dimensionality (2-D or 3-D) and the complexity

of the geometry, while FEM meshing time largely depends on the dimensionality and complexity of the

geometry of the problem domain. The computational cost of the FCM/BEM coupling approach depends

on the number of DOFs of the problem. Notice that the case with a semi-circular interface requires a lower
solution time because it has much less DOFs than the other two cases (cf. Table 3). The final coupled matrix

is sparse, but with relatively larger dense blocks (see, for example, the illustration in Fig. 7). For this reason,

the computational cost of solving the final coupled linear system is typically higher than solving the FEM or
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Fig. 10. Plate with holes.
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Fig. 11. Illustration of modeling strategy for the last example.
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Fig. 12. Deformation of the plate: (a) FEM solution, (b) BEM solution and (c) FCM solution.
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Fig. 13. Deformation of the plate with FCM/BEM coupling: (a) straight line interface, (b) semi-circular interface and (c) wave-shaped

interface.
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FCM sparse linear system with same number of DOFs. In addition, the CPU comparisons should be

understood in the context that FEM (ANSYS) used a different solver while FCM and FCM/BEM used the

same sparse solver.

7. Concluding remarks and extensions

We propose a novel coupling approach for the mesh-based BEM with the meshless FCM. Compared to

the conventional BEM/FEM coupling approach, the present approach offers several advantages which are

discussed below.

• The FCM does not require any kind of mesh or background cells––it is a true meshless method. Thus the

FCM point distribution is completely independent of the discretization of the BEM subdomain. Interior
domain meshing, which could be quite difficult and expensive for complicated geometries, is completely

eliminated by the present approach.

• Interface FCM points can be located at the same positions as the boundary element nodes. There is no

requirement of any interpolation between the two subdomains. When the boundary elements are refined,

the shared interface points of the FCM subdomain increase according to the BEM subdomain discret-

ization.

• The coupling scheme is not restricted by the order of the boundary elements used. Therefore this feature

offers greater flexibility for FCM/BEM coupling than for usual FEM/BEM coupling.
• Inherently the FCM has traction–displacement relations which are the same as those for BEM formu-

lations, and thus no force-to-traction or traction-to-force transformations are needed in the FCM/BEM

coupling scheme.

The range of application of the idea of coupling a mesh-based boundary method (BEM) with a meshless-

based domain method (FCM) is quite broad, although, in this paper, we have concentrated only on

linear elastostatics. Potential extensions of this work includes the solution of problems in other areas

Fig. 14. The rxx distribution for the plate obtained from the FCM/BEM coupling.
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Table 3

Comparison of numerical properties of the four methods

Method # of DOFs Computing time (s) Symmetry

FEM 8948 25 (meshing)+ 10 (solution) Y

BEM 1272 61 N

FCM 8948 38 N

FCM/BEM (case 1) 7780 79 N

FCM/BEM (case 2) 4800 36 N

FCM/BEM (case 3) 5660 60 N
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Fig. 15. Comparison of rxx at the surfaces of the holes: (a) FEM, BEM and FCM solutions for the hole centered at (0,0); (b) FEM,

BEM and FCM solutions for the hole centered at (335,95); (c) FCM/BEM coupling with straight line, semi-circular and wave-shaped

interfaces compared with BEM solution for the hole centered at (0,0); (d) FCM/BEM coupling with straight line, semi-circular and

wave-shaped interfaces compared with BEM solution for the hole centered at (335,95).
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(e.g. fracture, potential theory, electromagnetics, etc.), and development of error estimates and adaptive
mesh refinement strategies for the coupled FCM/BEM.
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