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A new formulation employing the Galerkin/least-squares finite element method is presented for the 
simulation of the hydrodynamic model of semiconductor devices. Numerical simulations are performed 
on the coupled Poisson and hydrodynamic equations for one carrier devices. The hydrodynamic 
equations for a single carrier, i.e. for the electrons or holes, resemble the compressible Navier-Stokes 
equations with the addition of highly nonlinear source terms and without the viscous terms. The 
governing equations are nondimensionalized to improve the conditioning on the resulting system of 
equations and the efficiency of the numerical algorithms. Furthermore, to establish the stability of the 
discrete solution, the system of hydrodynamic equations is symmetrized by considering generalized 
entropy functions. A staggered solution strategy is employed to treat the coupled hydrodynamic and 
Poisson equations. Numerical results are presented for one-dimensional and two-dimensional one- 
carrier n ÷-n.n + devices, The presence of velocity overshoot has been observed and it is recognized that 
the heat flux term plays an important role in the simulation of semiconductor devices employing the 
hydrodynamic model. 

1. Introduction 

The simulation of the electrical characteristics of semiconductor devices has been an active 
area of research for over a decade. Such research has led to the development of a series of 
increasingly powerful and full-featured simulators [1]. Recent advancements in three distinct 
areas have created the opportunity for another round of breakthrough developments. 

Firstly, continued device miniaturization has pushed geometry sizes down to below 0.5 tim, 
leading to ever higher electrical fields. Therefore, it is no longer reasonable to assume a simple 
linear relationship between carrier velocity and local electric field. Instead, more complicated 
models are needed to explicitly deal with this carrier-heating phenomenon. As a result, there 
has been a shift away from the commonly used drift-diffusion model. The two main 
contenders are the energy-transport [2] and the hydrodynamic model [3-7]. The latter set of 
equations obtains its name from the strong similarity to the compressible Euler and Navier- 
Stokes equations governing fluid flow. Current simulators dealing with the hydrodynamic 
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(HD) model have been rather restricted: many only deal with 1-D problems, all rely on 
ad-hoc heuristic numerical 'tricks' to help the solution process, none have systematically dealt 
with verification of correctness. 

Secondly, in the area of computational fluid dynamics, developments over the past 5 years 
in the Galerkin/least-squares finite element formulation of compressible Euler and Navier- 
Stokes equations have led to very general, robust, and accurate codes [8-10, 15, 19, 21, 22]. 
To our knowledge, there is no literature employing these methods to the hydrodynamic model 
for the semiconductor device equations. 

Thirdly, implementations of the Galerkin/least-squares finite element method map nicely 
onto modem massively parallel architectures as has been demonstrated through the solution of 
million-element problems on highly unstructured grids [11]. This has made it possible to attack 
interesting engineering problems with a realistic degree of complexity and produce solutions 
within a reasonable time. 

In this paper, we propose a space-time Galerkin/least-squares finite element method based 
on the hydrodynamic model for semiconductor devices. Coupled hydrodynamic and Poisson 
equations are solved using a staggered scheme. The non-symmetric, nonlinear hydrodynamic 
equations are symmetrized with generalized entropy functions. This formulation based on 
entropy variables automatically satisfies the Clausius-Duhem inequality, or the second law of 
thermodynamics, which is a basic nonlinear stability requirement. To improve the condition- 
ing of the resulting system of equations, the governing equations are nondimensionalized. 

The paper is organized as follows. In Section 2, we review the partial differential equations 
for the hydrodynamic model and the Poisson equation, establish similarity between the HD 
equations and the compressible Euler equations, and discuss nondimensionalization proce- 
dures. In Section 3, we give the conservation form and present the symmetrization procedure. 
Section 4 discusses the finite element formulation of the electron hydrodynamic equations and 
the Poisson equation. Section 5 discusses the staggered approach that we use to solve the 
coupled equations. In Section 6, we present the numerical results for one-carrier devices to 
demonstrate the robustness and applicability of finite element methods for device simulations. 
In Section 7, we summarize the contributions of this study and future research. 

2. Partial differential equations for semiconductor devices 

Semiconductor devices can be simulated by solving a set of conservation equations for the 
electrons and holes coupling with the Poisson equation for the electrostatic potential. The 
partial differential equations for the conservation laws of electrons and holes are derived from 
zero-, first-, and second-order moments of Boltzmann's equations [4, 12]. In this section, we 
review the HD and the Poisson equations. The transport equations for electrons are given as 
follows: 

Ot + V" (hUe) - -  cot ' ( 1 )  

apo [Ope] 
Ot + Ue(V" p~) + (pe "V)ae = - e n E  --V(nkbL) + ~ ¢o~' (2) 
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OWe [OWe] 
-~" ~'(UeWe)---- - en (~e"  E ) - V ' ( ~ e n k b T e )  - V "  qe + " ~  col" ot 

(3) 

Equations (1), (2) and (3) are the continuity equation and conservation laws for momentum 
and energy, respectively. A similar set of equations can be derived for holes: 

tgt d- V" (pUh)'- col' 
op. ]-op,] 
at + Uh(V" Ph) + (Ph "V)Uh "-- e p E - V ( P k b T h )  + L at Jco,' 

0Wh [ t~Wh ] 
Ot + V. (u hwh) = ep(u h • E )  - V. (UhPk b Th) -- V" qh + - ' ~  Jco~ 

(4) 

(5) 

(6) 

The electron and hole concentrations are coupled to the electrostatic potential by the Poisson 
equation. The Poisson equation, derived from Maxwells equations [1, 13], is given by 

V" (OE)= e ( n - p -  N~ + N A ) ,  (7) 

where the electric field E is related to the electrostatic potential ¢, by 

E - - V # .  (8 )  

In (1)-(7),  n and p are the concentration of electrons and holes; u e and u h are the electron 
and hole-velocity vectors; pe and Ph are the electron and hole momentum density vectors; Te 
and T h are the electron and hole temperatures; w e and w h are the electron and hole energy 
densities; q~ and qh are the electron and hole heat flux vectors; e is the magnitude of an 
elementary charge; kb is the Boltzmann constant; N v is the concentration of ionized donor 
and N A the concentration of ionized acceptor; 0 is the dielectric permittivity; [ ]co, denotes 
collision terms. Explicit form of collision terms for one-carrier devices are given in Section 2.3. 
In the above equations, vectors are denoted by bold letters. 

The electron and hole conservation laws are coupled to the Poisson equation through the 
electric field term appearing on the right-hand side of the equations. Similarly, the Poisson 
equation is coupled to the electron and hole conservation laws through the concentrations of 
electrons and holes, which again appear on the right-hand side of the equation. This type of 
coupling can be considered 'weak' since the coupling terms act primarily as source terms. Due 
to the nonlinearity of the system, weak interaction between Poisson and hydrodynamic 
equations does not necessarily imply that the influence of the coupling on the solution is small. 
We discuss this issue of weak coupling and the solution strategy in more detail in Section 5. 

Since the HD equations of electrons and holes are similar, the numerical treatment of the 
two systems is identical. In this paper, we focus on the formulation for the electron system. 
For clarity of presentation, the subscript e is removed in the sequel, it being understood that 
all variables missing a subscript pertain to the electron system. 

The electron momentum and energy density can be written as 

p = m n u ,  (9) 
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3 1 mnlul2 (10)  W = ~ nk  b T + ~ 

respectively, where m is the electron mass. The Fourier law for heat conduction is given by 

where 
q = -KnVT ,  

2 
3/~,okbTo 

g = 2e  

(11) 

(12) 

and where/t,0 is the electron mobility, and T O is the temperature of the lattice. 
With appropriate modifications, the HD equations can be written to resemble the equations 

of compressible gas flow. More specifically, they take the form of Euler equations with 
~/= 5/3,  for a gas of charged particles in an electric field with the addition of a h e a t "  
conduction term. The momentum and energy conservation laws, noted in (2) and (3), 
respectively, can be simplified as shown in the following subsections. 

2.1. Equation for conservation of momentum 
Using indicial notation, equation (2) for the conservation of momentum, can be rewritten 

a s  

(mnu,) + u,(mnu,)., + rnnu,(u, ,)= -enE,,- (nk~T)., + [~ t ' ]  (13)  
o_ 
¢~t ' col ' 

where u~, E~ and [Op~/Ot]cot denote components of velocity, electric field, and collision terms. 
Repeated indices implies summation over a range of 1 to 3, and (. ) ./ denotes differentiation 
with respect to the /th spatial coordinate. Dividing (13) by the electron mass m and 
simplifying, we obtain 

o fnu.) + fnu.u,),--- ~ nE. _ (nk~r I 

If we introduce the electron pressure per unit mass, defined as 

p = nkb T (15) 
m 

the momentum equation (14) can be written as 

0_. (nu,) + (nu,uj + PS,j).j m co. at m ' 

where 8~ is the Kronecker delta. Equation (16) is analogous to the Euler equation for 
conservation of momentum with the driving forces given in terms of the electric field and 
collision terms. The definition of electron pressure per unit mass arises naturally from this 
transformation procedure. 
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2.2. Equat ion for  conservation o f  energy 

Equation (3) for the conservation of energy can also be rewritten with indicial notation as 
follows: 

Ow l o w ]  (17) 
Ot + (uiw)'i  = - enuiEi - (uinkb T)' i  -- qij  + - -~ co," 

Introducing the term energy density, defined by 

W = n m e t o  t , 

w h e r e  eto t denotes the total energy per unit mass, it follows that 

3 k b T + l  et°t-  2m 2 lul2" (19) 

It is also useful to introduce the electron internal energy per unit mass defined as 

3 kbT. (20) 
e in t  - -  2m 

The total energy per unit mass of an electron can be written as the sum of the internal energy 
and kinetic energy per unit mass, i.e., 

etot = eint + ½ [ul2. (21) 
Using the above equations, the energy conservation equation (17) can be rewritten as 

0_. (nmeto,) + (nmetotU ~ + uink bT),i  = _ enuiEi _ qi,~ + " ~  col" 
Ot 

Substituting into (22) the electron pressure per unit mass, P, as defined in (15), we obtain 

0~0 (netot) + (netotUi + pu~),i = enuiEim q i.~ + ml [ ~0w ] col' (23) 
where 

qi 
- K n T ,  i (24) 

m 

Equation (23) is analogous to the Euler equation for conservation of energy with the driving 
forces expressed in terms of the electric field and collision terms, with the addition of a heat 
conduction term. Once again, the definitions of electron internal and total energies per unit 
mass arise naturally from this transformational procedure. 

2.3. Collision terms 

The collision terms [. ]co~ in (1), (2) and (3) describe the rate of change of mass, momentum 
and energy due to collisions. These terms account for the electron-electron and electron- 
lattice interactions, the energy transfer between electrons and lattice, and the generation and 
recombination processes. In the context of one-carrier devices, the case considered in this 
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paper, the explicit forms given below apply to a ballistic diode problem in which the effects of 
holes are neglected. 

The collision term for the rate of change of mass is due to the generation and recombination 
processes. These processes are not present in single carrier devices and hence the collision 
term for the continuity equation is trivial, i.e., 

[?,]co,-° 
The collision terms in the momentum conservation, (2), and the energy conservation, (3), 
represent the rate of change of momentum and energy density, respectively, due to intraband 
collisions. These are expressed using momentum and energy relaxation times as [3, 6] 

= t~w [ ]COl: (26) 

where the momentum relaxation time is expressed as 

To 
rp ffi m e T (27) 

and the energy relaxation time is expressed as 

3 #.o  kb TTo ~p (28)  
1"w=2 ev~ T + T  O + 7  

and o, is the saturation velocity. 

2.4. Summary of HD equations for a semiconductor device 

In summary, the modified set of HD equations for single carrier devices can be stated as 
follows: 

an 
+ (nu,)., = o ,  0---~. (2q) 

(nu,) + (nu,uj + PBo),j at = n  - m  E ~ -  , 

(ne,o,) + (netotU , + Pu~).~ Ot 

(30) 

8nu,E, 1 (nmetot- ½nkbTo) 
m qi,i - m I'. . (31) 

The HD equations are supplemented by constitutive relations, expressed in terms of thermo- 
dynamic quantities, as given below: 

(i) The internal energy per unit mass, ei, t, is defined as 

3 
el. , = c v T ,  c~ = 2m kb' (32) 

where cv is the specific heat at constant volulne. 
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(it) The electron pressure per unit mass, P, can be expressed in terms of y, the ratio of 
specific heats, as 

where 
P = (Y - 1)neint , (33) 

Cp 5 5 
3' = c~ = 3 and Cp = 2m kb" (34) 

Cp is the specific heat at constant pressure. Equations (32) and (33) constitute the perfect gas 
law, i.e. they satisfy the relation Pv = R T ,  where v = 1 / n  is the specific volume and 
R = Cp - Cv is the specific gas constant. 

2.5. Nondimensional izat ion o f  H D  equations 

In semiconductor devices, some of the physical quantities of interest are characterized by a 
very large range in magnitude. Thus, use of dimensional variables may result in ill- 
conditioning of the matrix problem to be solved. In addition, interpretation of the results may 
be difficult. This large differential of magnitudes among physical quantities can be addressed 
by nondimensionalizing the governing equations. Nondimensionalization can be performed on 
the set of equations (1)-(3) or on (29)-(31) since these two sets of equations are equivalent 
as shown in the previous sections. Here we discuss the nondimensionalization procedure based 
on the set (1)-(3). 

The conservation laws as defined in (1), (2) and (3) can be made dimensionless if the 
dependent and independent variables are divided by certain constant reference properties. 
Some examples of reference properties are the velocity u 0 or the device length L. We select to 
nondimensionalize the variables as follows: 

X~ m Xt n*  n 
L ' n o ' 

tu° V* ffi LV t*ffi L , 

P * _  P , = ui 
-- 2 , U i U'-O0 noUo 

e,o, (35) e : ; , -  "° , 

where the dimensionless parameters are denoted by superscript asterisk. All other dimension- 
al parameters are divided by a constant value of its own reference parameter. Using the above 
scalings, the continuity equation now takes the form 

0 n* + V*. (n 'u*)  = 0 (36) 
Off 

It is noted that the continuity equation has undergone a change of variables under these new 
transformations. We use a zero collision term for conservation of mass as discussed in Section 
2.3. For the conservation of momentum, the nondimensionalized equation takes the form 

o p, + u*(V* • p*) + ( f .  V*)u* 
Ot* 

re1" = - ( N d p ) , e * n * E *  - ( N d P ) 2 V * ( n * k ; r  *) + (NdP)3 I. Ot .leo, (37) 
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where (Ndp)~, (Ndp) 2 and (Ndp) 3 are three nondimensional parameters defined as 

eoEo L kboTo eoL 
(Ndp)I = - " - ' T ,  (Ndp)2 = 2 , (Ndp) 3 = , . (38) 

moU o moUo mo I~n oUo 

In (38), e o is the reference charge, m o is the reference mass, kbo is the reference Boltzmann 
constant, To is the reference temperature and/t',o is the reference mobility. 

For the energy equation, substituting the nondimensional parameters, we obtain 

where 

O w* + V*. (u*w*)=-(Ndp)~e*n*(u* 'E*)  
at* 

-(Ndp)2V*. (u*n*k  b T*) - (Ndp),V* • q* + (Ndp) 3 , (39) 
col 

%To (40) 
(Ndp)4 = moLu3o 

and K0 is the reference conductivity per unit volume. The four nondimensionai parameters can 
be made unity by appropriate selection of reference quantities. In our work, the nondimen- 
sional coefficients are made unity by the following choice of reference values: 

E o =  -~ , eo ffi no L 2 , kb0 ffi --";-To , 

, uoL kboTo , 2 To /~n0kb0 
= = - - -  = . ( 4 1 )  V, ' mo u° 2 , Ko 80 

In the above equation, It, is the reference voltage, 00 is the reference permitfivity, and all other 
variables are as defined previously. It can be checked that all nondimensional coefficients are 
now unity. 

In a similar manner, the Poisson equation can be transformed into a nondimensional form 
as 

V*. (O'E*) = e*(n* - p* - N~"  + N~*)  . (42) 

Equations (36), (37), (39) and (42) are the nondimensionalized set of device equations that 
are used in the finite element formulation. For the rest of this paper, we assume that the 
equations are dimensionless and the asterisk superscript is discarded from our notation for 
simplicity. 

3. Conservation form and symmetrization 

In this section we first give the conservation form of the HD equations, which is also known 
as the divergence law form. The conservation form leads to a quasi-linear system of equations 
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which involve unsymmetric matrix operators. For this reason we symmetrize the system of 
equations using entropy functions. Generalized entropy functions for compressible Euler and 
Navier-Stokes equations have been investigated by Harten [14]. These were enhanced in 
[10, 15, 16] to account for the heat conduction term. By following the ideas in these previous 
works, we symmetrize the HD equations. Variational formulations based on the symmetrized 
systems satisfy the second law of thermodynamics thereby establishing the stability of the 
solution. As shall be discussed in the next section, symmetrized systems provide the 
framework for the development of the Galerkin/least-squares method. Additional advantages 
include improving computational efficiency by employing a linear solver instead of a nonlinear 
solver, and global conservation under approximate element quadratures. 

The HD equations can be written in conservation form as 

h U,, + Fi, i = Fi, i + F ,  (43) 

where in three dimensions, 

and 

U 1 

U2 
U =  U3 

F i : ItU i 

= n  

1 
Ul 
U 2 
U3 

etot 

1 
Ul 
u 2 + P 
U3 

etot 

0 

82i 
83i 
Ui 

(44) 

(45) 

0 
0 

F ~ : ~  0 (46) 
0 

- q i  

e u leT  ] 
n - m E~ - m~noTo J 

[ " 1 
n - m E2 mbt.oT oi 

e u3eT 1 
n [-m E3 m-~oTo J 

F 

enuiE i 1 (nmetot- ~nkbTo) 
m m [3 I~no kbTTo ~) '  

2 ev 2 T+To + 

(47) 
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It is useful to rewrite the conservation form in the quasi-linear form 

U,, + A,U,, = (K~jU, j),, + F ,  (48) 

where A i = Fi, o and KoU.j = F h. The matrices A t do not possess the properties of symmetry or 
positiveness and, in general, are functions of U. 

We seek a change of variables U = U(V) to symmetrize the system given in (48) such that 
each of the coefficient matrices is symmetric. This can be achieved by considering a 
generalized scalar valued entropy function of the form ~ = ~ ( U ) = - n s ,  where s is the 
thermodynamic entropy per unit mass. We introduce a change of variables U ~ V defined by 

V'= O~ (49) 
OU ' 

V is referred to as the vector of (physical) entropy variables. In particular, the system is 
symmetrized by taking 

(, 
s =  cvln ~o +So'  (50) 

where So is the reference entropy, no and Po are reference concentration and pressure, 
respectively. The new variables V t are computed by using the chain rule 

where 
v'= ~. = ~,(u.,)-'. 

{v] y -  tt 

eint 

(51) 

(52) 

and v is the specific volume. Using the definition of Y, we obtain 

and 

I s - R  1 ~ - - . ~  o o o - - ~  

1 - ~ o  o o o  

ul I 0 0 0 

1 
U,y - ~  0 v 0 0 . 

- ~ o  o o 

e ,o , . ,  .~ ~ ! / 
--;-r ~ ; ,, , , j  

(53) 

(54) 

The new entropy variables are thus obtained from (51) as 
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1 

- ½1 1 
U i 

U 2 

U 3 

- 1  

(55) 

where / t  = ein t 4- e o -  Ts is the specific chemical potential. 
Using the change of variables, the system of equations given in (48) can be rewritten as 

where 
,t + AiV~, = j),i + F ,  

A o = U v ,  Ai =AiAo 

(56) 

Kij = KijA o . (57) 

In the above definitions, A 0 is symmetric and positive definite and A i is symmetric. The explicit 
definitions of all the coefficient matrices are summarized in Appendix A. These coefficient 
matrices are first given in [16] for the compressible Euler and Navier-Stokes equations. 

In addition to the matrices defined above, it is useful to express the source vector as a 
product of a coefficient matrix C and the vector V: 

F = - c v .  ( 5 8 )  

The definition of C is not unique. In Appendix A, we have included one possible definition of 
C which is symmetric and positive definite. 

4. Finite element formulation 

This section presents a finite element formulation for the HD equations and the Poisson 
equation. For the HD equations, we enhance the space-time finite element formulations 
developed for compressible Navier-Stokes equations to account for the highly nonlinear 
source terms. The standard Galerkin finite element method is employed for the Poisson 
equation. 

4.1. Finite element method for  H D  equations 

The standard Galerkin finite element method exhibits spurious oscillations and poor 
stability properties for advective-diffusive systems in which the exact solution may be 
nonsmooth or discontinuous [8]. This deficiency led to the development of the Streamline- 
Upwind/Petrov-Galerkin (SUPG) method, which exhibits good stability properties and 
higher order accuracy [9, 17, 18]. The essential idea in the SUPG method is the addition of 
stabilizing terms, which introduces artificial diffusion in the Galerkin method to provide 
control over the advective derivative term. Since SUPG is a higher order linear method, 
monotone approximations of sharp layers is not possible. Thus some undershoot and/or  
overshoot may appear in the solution. Nonlinear shock capturing operators have been 
developed to overcome these undershoot and/or overshoot problems [10, 19, 20]. 
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Galerkin/least-squares finite element methods are simple extensions to SUPG methods 
[21]. The methods coincide with SUPG methods in the absence of diffusion and source terms, 
and provide a more general framework than SUPG methods in the presence of diffusion and 
source terms. Terms of a least-squares type are added to the Galerkin method to obtain 
stability. The least-squares terms vanish at the exact solution thus establishing consistency. 

The temporal behavior of the problem is accounted for by using a discontinuous in time 
Galerkin approximation [25]. In the space-time Galerkin/least-squares method, the solution is 
obtained by marching sequentially through time; the solution of the system of equations at 

• each time step is computed based on the solution obtained at the previous time step. In the 
following we develop the variational equation and then the finite element discretization for 
steady state problems. 

4. I. 1. Variational formulation 
Let 0 -  t o < t 1 < . . .  < t N = T be a sequence of time levels and Qn = ~ × In be a sequence of 

time-slabs in which n is the spatial domain and 1 n = (t n, t~+l) is a time interval. Let (nel)n 
denote the number of space-time elements in Q~, and Q,~ = n,~ × 1~ denote the space time 
element domain in the nth time slab with n,~ the discretizat'on of the spatial domain in the nth 
time slab. The space of trial functions is 

b~hn ffi {V h IV h E HI(Q,,), D(V h) ffi g(t) on B,,}, (59) 

where Bn ffi F × In denotes the boundary of the nth space time slab, D is the nonlinear 
boundary operator, and g is the prescribed boundary condition. The space of weighting 
functions is 

O h ffi {WhlW h E HI(Q.),D'(W h) •Oon Bn} 
n (e0) 

where D' is the nonlinear boundary condition operator. 
Before stating the variational equation, it is useful to introduce the following notation: 

(W h, V")Q. ffi fQ (W h. V h) dQ, (61) 
n 

v,)o_- fo v.) da, (62) 

a(W h, V )e.  . •/~jV~) dQ (63) 

(W h, h L wh V )an = ( • Vh)n~ d V ,  (64) 
n 

(nel)n 

(W h, V")Q~ = ~ fQ (wh . V") dQ . (65) 
e - I  ¢n 

The space-time Galerkin/least-squares formulation for the symmetrized electron system 
equation (56) can be stated as follows. Within each Qn, n = 0 , . . . ,  n -  1, find V h ~. ~t'~ such 
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that for all W h ~ • h the following variational equation is satisfied: 

where 

W h V h h B~,s( , )~ = L ~ ( W  L ,  (66) 

BOLs(W h Vh),, = B(W h, vh).  + ( ~ W  h r~vh)Q~ + BDc(W h, vh), (67) 

B ( W  h, Vh)n = (--wht, u(vh))Qn Jr ( W  h, Fi(vh))Qn Jr a(W h, vh)(2. + (W h, F(Vh))e. 

+ (wh(t-~+l),u(vh(t-n+,)))n + (W h Fi(V h) h h - F , ( V  ))~, 

BD~(W ~, V ~ ) + 0,h¢~w ~, [[,i0]]~vh) Q~, 
h C~, s(W ).  = L(W~).  = (wh(t+. ), V(V~(t; )))~ " 

(68) 

( 6 9 )  

(70) 

With regard to (67)-(70), the following remarks are applicable: 
(i) The first term on the right-hand-side of (67) constitutes the time-discontinuous Galerkin 

formulation, which is given in (68). 
(ii) The second integral product in (67) is the least-squares operator which is nonlinear in 

both W h and V h. The symmetric positive semidefinite, nao f x nao f matrix ~" contains Galerkin/ 
least-squares parameters whose selection is discussed in [22]. ~" can be interpreted as a matrix 
of intrinsic time scales. The number of degrees of freedom of the problem are ndo f, and ~ is 
the governing differential operator of the problem defined from (56) as 

(71) 

(iii) The third term in (67) is a discontinuity-capturing operator and is also nonlinear in 
both W h and V h. The integral product definition of this term is given in (69). '#~ is defined as 
the generalized local coordinates gradient operator, v h is a scalar discontinuity-capturing 
factor having the dimension of rec~ )rocal of time, and 

Ao 
[[Ao]] = 

io 

(72) 

The selection of v h has been discussed in [10]. 
(iv) Equation (70) is the contribution of the jump condition term. ,lump condition is added 

to the variational form to enforce 'weak initial conditions for each space-time slab, and 
introduce numerical dissipation. The jump condition is given by 

where 
f wh(t~+)" rLu(v%))J]  d n ,  

[Lu(t,,)J] = u(t+~ ) - u ( t ~ )  

(73) 

(74) 

denotes the jump in time of U. 
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4.1.2. Finite element discretization 
A computationally efficient scheme for steady state problems can be developed by 

considering the finite element spaces to be constant in time within each space-time slab and 
discontinuous across the space-time slab interfaces. Within the nth space-time slab, the finite 
element trial solution and the weighting function are taken to be 

(nnp) n (nnp)n 

- -  W h E N~)(X)WA;(n+I), forx•  ~2, (75) V h E N(An)(X)VA;(n+t), 
A = I  A = I  

where VA;(,,+,) and WA;(,,+,) are, respectively, the n d o  f X 1 vectors of nodal unknowns and 
weighting functions at node A for the nth space-time slab. (nnp). is the number of nodal 
points for the nth space-time slab, and N~")(x) is the finite element spatial shape-function of 
node A for the nth space-time slab (the subscripts and superscripts are dropped from now on 
to simplify the notation). Defining 

v = * = 

A -~ 1 ,  . . . , n n p  , 

V n "~ (VtA;n) t , 

(76) 

and substituting the finite element approximations (75), into the space-time Galerkin/least- 
squares variational equation (66), we obtain 

w. 6;(v; v<.>) = O, (77) 

where G(v; vo,)) is a system of nonlinear algebraic equations with an unknown vector v. Since 
(77) must hold for all unconstrained coefficients w, it follows that 

6(v;  v~.~) ffi O, (78) 

Equation (78) is the nonlinear finite element matrix equation in which there a r e  nap × r/do f 
equations and nap x n do f unknowns. 

The nonlinear system can be linearized with respect to the unknown vector v, and a time 
stepping solution algorithm can be employed in the format of the predictor multi-corrector 
algorithm. At each time slab n, if we denote v °) to be the ith iterative approximation of v(.+,), 
with vt°)= v(.), linearization of (78) gives 

where 
R (i) + M °)Av °) = 0 ,  

AU(i) = V 0) _ V0-t). 

(79) 

(80) 

R °) and M °) denote the residual vector and the consistent tangent matrix at the ith iteration, 
respectively. The predictor multi-corrector algorithm can now be summarized as follows: 

For each time step, n, do 
begin 
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Predictor: v (°) = Vtn ) ; 
For each corrector i = 0, 1 , . . . ,  nco r - 
begin/* corrector loop */ 

solve M ~i) Av¢° = --R {i) ; 
v (i+l) = V(O + Av (0 ; 

end.  
V(n + 1)  "-- v ( n c ° r )  " 

end.  

l d o  

In the above procedure, rico r denotes the number of correctors. 

4.2. Finite element model  for  the Poisson equation 

Finite element formulation of the Poisson equation given in (7) is rather straightforward 
and is briefly summarized in this section. The space of the trial functions is 

,9,2 = {~t~ [ Oh E HI(/~), s h =  gp on rg} (81) 

and the space of weighting functions is 

= e n ' ( a ) ,  =Oon (82) 

where gp are the prescribed essential boundary conditions applied at the boundary F 8. 
The weak form of the problem can be stated as follows: Find O hE Y~ such that for all 

~h E 0 ~, the following equation is satisfied: 

fo (o,,, o¢ ) Ox i Ox, + 6 h e ( n - P - -  N ;  + N2)  d n -  , 0hh, d / " = 0 ,  (83) 

where (o¢,h/Ox~)ka = h~ are the natural boundary conditions prescribed on the portion of the 
boundary Fh, and k~ denotes the unit outward normal to the boundary F h. 

Using standard finite element discretization [23], a matrix form is obtained which is solved 
for the potential Oh at all nodes. The electric fields are computed at the center of each element 
and then projected onto the mesh nodes using smoothing procedures of a least-squares type 
[241. 

$. Solution schemes 

This section discusses an algorithmic approach for solving coupled HD and Poisson 
equations. One approach is to solve the coupled HD and Poisson problems simultaneously. 
However, for the one-carrier devices that we consider in this paper, the coupling between the 
electron HD equations and the Poisson equation is through the source terms. The collision 
terms presented in Section 2.3 do not couple with the Poisson equation. A staggered scheme 
appears attractive for this weakly coupled system of Poisson and HD equations. Computation- 
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ally, the staggered scheme that treats the Poisson equation and the HD equations separately is 
more efficient than solving both equations as a single system. 

In the staggered scheme, we first solve the Poisson equation for the potential and electric 
fields. We use the computed electric fields and solve the HD equations for concentrations, 
velocities and temperature. The computed concentrations are then taken as input for the 
Poisson equation to calculate the electric fields. This iterative procedure is stopped when all 
the equations are satisfied within a given tolerance parameter for convergence. Although we 
have not pursued mathematical proofs for stability of the staggered scheme, our experience on 
the test examples presented in the next section indicate that this solution scheme is quite 
stable. 

The solution is said to reach a steady state when the residual is constant and does not 
decrease any further. The constant in time approximation for finite element spaces provides a 
very attractive time marching scheme for steady state problems. This scheme, however, 
provides low order of accuracy in time and may not be considered sufficiently accurate for 
transient problems. For transient problems, high order of accuracy in time can be provided by 
employing linear in time finite element spaces; this subject is beyond the scope of this paper. 

6.  N u m e r i c a l  re su l t s  

The numerical algorithms presented in the previous sections are tested for one- and 
two-dimensional single-carrier devices. This section describes the results obtained to illustrate 
the applicability of the finite element formulation for semiconductor device problems. First, 
we will treat a traditional example, an n +-n-n + silicon diode, to verify the results of our code 
against those reported in literature. Next, we will discuss a simple extension of this problem to 
a 2-D problem. The intention is to show the generality of our approach; no modifications in 
our formulation need to be made to deal with 2-D and/or 3-D problems. In a future paper, 
we will report on results for more complex and more interesting devices. Here, we focus on 
the numerical capabilities of the proposed finite element formulation. 

6. I. Example 1: 1-D problem 

Computational experiments are performed on a 0.6-p~m n+-n-n + silicon diode at 300 K with 
n + = 5 . 0  x 101~ cm -3 and n = 2.0 x 10 is cm -3. The doping in the n+-n transition region varies 
as a Gaussian function with a or =0.01 Ixm, the length of the n-region is approximately 
0.4 p~m. The boundary conditions applied are given as follows: 

at x = 0 ~ m ,  

at x = 0 . 6  p~m,  

n -- 5.0 × 1017 cm -3 , 

n = 5.0 x 1017 cm -3 , 

~'b is the built-in potential defined as 

T =  To f f i 3 0 0 K ,  

r - -  7"o - 300 K, 

¢, = ; 
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where n d is the doping and n i is the intrinsic concentration. I~tappl denotes the applied bias 
which is taken as 1.5 V or 2.0 V (we show numerical results for both cases). The initial 
conditions for the time-marching scheme that we employ to reach steady state are as follows: 

a t t = O ,  n(x,  O) = nd(x ) ,  u(x, O) = O.O , T(x, O) = T O . 

In these results, no continuation method is used, i.e. the bias is applied in a single load step. 
We used 101 mesh points for this problem and with this mesh size, the least-squares terms are 
sufficient to smooth the solution near discontinuities, i.e. we do not need to use shock 
capturing operators. 

The steady state results for this problem are shown in Figs. 1-5. Our results agree very well 
with the results previously reported in the literature [2, 5-7]. It should be noted here that, 
although the physical 'truth' of these solutions is still being debated, the numerical results 
obtained in this study prove the accuracy of our formulation and therefore support the notion 
that this formulation can very well be used to investigate exactly what would be the right 
physical model formulation. 

6.2. Example  2: 2 -D  problem 

Our two-dimensional example is a simple extension of the one-dimensional problem 
discussed above. The geometry of the device is shown in Fig. 6. The dark lines indicate the 
contact positions. Contacts 4-5 and 4-6 are terminated at a distance of 0.07 ;tm from the top 
left corner. The doping profile is given by 

rid(X, y )  = 5.0 X 1017 cm -3 for 0.0 <~ x <~ 0.6 and 0.0 ~< y ~< 0.1 

I / 
i [ 1 -r-'. 
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Fig. 1. Electron concentration (cm -3) in steady state. Fig. 2. Electron velocity {cmls) in steady state. 



286 N.R. Aiuru et ai., An FE formulation for the hydrodynamic semiconductor device equations 

2.5' 

3500- [__],,,,., ~ 1.5 Volt t- 

/~ 2.0 volt / 
l S V  , / " 

~ooo. ~o,, I / i ~ ' I " "  .... 2.0 -~ 

- i ~ '  -"---  
: , ~ o . . ~ / ~ i  ": 1.5 

g~oo. / ' ~> / 

j // 1500. 1 

,ooo y I/ ii " X o, ~ j 
~oo j 

~11111411111111111 

O. 0 
0 0.1 0,2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6 

X-Axis (pro) X-Axis (pm) 

Fig. 3. Temperature (K) in steady state. Fig. 4. Electrostatic potential (V) in steady state. 
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Fig. 5. Electric field (V/cm) in steady state. 
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Fig. 6. A 0.6 p,m x 0.6 ~m n+-n-n + silicon device. 
Contacts are denoted by dark lines. 
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rld(X , y) = 5.0 x 1017 cm -3 , 

rid(X, y) = 5.0 X 1017 cm -3 , 

rid(/, y) -- 2.0 x 1015 cm -3 , 

for 0.5 ~< x ~ 0.6 and 0.2 <~ y <~ 0.6,  

for 0.0 ~< x ~< 0.1 and 0.5 ~< y ~< 0.6,  

elsewhere, with abrupt junctions. 

The boundary conditions we used for this problem are summarized as follows: 
(i) along contact 1-2: n(x, O) = rid(X, 0), U(X, O) = 0.0, T(x, 0) = T 0 = 300 K, and 0(x, 0) = 

0b + 1.0V. 
(ii) along contact 2-3: n(0.6, y ) =  rid(0.6, y), 0(0.6, y ) =  0.0, T(0.6, y ) =  300 K, and 

0(0.6, y ) =  0b + 1.0 V. 
(iii) along contact 4-5" n(x, 0.6) = no(X, 0.6), u(x, 0.6) = 0.0, T(x, 0.6) = 300 K, and 

0.6)= 
(iv) along contact 4-6: n(0, y ) =  rid(0, y), O(0, y ) =  0.0, T(0, y ) =  300 K, and 0(0, y ) =  

0b + 1.0V. 
(v) along boundary 5-3: v =0.0,  and Neumann boundary conditions for temperature and 

potential. 
(vi) along boundary 6-1" u =0.0 and Neumann boundary conditions for temperature and 

potential. 
The initial conditions are taken as n(x, y ) =  rid(X, y), U(X, y)=  V(X, y)=  0.0, and T(x, y ) -  
T o = 300 K. We use a relatively coarse grid of 61 x 61 mesh points. The steady-state results for 
this problem are shown in Figs. 7-13. In order to simulate a realistic device, contacts are not 
extended to the full n + region near the top left corner as shown in Fig. 6. 

In Fig. 8, the horizontal velocity u obtained at the steady state is shown. As expected, the 
solution along the line y = 0.6 ixm is very similar to the 1-D case. The global pattern of the 
solution can easily be understood from the 2-D character of the problem. There are two small 

0.00 
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4.000x10 +17 

3.000x10 ÷17 

2.000x10 +17 

1.000xl0 +17 

Y-Axis (Im) 

U ,, ~ . /U 

Fig. 7. Electron concentration (cm -3) in steady state. 
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Fig. 8. Horizontal velocity (cm/s) in steady state. 

details in the solution that need explanation, namely the small peaks in the velocity very close 
to the front corner of the device along both axes, between the edge of the contact and the 
boundary of the n ÷ doping region. The peak along the x-axis is field driven. The electrons 
come out of the contact along the x-axis with in essence only a velocity in the y-direction. 
Those electrons entering the device very close to the end of the x-axis contact are immediately 

0.00 

- i  . 2 x i 0  ÷0"/ 
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- 8 .  OxlO ÷06 
- 6 . 0 x l O  ÷06 
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Fig. 9, Vertical velocity (cm/s) in steady state. 
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Fig. 10. Temperature (K) in steady state. 

accelerated into the x-direction by the built-in electrical field in the diode junction. This 
explains the little bump in the x-velocity to the right of the x-axis contact. The peak along the 
y-axis has a different origin. Here, we are dealing with electrons streaming out of the y-axis 
contact and therefore with a tendency to pick up good x-velocity. The electrons coming out of 
this contact very close to the corner are, however, hampered in picking up speed because they 
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Fig. ll .  Electrostatic potential (V) in steady state. 
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Fig. 12. Horizontal component of electric field (V/cm) in steady state. 

'collide' with the electrons coming out of the x-axis contact close to the corner. The further we 
go along the y-axis away from the corner, the less this 'hampering' effect becomes as 
evidenced by the corresponding increase in x-velocity. Figure 9 shows the y-velocity. As 
expected from the symmetry of the problem, the profile is as good as identical to the one for 
x-velocity. Also the temperature data relate very well to the 1-D solutions and therefore are 
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Fig. 13. Vertical component of electric field (V/cm) in steady state. 
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Fig. 14. Horizontal component of velocity along y = 
0.490 without shock capturing operator. 

Fig. 15. Vertical component of velocity along y = 
0.490 with shock capturing operator. 

assumed to be accurate. Once again, we did not need to use the continuation method and the 
entire data bias specified is applied in a single step. However, in this example we need to use 
the shock capturing operators to eliminate small undershoots and overshoots given the 
coarseness of the mesh. In Figs. 14 and 15, horizontal component of velocity along y = 0.490 
with and without shock capturing operators, respectively, are shown. 

7. Summary 

In this paper a general space-time Oalerkin/least-squares finite element formulation for 
solving the HD equations of semiconductor devices is presented. Nonlinear shock capturing 
operators developed in the context of fluid flow problems have been enhanced to accommo- 
date the highly nonlinear source terms present in the HD model, and were found to be useful 
to eliminate undershoots and overshoots near discontinuities. Numerical results reveal velocity 
overshoot, consistent with previously reported data. It is interesting to note that the heat flux 
term plays an important role in the simulation of velocity overshoot. When the heat flux term 
is neglected, unreasonable results with no velocity overshoot are observed. Well posed 
boundary conditions for 2D and 3D hydrodynamic models for semiconductor device problems 
are not clearly understood, contrary to the situation for compressible Euler and Navier- 
Stokes equations. This can be attributed to the need for a velocity boundary condition at a 
contact, which seems unphysical for device simulation. In our numerical studies, we found our 
algorithms to be stable even when we did not specify mathematically adequate boundary 
conditions. Specification of well posed, and physical boundary conditions is an area that 
requires further investigation. 
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The method described in this paper for semiconductor device equations is computationally 
very expensive. Current and future work will involve parallelizing the finite element software 
on multi-processing architecture, solving two-carrier devices in 2D as well as 3D, and 
developing an adaptive version of the finite element method. 

Appendix A. Coefficient matrices 

In this appendix, we present the flux vectors and the coefficient matrices of the hydro- 
dynamic equations, as expressed in terms of the (physical) entropy variables. 

For referential convenience, the mapping from U to V is provided here: 

where 

1 V=~ 

lu[ 2 

/+ 2 
U 1 

U 2 

U 3 

-1  

1] =~ 

- u s  + T [ ( y  + I ) c ~ -  s] 
11 

T P 
s = Cp In ~o - R In ~oo + so, 

r l 

U2 
U3 

- -  U !  

The inverse mapping V--, U is given as 

(h.1) 

(A.2) 

(A.3) 

where 

1 
U - -  

17 

I 
Ul 

!+ 2 
U3 

eint + I . ~  

T =~ 

C v -- 

-V, 
v, 
v, 
v+ 

(v,' + v] + 
2v~ 

T KI /R  1 ( - S + S o )  
11 (__ V5 )Cp/R exp R ' K - 

s = 7c  v - V l + 2~ 

(To)%, 

The coefficient matrices are expressed with the help of the following variables: 

1 1 
h = C p T ,  ei . ,  = c v T ,  % = ~ ,  [3 r = -fi , Cp - c v = R ,  

(A.4) 

(A.5) 

(A.6) 

(A.7) 
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l~Ofp T OtXp k -  lu l2  d = - - ,  q = - - -  
2 ' /3 r /3rc ~ 

2 U 2 U 2 "U 

Cl = Ul + ~ T  ' C2--" u2 + K ' C3--  u3 + ~ T  ' 

2 
cl = u l  + c v T  , 

2 
(.2= U2 + Cv T , 

2 
c3 = u3 + c~T , 

U U 
9 9 ~ 9 e~ h + k e 2 e I d e3 e2 + fiT e4 e2 + 2 i3 r 

4, = h - k ,  42 = 41 - d ,  43 = 42 - c v T  , a2 ._ UCp 
Cv[~ T 

Ul 2 --" UlU2 ~ U23 "- U2U3 ~ U31 = U3U 1 , U123 "- UlU2/.~3 

2 
e 5 = e t - 2 e t d  + 

v ( 2 k  + CpT)  -2 vCpT  
45 = e t - 2 4 t d  + 2 k c v T  + 

[~T ~ [~T 

I 
1 u~ U 2 l/3 e2 1 

= C2 //23 
A° " 7  symm c 3 u3e3 /  

e 5 J 

fro I v e~ u,2 u31 -u~ 
C2 /'/23 -- U2 " 

c - ~  symm t~3 -13 

The advective Jacobians with respect to U, A i = Fi. v ,  are given by 

1.2°  °°il - u  1-gt~7 - u  I - 2 )  -u2Z/ -~3T 
A1 = --g/12 Ul 

-u3t Uu2_ 0 u t 0 
- u , ( e ,  + 4 ,~ / -  a 2) e , -  1~/ - u , 2 ~  / -u31~/ u,(~/ + 1) 

A2= 

0 0 1 0 
/'/12 1'/2 Ul 0 

a 2 2 - u2 - e,~7 - u l ~  -u2( q -  2) u3~/ 
--  U23 0 U~/2 _ I'/2 

_-u2(e,  + ~ , ~ -  a ~) -u , ,v /  e~ - 2~/ - u j /  

0 
0 

0 
u2(~ 7 + 1 )  

(A.8) 

(A.9) 

(A.10) 

(A.11) 

(A.12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A.18) 
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I 0 0 0 1 
--U31 U 3 O U 1 
-- U2 3 0 U 3 U 2 

A3 "-- a2 - u2 - (~I'Y -Ul 'Y -u2 'Y - u3('Y 2 2) 

_ u 3 ( e  ' + ~.,~/-  a 2) --u31~/ --U23' ~ e , -  U3' ~ 

The advective Jacobian matrices with respect to V, -4i 

01 0 
0 

U3(' ~ "]- 1) 

= Fi. v = .4i~,o, are given by 

~r T A'=-7 
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Ul 

C 1 U12 U31 Ule3 - 
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U 1 + 3 U2C 1 U3Cl el ~ + ule4 
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UlC2 U123 ul2e4 
symm UlC 3 u31e4 

~ ~ r T  
A2 ffi--  ~ -  

. [3rT A3ffi-- ~ 

-U 2 

n 

m m  

U3 

UI2 C2 U23 u2e3 
U2C 1 UlC2 U123 u12e4 

i2 2 U 2 U 2 + 3 U3C 2 el ~ + u2e4 

symm U2C 3 u23e4 

u 2 (e5 + 2e 

i 

U31 U23 C3 u3e3 

U3Cl u123 UlC3 u31e4 ' 
UaC 2 U2C3 U23e4 
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9 

The right-hand side coefficient matrices/~o, where/~oVj = F~ are given by 

where 
K~/= KS~j , 

- o o o o  
0 0 0 

0 0 
symm 0 

i 

0 
0 
0 

Kn T2 
m - 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

(A.24) 
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The source vector in terms of the V variables is given as 

F = T  
lJ 

~ v2 
--  E1V s + 
m mi~.oTo V s 

m ml~oTo V 5 

e v .  
- g~v~ + 
m mlz.oT o V 5 ( 2 

V2 + V3 
c v -  2V 5 + ~ k b m V s  F, --~ (E,V~ + E~V~ + E~V~)- 

3 /X,o k bT 0 

= ro ev s 1 
- ml~"°T°Vs2e ] 

, (A.25) 

where T/v  is expressed in terms of V variables as given in (A.5). The source coefficient- 
matrix, C (where CV= - F ) ,  is not uniquely defined. One possible definition, which leads to a 
symmetric matrix, is 

where 

~ T 
C ~  m m  

0 0 0 0 0 
e e E  l 

0 mp,,,oToV5 0 0 m 

e e E  2 
0 0 ml~oToV 5 0 m 

e e E  a 
0 0 0 m~oToV s m 

0 e e l  ~E2 eE3 
m m m 

(A.26) 

c5 = - 2  e_. (EmV 2 + E2V 3 + E3V4) 
m V s 

c , , -  V~+Vg+V24 3 To ) 
2V s + ~ kb~ 'Vs  

[3 IJ, nO k b Y  0 __ m~noToVs]v5  
2 eV2s 1 -  V5T o 2e 

(A.27) 
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Notation 

£ 

K 

/Z.o 
0 

Oappl 

l-p 

n 
n; 

V k 

V 
T 
F 

4, 
A, 
A. 

C 

¢v 
Cp 
E 
Ej 
etot 
eint 
F 
Fi 

£ 

hi 
in 
K 
K 

electronic charge 
conductivity per unit volume 
specific chemical potential 
low field electronic mobility 
dielectric permittivity 
electrostatic potential 
built-in potential 
applied bias 
finite element approximation of potential 
finite element weighting function for Poisson problem 
momentum relaxation time 
energy relaxation time 
spatial domain 
element spatial domain at the nth time slab 
ratio of specific heats 
discontinuity capturing factor 
specific volume 
least squares matrix 
boundary of spatial domain 
boundary on which essential boundary conditions are prescribed 
boundary on which natural boundary conditions are prescribed 
Euler Jacobian matrix with respect to conservative variables in direction i 
Euler Jacobian matrix with respect to entropy variables in direction i 
Riemannian metric tensor 
boundary of nth space time slab 
source coefficient matrix 
specific heat at constant volume 
specific heat at constant pressure 
electric field vector 
electric field in direction i 
electron total energy per unit mass 
electron internal energy per unit mass 
source vector 
Euler flux vector in direction i 
heat flux vector in direction i 
prescribed boundary condition vector for HD equations 
prescribed boundary condition for Poisson problem 
entropy function 
prescribed natural boundary condition in direction i for Poisson problem 
time interval 
diffusivity matrix with respect to conservative variables 
diffusivity matrix with respect to entropy variables 
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k b 
L 
M(o 
m 
N; 
N2 

n 

n d 

n i 

nnp 
ndof 
P~, P 
Ph 
P 
P 
t 

q~, q 

qh 
q~ 
R i 

R 
S 

To, T 

To 
U 
~e, U 
~h 
Ui 
Us 
V 
V h 

VA 
W h 

We, W 

Wh 

W A 

[]col ()* 
()o 

Boltzmann constant 
reference length 
consistent tangent matrix at ith iterative step for ~.]D system 
electron mass 
concentration of ionized donor 
concentration of ionized acceptor 
finite element spatial shape function of node A for the nth time slab 
concentration of electrons 
doping concentration 
intrinsic concentration of electrons 
number of nodal points 
number of degrees of freedom for HD system 
electron momentum density vector 
hole momentum density vector 
concentration of holes 
electron pressure per unit mass 
time 
space time slab at time level n 
element space time slab at time level n 
electron heat flux vector 
hole heat flux vector 
heat flux in direction i 
residual vector at ith iterative step for HD system 
specific gas constant 
thermodynamic entropy 
temperature of electrons 
temperature of holes 
temperature of the lattice 
conservative variables vector 
electron velocity vector 
hole velocity vector 
velocity in direction i 
saturation velocity 
entropy variable vector 
finite element trial solution vector 
reference voltage 
vector of nodal unknowns at node A for HD system 
weighting function vector for hydrodynamic equations 
electron energy density 
hole energy density 
weighting function vector at node A for HD system 
collision terms 
nondimensional quantity 
reference value 
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