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Abstract Many existing computer-aided design systems
for microelectromechanical systems require the generation
of a three-dimensional mesh for computational analysis of
the microdevice. Mesh generation requirements for mic-
rodevices are very complicated because of the presence of
mixed-energy domains. Point methods or meshless
methods do not require the generation of a mesh, and
computational analysis can be performed by sprinkling
points covering the domain of the microdevice. A cor-
rected smooth particle hydrodynamics approach also re-
ferred to as the reproducing kernel particle method is
developed here for microelectromechanical applications. A
correction function that establishes the consistency and
the stability of the meshless method is derived. A simple
approach combining the constraint elimination and the
Lagrange multiplier technique is developed for imposition
of boundary conditions. Numerical results are shown for
static and dynamic analysis of microswitches and elec-
tromechanical pressure sensors. The accuracy of the
meshless method is established by comparing the nu-
merical results obtained with meshless methods with
previously reported experimental and numerical data.

1
Introduction
The present approach to modeling and design of micro-
electromechanical systems (MEMS) is to generate a geo-
metric model for the complicated three-dimensional
microdevice, to generate a mesh for the geometric model,
to perform a self-consistent mesh-based numerical analy-
sis of the mixed-energy domains governing the microde-
vice, and ®nally to perform post processing steps such as
visualization. Computer-aided design (CAD) systems for
MEMS based on such an approach were presented in ([29],
[10], [8]). The time consuming steps in such an approach
are to generate a three-dimensional mesh for the compli-
cated microdevice and to perform self-consistent analysis
of the mixed-energy domains governing the behavior of

the device. Development of fast, ef®cient and reliable CAD
systems for MEMS is more complicated when compared to
the development of CAD systems for more traditional
mechanical or electrical systems. This is because of the
mixed-technology nature of microelectromechanical sys-
tems. To enable development of ef®cient CAD systems for
MEMS, advances are needed to minimize the time spent on
mesh generation and to perform rapid self-consistent
analysis of mixed-energy domains.

Fast techniques for self-consistent analysis of mixed-
energy domains is currently being pursued as a research
area (see e.g. [28] for an overview). Mesh generation
requirements for MEMS, are however, very demanding.
For example, if we consider electromechanical systems
involving coupled elastic and electrostatic energy do-
mains, one needs to generate a volume mesh for the
electromechanical microdevice to perform ®nite-element
based elastic analysis and a surface mesh for the same
microdevice to perform exterior electrostatic analysis
based on accelerated boundary-element methods [1]. A
requirement is that the surface mesh has to be compatible
with the volume mesh so one does not have to worry
about interpolating solutions from one mesh to another
mesh. When a micro¯uidic energy domain is also
involved such as in electro¯uidicmechanical systems, then
three different types of meshes are required. The com-
plexity of mesh generation grows signi®cantly when more
than one energy-domain is involved and microelectro-
mechanical system designs often involved at least two
energy domains.

An ef®cient approach to MEMS modeling and design is
to consider point-based methods or what are also referred
to as meshless methods (see [4] for an overview and de-
velopments over the last ®ve years). In these techniques
one does not have to generate a mesh and a self-consistent
numerical analysis of mixed or coupled energy domains
can be carried out by just sprinkling points covering the
domain of interest. Point methods have several advantages
over traditional mesh based methods: the complicated
mesh generation approach is replaced by a simpler point
generation approach; for coupled domain analysis one
does not have to worry about compatibility of meshes ± in
the electromechanical example discussed above the same
points on the surface of the microdevice can be used for
both elastic and electrostatic analysis; ®nally mesh adap-
tivity is an important step for generation of highly accurate
solutions and with point based methods mesh adaptivity is
replaced by point adaptivity, which is a lot simpler to
implement.
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Several meshless techniques have been proposed re-
cently and these are brie¯y discussed in Sect. 2. The
meshless approach developed in this paper is based on the
corrected smooth particle hydrodynamics approach.
Smooth particle hydrodynamic approaches [22] are shown
to be unstable for ®nite-domain boundaries and the sta-
bility of the approach is established by introducing a
correction function. The approach involving a correction
function is referred to as a reproducing kernel particle
method [15]. The reproducing kernel particle method is
extended in this paper for a fourth-order partial differ-
ential equation encountered in electromechanical switches
and pressure sensors. The reproducing kernel particle
method for static and dynamic analysis of electrome-
chanical switches is discussed in detail in Sect. 3. Treat-
ment of boundary conditions in meshless methods has
been considered to be a major bottleneck and a simple
approach which enforces the boundary conditions exactly
is described in Sect. 3. Numerical results are presented in
Sect. 4 and conclusions are presented in Sect. 5.

2
Meshless techniques
The origin of meshless methods can be traced to the de-
velopment of smooth particle hydrodynamics (SPH) ap-
proach about two decades ago [19]. Further developments
and overview articles on smooth particle hydrodynamics
can be found in ([21], [22]). Liu and his co-workers have
shown that the smooth particle hydrodynamics approach
does not satisfy the consistency conditions ([13]±[17],
[6]), and hence is not a stable method. The stability of SPH
is investigated and discussed in detail in Sect. 2.3. The
consistency of SPH can be established by introducing a
correction function. This concept was pioneered by Liu in
his work ([13]±[17], [6]) and the new approach is referred
to as the reproducing kernel particle method. Other
meshless methods developed over the last few years in-
clude the diffuse element method [25], element free
Galerkin method ([5], [18], [30]), boundary node method
[23], local boundary integral equations method ([32],
[33]), a meshless method based on the local symmetric
weak form and the moving least squares approximation
[3], ®nite point method [26], cloud-based methods [9],
and the partition of unity method [20].

The meshless method developed in this paper is based
on the reproducing kernel particle method. Reproducing
kernel particle methods have been applied for several
problems in mechanics ([13]±[17], [6]), and in this paper
we extend this approach to higher order partial differential
equations encountered in MEMS. Speci®cally, a correction
function that ensures consistency for higher order deriv-
atives is investigated. Implementation of boundary con-
ditions in meshless methods has been considered to be a
major challenge. A discussion on the implementation of
boundary conditions in meshless methods can be found in
([4], [6], [12], [15], [24], [31]). A popular approach has
been to enforce boundary conditions through Lagrange
multipliers ([5]). In this paper, boundary conditions are
implemented through a combination of Lagrange multi-
pliers and constraint elimination. Displacement, which is a
primary variable in the applications considered in this

paper is implemented through constraint elimination and
the gradient of the displacement (i.e. the slope) which is
not a primary variable is implemented through Lagrange
multipliers.

2.1
Smooth particle hydrodynamics
Smooth particle hydrodynamics (SPH) approach was pri-
marily developed to model problems encountered in as-
trophysics [19]. In the absence of boundaries, this
technique has been shown to be very ef®cient to compute
the motion of ¯uid masses or particles in three dimensions
([21], [22]). This technique, however, suffers from insta-
bilities when applied to the solution of partial differential
equations involving ®nite domains or boundaries. SPH can
be simply understood as a kernel estimate technique. If we
denote u�x� to be any unknown function, then an ap-
proximation ua�x� to u�x� in a domain X is generated by a
kernel approximation i.e.

ua�x� �
Z

X
wd�xÿ s�u�s� ds �1�

where wd�xÿ s� is the kernel or a weighting function, and
d is the dilation parameter. The kernel function is non-
zero �wd�xÿ s� > 0� in a subdomain XI of X and zero
outside the subdomain XI . The subdomain XI is deter-
mined by the dilation parameter d. If the kernel function is
the delta function, then ua�x� ! u�x� and the function is
said to be reproduced exactly. Assuming that the domain
X is ®nite and is represented by NP points or particles, a
discrete approximation to Eq. (1) can be written as

ua�x� �
XNP

I�1

w�xÿ xI�u�xI�DVI �2�

where u�xI� is de®ned as the nodal value at particle po-
sition xI and DVI is a measure of the domain surrounding
node I. To introduce the concept of an SPH shape func-
tion, Eq. (2) can be rewritten as

ua�x� �
XNP

I�1

WI�x�uI �3�

WI�x� � w�xÿ xI�DVI �4�
where WI�x� is referred to as the SPH shape function and
uI � u�xI�. Note that in general ua�xI� 6� u�xI�.

The discrete form of SPH given in (3) can be employed
for the solution of partial differential equations describing
various physical phenomena. For a method to be conver-
gent, it has to be stable and consistent. The numerical
solutions with a non-convergent method can exhibit am-
plitude and phase errors and a deterioration in the accu-
racy of the solution. It can be shown that the discrete form
of SPH given in Eq. (2) is not consistent. An example il-
lustrating the instabilities arising from the SPH discreti-
zation is provided in Sect. 2.3.

2.2
Reproducing kernel method
The consistency of SPH can be established by correcting
the approximation introduced in Eq. (1). The concept of a
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correction function was introduced by Liu in [16] and a
corrected kernel approximation of Eq. (1) is written as

ua�x� �
Z

X
�wd�xÿ s�u�s� ds �5�

where �wd�xÿ s� is the corrected kernel function which is
given by

�wd�xÿ s� � C�x; s�wd�xÿ s� �6�
where C�x; s� is the correction function and wd�xÿ s� is
the kernel function introduced in Eq. (1).

The correction function is expressed as a linear com-
bination of polynomial basis functions in the following
form:

C�x; s� � c0�x� � c1�x��xÿ s� � c2�x��xÿ s�2
� � � � � cN�x��xÿ s�N �7�

where c0; c1; c2; . . . ; cN are functions of x which need to be
determined. The number of ci's involved in the de®nition of
the correction function depends on the order of the highest
derivative terms present in the governing partial differen-
tial equations. This issue is examined in more detail in
Sect. 3, when the governing equations for microswitches
are discussed. The unknown coef®cients, c0; c1; c2; . . . ; cN ,
are determined by satisfying the reproducing conditions.
Reproducing conditions are de®ned as those where the
approximated function or the derivatives of the approxi-
mated function are reproduced exactly. A reproducing
condition would, for example, enforce that the approxi-
mated function ua�x� in Eq. (5) be equal to the unknown
function u�x�. Reproducing conditions can be derived by
considering the Taylor series expansion of u�s� i.e.

u�s� � u�x� � �sÿ x�u0�x� � �sÿ x�2
2!

u00�x�

� �sÿ x�3
3!

u000�x� � � � � �8�
where a prime denotes a differentiation. Substituting
Eq. (8) in Eq. (5), we obtain

ua�x� � u�x�
Z

X
�wd�xÿ s� ds

� u0�x�
Z

X
�sÿ x��wd�xÿ s� ds

� u00�x�
Z

X

�sÿ x�2
2!

�wd�xÿ s� ds� � � � �9�

Denoting the moment of the corrected kernel function as

�mk�x� �
Z

X
�xÿ s�k �wd�xÿ s� ds k � 0; 1; 2; . . . �10�

the approximated solution through the corrected kernel
function given in Eq. (9) can be rewritten as

ua�x� � u�x� �m0�x� ÿ u0�x� �m1�x�

� u00�x�
2!

�m2�x� ÿ u000�x�
3!

�m3�x� � � � � �11�

For ua�x� � u�x�, the reproducing conditions can be
written as

�m0�x� � 1

�mk�x� � 0 k � 1; 2; . . .
�12�

Substituting the de®nitions for the corrected kernel func-
tion and the correction function given in Eqs. (6) and (7),
respectively, the moment of the corrected kernel function
can be written as

�mk�x� � c0�x�mk�x� � c1�x�mk�1�x�
� c2�x�mk�2�x� � � � � � cN�x�mk�N�x� �13�

where

mk�x� �
Z

X
�xÿ s�kwd�xÿ s� ds �14�

Note that the de®nition of moment given in Eq. (14) in-
volves only the kernel function and not the corrected
kernel function. Assuming that all the N-terms are re-
quired in the correction function de®nition, the unknowns
c0; c1; c2; . . . ; cN can be determined as

m0�x� m1�x� : : : mN�x�
m1�x� m2�x� : : : mN�1�x�
: : : :

: : : :

: : : :

mN�x� mN�1�x� : : : m2N�x�

2666666664

3777777775

c0�x�
c1�x�
:

:

:

cN�x�

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;

�

�m0�x�
�m1�x�
:

:

:

�mN�x�

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
�15�

or

M�C � �M �16�
where �M � � �m0�x�; �m1�x�; . . . ; �mN�x��T � �1; 0; . . . ; 0�T is
the �N � 1� � 1 known right-hand side vector, M is the
�N � 1� � �N � 1� known coef®cient matrix, and
�C � �c0�x�; . . . ; cN�x��T is the �N � 1� � 1 vector of un-
known correction coef®cients.

2.2.1
Reproducing conditions for the first derivative
Reproducing conditions for the ®rst derivative of an ap-
proximated function can be derived in a manner similar to
the procedure outlined above. From Eq. (5), the derivative
of an approximate function can be written as

d

dx
ua�x� �

Z
X

d

dx
��wd�xÿ s��u�s� ds

�
Z

X
�w0d�xÿ s�u�s� ds �17�
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Substituting the Taylor series expansion for u�s�, the de-
rivative of an approximate function can be written as

�ua�x��0 � u�x� �m00�x� ÿ u0�x� �m01�x�

� u00�x�
2!

�m02�x� ÿ
u000�x�

3!
�m03�x� � � � � �18�

where

�m0k�x� �
Z

X
�xÿ s�k �w0d�xÿ s� ds k � 0; 1; 2; . . . �19�

The reproducing conditions to satisfy �ua�x��0 � u0�x� are
summarized as

�m00�x� � 0

�m01�x� � ÿ1 �20�
�m0k�x� � 0 k � 2; 3; . . .

The gradients of the correction function coef®cients, de-
noted by c00�x�; . . . ; c0N�x� are related to the moments by
the expression

�M0M� �C
�C
0

� �
� �0� �21�

where M is as de®ned in Eq. (15), and M0 is de®ned as

M0 �

m00�x� m01�x� : : : m0N�x�
m01�x� m02�x� : : : m0N�1�x�
: : : :
: : : :
: : : :

m0N�x� m0N�1�x� : : : m02N�x�

26666664

37777775 �22�

and �C
0 � �c00�x�; . . . ; c0N�x��T is the vector comprising the

gradients of the correction function coef®cients. From
Eq. (21) the gradients of the correction function coef®-
cients are computed as

�C
0 � ÿMÿ1M0�C �23�

2.2.2
Reproducing conditions for the second derivative
Reproducing conditions for the second derivative of an
approximated function can also be derived in a manner
similar. From Eq. (5), the second derivative of an ap-
proximate function can be written as

d2

dx2
�ua�x�� �

Z
X

d2

dx2
��wd�xÿ s��u�s� ds

�
Z

X
�w00d�xÿ s�u�s� ds �24�

Substituting the Taylor series expansion for u�s�, the sec-
ond derivative of an approximate function can be written
as

�ua�x��00 � u�x� �m000�x� ÿ u0�x� �m001�x�

� u00�x�
2!

�m002�x� ÿ
u000�x�

3!
�m003�x� � � � � �25�

where

�m00k�x� �
Z

X
�xÿ s�k �w00d�xÿ s� ds k � 0; 1; 2; . . . �26�

The reproducing conditions to satisfy �ua�x��00 � u00�x� are
summarized as

�m000�x� � 0

�m001�x� � 0

�m002�x� � 2

�m00k�x� � 0 k � 3; 4; . . .

�27�

The gradients of the correction function coef®cients, de-
noted by c000�x�; . . . ; c00N�x� are related to the moments by
the expression

�M00 2M0 M�
�C
�C
0

�C
00

24 35 � �0� �28�

where M00 is de®ned as

M00 �

m000�x� m001�x� : : : m00N�x�
m001�x� m002�x� : : : m00N�1�x�
: : : :
: : : :
: : : :

m00N�x� m00N�1�x� : : : m002N�x�

26666664

37777775 �29�

and �C
00 � �c000�x�; . . . ; c00N�x��T is the vector comprising the

gradients of the correction function coef®cients. From
Eq. (28), the second derivatives of the correction function
coef®cients are computed as

�C
00 � ÿMÿ1�M00�C� 2M0�C0� �30�

2.2.3
Reproducing kernel particle method
The discretized form of the reproducing kernel method,
which is referred to as the reproducing kernel particle
method (RKPM), can be written from Eq. (5) as

ua�x� �
XNP

I�1

�wd�xÿ x1�u�x1�DVI �31�

Even though the summation in Eq. (31) is written over all
the points in the domain, it is effectively over the points xI

where �wd�xÿ xI� > 0. Equation (31) can be rewritten as

ua�x� �
XNP

I�1

NI�x�uI �32�

NI�x� � C�xÿ x1�wd�xÿ x1�DVI �33�
where uI � u�xI� is the value of the function u at node xI ,
and NI is de®ned as the RKPM shape function for node I.

2.3
Failure of SPH for finite domains
As mentioned earlier, SPH in its original form is unstable
for partial differential equations posed over ®nite do-
mains. The stability of SPH is established by satisfying the
consistency conditions or the reproducing conditions. A
comparison between the SPH and the RKPM shape
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functions and the solutions obtained with both methods
are presented for a simpler one-dimensional Laplacian
equation. The problem considered here is the meshless
solution of

o2u

ox2
� 0 �34�

posed over the domain x 2 �0; 1� with boundary condi-
tions u�0� � 0 and u�1� � 1. The exact solution is the
linear function u�x� � x. A cubic spline kernel function is
employed for both the SPH and RKPM analysis. The kernel
function wd�xÿ xI� is de®ned as

wd�xÿ xI� � 1

d
w

xÿ xI

d

� �
�35�

Denoting y � �xÿ xI�=d, the cubic spline kernel function
w�y� is de®ned as

w�y� �

0 y < ÿ2

1
6 �y� 2�3 ÿ2 � y � ÿ1

2
3ÿ y2 1� y

2

ÿ � ÿ1 � y � 0

2
3ÿ y2 1ÿ y

2

ÿ �
0 � y � 1

ÿ 1
6 �yÿ 2�3 1 � y � 2

0 y > 2

8>>>>>>>>>><>>>>>>>>>>:
�36�

The correction function for RKPM analysis is taken to be

C�x; s� � c0�x� � c1�x��xÿ s� �37�
and the coef®cients c0 and c1 are determined by satisfying
the reproducing conditions. A total of 101 particles are
employed for numerical analysis. The SPH and the RKPM
shape functions for the particles at the two boundaries and
a particle in the interior are shown in Figs. 1 and 2, re-
spectively. The correction function coef®cients and their
derivatives employed in the RKPM analysis are shown in
Figs. 3 and 4, respectively. The solution obtained with SPH
and RKPM techniques is compared in Fig. 5. The SPH
solution is unstable and exhibits spurious oscillations. The

instability of the SPH solution can be attributed to the lack
of consistency of the SPH shape functions, especially near
the boundaries. From the plots of the correction function
coef®cients shown in Fig. 3, it can be observed that the
coef®cients are constant in the interior of the domain and

Fig. 1. SPH shape functions for particles at the two boundaries
and for a particle in the interior of the domain

Fig. 2. RKPM shape functions for particles at the two boundaries
and for a particle in the interior of the domain

Fig. 3a, b. Correction function coef®cients for RKPM analysis
a coef®cient c0, b coef®cient c1
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vary rapidly only near the boundaries. It can be concluded
that the variation of the correction function coef®cients
near the boundaries provides the stability of the RKPM
technique.

2.4
Reproducing kernel particle method in two-dimensions
The reproducing kernel particle method extends in a
straight-forward manner for multi-dimensional applica-
tions. In two-dimensions, a corrected kernel approxima-
tion can be written as

ua�x; y� �
Z

X
�wd�xÿ s; yÿ s�u�s� ds �38�

where �wd�xÿ s; yÿ s� is the two-dimensional corrected
kernel function which is given by

�wd�xÿ s; yÿ s� � C�x; y; s�wd�xÿ s; yÿ s� �39�
where C�x; y; s� is called the two-dimensional correction
function and wd�xÿ s; yÿ s� is the two-dimensional ker-
nel function.

The correction function in two-dimensions to exactly
reproduce the second derivatives is given as:

C�x; y; s� � c0�x; y� � c1�x; y��xÿ s� � c2�x; y��yÿ s�
� c3�x; y��xÿ s�2 � c4�x; y��yÿ s�2

� c5�x; y��xÿ s��yÿ s� �40�
Note that if only the ®rst derivative calculation is required,
then only the ®rst three coef®cients need to be considered
in the correction function de®nition. The correction
function coef®cients c0�x; y�; c1�x; y�; . . . ; c5�x; y� can be
determined by establishing the reproducing conditions.
Consider a Taylor series expansion for u�s� in two-di-
mensions

u�s� � u�x; y� � �xÿ s� ou

ox
� �yÿ s� ou

oy

� �xÿ s�2
2!

o2u

ox2
� �yÿ s�2

2!

o2u

oy2

� �xÿ s��yÿ s� o2u

oxoy
� � � �

�41�

Substituting the de®nition for u�s� in Eq. (38), and by
writing the reproducing conditions for ua�x; y�, the cor-
rection function coef®cients c0�x; y�; c1�x; y�; . . . ; c5�x; y�
can be determined by solving the matrix problem

Fig. 4a, b. Derivatives of correction function coef®cients for
RKPM analysis a c0;x, b c1;x

Fig. 5a, b. Solution obtained with a SPH, b RKPM
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m00 m10 m01 m20 m02 m11

m10 m20 m11 m30 m12 m21

m01 m11 m02 m21 m03 m12

m20 m30 m21 m40 m22 m31

m02 m12 m03 m22 m04 m13

m11 m21 m12 m31 m13 m22

26666664

37777775
c0

c1

c2

c3

c4

c5

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
�

1
0
0
0
0
0

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
�42�

where

mij�x; y� �
Z

X
�xÿ s�i�yÿ s�jwd�xÿ s; yÿ s� ds �43�

The ®rst and second derivatives of the correction function
coef®cients can be determined in a similar manner. The
RKPM shape function in two-dimensions for a particle I
can be written as

NI�x; y� � C�xÿ xI; yÿ yI�wd�xÿ xI; yÿ yI�DVI �44�
where

C�xÿ xI; yÿ yI� � c0 � c1�xÿ xI� � c2�yÿ yI�
� c3�xÿ xI�2 � c4�yÿ yI�2
� c5�xÿ xI��yÿ yI� �45�

wd�xÿ xI ; yÿ yI� � 1

dx
w

xÿ xI

dx

� �
1

dy
w

yÿ yI

dy

� �
�46�

dx; dy are the dilation parameters along the x and y di-
rections, respectively, and kernel function w is the cubic
spline de®ned in Eq. (36).

3
Meshless analysis of electromechanical systems
Over the last decade several micro sensors and micro
actuators have been developed based on the electrome-
chanical principle. The key problem in electromechanical
systems is to accurately predict the de¯ection or defor-
mation of a micromechanical structure when subjected
to electrostatic forces. While accurate modeling and
design of electromechanical systems requires three-di-
mensional analysis [1], critical insights into the behavior
of electromechanical systems can be obtained by per-
forming one and two dimensional analysis of micro-
structures subjected to electrostatic potentials. In this
paper we will focus on just two two applications of
MEMS ± microwitches and pressure sensors. The gov-
erning equations, RKPM formulations and numerical
results for the two applications are presented in the
following sections.

3.1
Governing equations
The static and dynamic behavior of many microswitches
can be characterized by studying the deformation of ®xed-
®xed and cantilever beams subjected to electrostatic volt-
ages. The governing equation of a beam subjected to
electrostatic forces is given by [27]

q
EI

o2u

ot2
� o4u

ox4
� ÿ ~we0V2

2EIg2
1� 0:65

g

~w

� �
�47�

where q is the mass density per unit length of the beam, u
is the displacement of the beam, E is the Young`s modulus
of the material, I is the moment of inertia, ~w is the width of
the beam, e0 is the permittivity of free space, V is the
applied voltage and g is the gap between the beam and the
ground electrode. Equation (47) is nonlinear because the
gap, g, depends on the displacement of the beam i.e.
g � g�u�.

For a ®xed-end, boundary conditions are imposed on
the displacement and its slope i.e.

u � 0

du

dx
� �u;x� 0 �48�

An RKPM formulation for Eq. (47) with ®xed-boundary
conditions at both ends is developed in the next section. A
free-end boundary condition can be treated in a straight-
forward manner.

3.2
RKPM Formulation
Denoting v to be an arbitrary function, a weak-form to the
strong form given in Eq. (47) can be developed from the
following equation (see. e.g. [11] for details on developing
weak formulations)Z

X
v

q
EI

� �
u;tt dX�

Z
X

v�u;xxxxÿP�u�� dX

�
Z

C
dk�u;xÿ�u;x �n dC � 0 �49�

where P(u) is the nonlinear right-hand side term from
Eq. (47), X is the domain, C is the boundary of the do-
main, the boundary-integral in Eq. (49) is required for the
imposition of the gradient boundary condition through a
Lagrange multiplier technique, k is the Lagrange multi-
plier, dk is the variation of the Lagrange multiplier and n is
the unit outward normal. The imposition of boundary
conditions on u is discussed in Sect. 3.2.4. Integrating
Eq. (49) by parts and noting that

k �ÿ u;xx

dk �ÿ v;xx �50�
the weak formulation is summarized asZ

X
v

q
EI

� �
u;tt dX�

Z
X

v;xx u;xx dXÿ
Z

C
v;x u;xx n dC

ÿ
Z

C
v;xx u;x n dC �

Z
X

vP�u� dXÿ
Z

C
v;xx �u;x n dC

�51�
To obtain a matrix form from Eq. (51), the displacement
®eld u and the function v are approximated by using the
RKPM shape functions i.e.

u �
XNP

A�1

NAuA �52�
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v �
XNP

A�1

NAvA �53�

where NA is the RKPM shape function developed in
Eq. (33) and uA; vA are the unknowns associated with
particle A. Substituting the RKPM approximations for u
and v into the weak formulation, a nonlinear residual
equation for a particle A can be written as

RA�u� � R
Dyn
A �u� � RStat

A �u� � 0 �54�
where R

Dyn
A �u� is the dynamic residual, RStat

A �u� is the static
residual and

R
Dyn
A �u� �

Z
X

NA

XNP

B�1

NBuB;tt

 !
dX �55�

RStat
A �u� �

Z
X

NA;xx

XNP

B�1

NB;xxuB
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dX

ÿ
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C
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XNP

B�1

NB;xxuBn

 !
dC

ÿ
Z

C
NA;xx

XNP

B�1

NB;xuBn

 !
dC

ÿ
Z

X
NAP�u� dX �

Z
C

NA;xx �u;x n dC �56�

The integrals in Eq. (56) are evaluated through a simple
quadrature rule. For example, in a one-dimensional case a
trapezoidal rule can be employed i.e.Z

X
f �x� dX �

XNP

I�1

f �xI�DVI �57�

Since the construction of the shape functions or the
evaluation of the integrals does not require a mesh or
connectivity between various nodes covering the
domain, this approach is also referred to as a meshless
approach.

3.2.1
Static analysis
For static analysis, the dynamic residual term in Eq. (54)
is not considered and the residual RA�u� is simply the
static residual. Equation (56) (without the dynamic re-
sidual term) can then be solved by employing a Newton's
method. The displacement increment within each Newton
iteration can be computed by solving the following equa-
tion

oRStat
A

ouB
DuB � ÿRStat

A �u� �58�
In matrix form, Eq. (58) can be stated as

J�u�Du � ÿRStat�u� �59�
where J�u� 2 RNP�NP is the Jacobian matrix, Du 2 RNP�1

is the displacement increment vector, and
RStat�u� 2 RNP�1 is the static residual vector. The entries of
the Jacobian matrix are given by

JAB�u� �
Z

X
NA;xxNB;xx dXÿ

Z
C

NA;xNB;xxn dC

ÿ
Z

C
NA;xxNB;xn dCÿ

Z
X

NA
oP

ou
NB dX �60�

where JAB is the Ath row and Bth column element of J.

3.2.2
Dyanamic analysis
For dynamic analysis, we need to solve a second order
system of nonlinear ordinary differential equations. Using
a central difference rule to compute the time-derivatives of
u, the displacement at time �n� 1� can be computed by
solving the following system of equations

M
un�1 ÿ 2un � unÿ1

Dt2

� �
� RStat�un�1� � 0 �61�

where un�1; un and unÿ1 are the displacements at times
�n� 1�, n and �nÿ 1�, respectively, Dt is the time step,
and M is the mass matrix. The entries of the mass matrix
are computed as

MAB �
Z

X
NA

q
EI

� �
NB dX �62�

Given initial conditions for the displacement at times n
and nÿ 1, the displacement at time �n� 1� is computed
by a Newton method. The i-th displacement increment in a
Newton approach to compute the displacement un�1 is
given as

M

Dt2
� J u

�i�
n�1

� �� �
du
�i�
n�1 � ÿ M

u
�i�
n�1 ÿ 2un � unÿ1

Dt2

 !"

�RStat

�
u
�i�
n�1

�#
�63�

where u
�i�
n�1 denotes the displacement guess to the i-th

Newton iteration at time level �n� 1�, and du
�i�
n�1 is the

increment computed from the i-th Newton iteration. A
displacement guess to the �i� 1�th Newton iteration is
computed as

u
�i�1�
n�1 � u

�i�
n�1 � du

�i�
n�1 �64�

3.2.3
Shape function and its derivatives
The de®nition of the RKPM shape function given in
Eq. (33) involves the correction function and this needs to
be determined before the shape function and its deriva-
tives can be computed. For the problem considered in this
paper, the highest order derivative contained in the weak
formulation (see Eq. (51)) is two. For the shape functions
to satisfy consistency conditions, the correction function is
chosen to be

C � c0�x� � c1�x��xÿ s� � c2�x��xÿ s�2 �65�
It can easily be veri®ed that a correction function involv-
ing just two coef®cients (c0 and c1) does not satisfy the
consistency conditions when the highest derivative con-
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tained in the weak form is two. From the general case
presented in Eq. (15), the matrix form for determining the
correction coef®cients can be written as

m0 m1 m2

m1 m2 m3

m2 m3 m4

24 35 c0

c1

c2

8<:
9=; � 1

0
0

8<:
9=; �66�

where the moments are as de®ned in Eq. (14). Express-
ing Eq. (66) as M�C � �M, the ®rst and second gradients of
the correction function coef®cients can be computed as

�C;x � ÿMÿ1M;x �C �67�
�C;xx � ÿMÿ1�M;xx

�C� 2M;x �C;x� �68�
where

�C;x �
c0;x

c1;x

c2;x

24 35 �C;xx �
c0:xx

c1;xx

c2;xx

24 35 �69�

M;x�
m0;x m1;x m2;x

m1;x m2;x m3;x

m2;x m3;x m4;x

264
375

M;xx�
m0;xx m1;xx m2;xx

m1;xx m2;xx m3;xx

m2;xx m3;xx m4;xx

264
375 �70�

The shape function for particle I can then be written as

NI�x� � �c0 � c1�xÿ xI� � c2�xÿ xI�2�wd�xÿ xI�DVI

� Cwd�xÿ xI�DVI �71�
The ®rst and second derivatives of the shape function can
be computed by simply differentiating the shape function
with respect to x i.e.

NI;x�x� � �C;x wd�xÿ xI� � Cwd;x�xÿ xI��DVI �72�
NI;xx�x� � �C;xx wd�xÿ xI� � 2C;x wd;x�xÿ xI�

� Cwd;xx�xÿ xI��DVI �73�
where

C;x � c0;x � c1 � c1;x�xÿ xI�
� 2c2�xÿ xI� � c2;x�xÿ xI�2 �74�

C;xx � c0;xx � 2c1;x � c1;xx�xÿ xI� � 2c2

� 4c2;x�xÿ xI� � c2;xx�xÿ xI�2 �75�

3.2.4
Boundary conditions
The boundary conditions on the gradient of the displace-
ment (i.e. the slope) are treated through a Lagrange mul-
tiplier technique and the application of Lagrange
multipliers to the weak formulation is presented in
Sect. 3.2. The Dirichlet boundary conditions on the dis-
placemnt, such as the condition u � 0 in Eq. (48), are
treated by eliminating the displacement unknowns asso-
ciated with the constrained particles from RKPM analysis.
Assuming that there are m constrained particles, the dis-
placements at the particle positions can be written as

where u�xi� is the displacement of the i-th particle, xi is the
position of the i-th particle and ui is an unknown associ-
ated with the i-th particle. Note that ui is not the dis-
placement of the i-th particle. The unknowns u1; . . . ; uNP

are computed through RKPM analysis, and the displace-
ments of the particles are computed through the shape
function interpolation as described in Eq. (76). Since there
are m constrained particles, the displacements for the m
particles are known i.e.

u�x1� � g1

�
�

u�xm� � gm

�77�

where gi is the prescribed displacement of the i-th particle.
From Eq. (76), the constrained displacements can be ex-
pressed as

g � A~u1 � B~u2 �78�
where g = �g1; . . . ; gm�T 2 Rm�1 is the vector of con-
strained displacements, A 2 Rm�m is the matrix contain-
ing the ®rst m rows and m columns of the shape function
coef®cient matrix given in Eq.(76), B 2 Rm��NPÿm� is the
matrix containing the ®rst m rows and the last �NPÿm�
columns of the shape function coef®cient matrix,
~u1 � �u1; . . . ; um�T 2 Rm�1 are the unknowns associated
with the m constrained particles,
~u2 � �um�1; . . . ; uNP�T 2 R�NPÿm��1 are the unknowns as-
sociated with the �NPÿm� unconstrained particles. The
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unknowns associated with the m constrained particles can
be expressed as

~u1 � Aÿ1�gÿ B ~u2� �79�
The unknowns involved in the RKPM analysis can then be
written as�

~u1

~u2

�
�
�

Aÿ1 ÿAÿ1B
0 I

��
g
~u2

�
�80�

where I is the identity matrix. Substituting (80) into
(76), the unknown displacements for the particles are
given by

u�x1�
:
:

u�xNP�

8>><>>:
9>>=>>; � A B

C D

� �
Aÿ1 ÿAÿ1B

0 I

� �
g
~u2

� �
�81�

where C 2 R�NPÿm��m is the matrix containing the last
�NPÿm� rows and the ®rst m columns of the shape
function coef®cient matrix given in Eq. (76) and
D 2 R�NPÿm���NPÿm� is the matrix containing the last
�NPÿm� rows and columns of the shape function coef-
®cient matrix. The Dirichlet boundary conditions for the
displacement ®eld can now be applied using one of the two
approaches suggested below:

The ®rst approach is to compute a modi®ed shape
function coef®cient matrix that accounts for the boundary
conditions. From Eq. (81), the modi®ed shape function
coef®cient matrix can be computed as

~N � I 0
CAÿ1 Dÿ CAÿ1B

� �
�82�

where ~N is the modi®ed coef®cient matrix. The elements of
the matrix ~N are the RKPM shape functions evaluated at
all the particle positions. Likewise the ®rst and second
gradients of the shape functions modi®ed for the dis-
placement conditions can also be calculated.

The second approach to prescribing displacement
boundary conditions is to compute the Jacobian matrices
for the static and dynamic analysis using the RKPM shape
functions with no modi®cations for the boundary condi-
tions i.e. the displacement vector is approximated as given
in Eq. (76). Denoting

L � Aÿ1 ÿAÿ1B
0 I

� �
�83�

the boundary conditions on the displacement can be
prescribed by modifying the Jacobian matrix as

~J �LTJL �84�
Both approaches give identical results and it can easily be
veri®ed that the Jacobian obtained with the ®rst approach,
where the shape functions and its derivatives are modi®ed
as discussed in Eq. (82), is identical to the Jacobian, ~J,
computed using the second approach.

Once the modi®ed Jacobian ~J is computed, the un-
knowns ~u2 can be computed by considering a partitioning
of ~J as

~J1
~J2

~J3
~J4

� �
g
~u2

� �
� ÿ ~R1

~R2

� �
�85�

where ~J1 2 Rm�m is the matrix containing the ®rst m rows
and m columns of ~J, ~J2 2 Rm��NPÿm� is the matrix con-
taining the ®rst m rows and the last �NPÿm� columns of
~J, ~J3 2 R�NPÿm��m is the matrix containing the last
�NPÿm� rows and the ®rst m columns of ~J, and
~J4 2 R�NPÿm���NPÿm� is the matrix containing the last
�NPÿm� rows and columns of ~J. ~R1 2 Rm�1 is the re-
sidual vector associated with the m constrained nodes and
~R2 2 R�NPÿm��1 is the residual vector associated with the
�NPÿm� unconstrained nodes. The de®nitions for these
residuals are given in Sect. 3.2.1 and 3.2.2, respectively, for
the static and dynamic cases. From Eq. (85), ~u2 can be
computed as

~J4~u2 � ÿ~R2 ÿ~J3g �86�
Once ~u2 is computed, the unknowns associated with the m
constrained particles, ~u1, can be computed through
Eq. (79). Once the ~u1 and ~u2 vectors are known, the dis-
placement at each particle position can be computed by
using Eq. (76).

4
Results
Numerical results are shown for three devices: a ®xed-
®xed beam over a ground plane is analyzed in Sect. 4.1, a
cantilever beam over a ground plane is analyzed in
Sect. 4.2, and a pressure sensor is analyzed in Sect. 4.3. All
results are obtained with the RKPM meshless formulation.
The kernel function employed for all the calculations is the
cubic spline function given in Eq. (36).

4.1
Fixed-fixed beam
The ®rst example considered here is a ®xed-®xed beam
over a ground plane as shown in Fig. 6. The beam is 80 lm
long, 10 lm wide, and 0.5 lm thick. The initial gap be-
tween the beam and the bottom electrode is 0.7 lm. A
Young's modulus of 169 GPa and a mass density of
2231 kg/m3 are employed in the simulations shown here.
The same device with the material properties has been
simulated in the work presented in [2] and the static and
dynamic pull-in values obtained through experiments and
simulations were reported there. This device is simulated
by employing 101 particles. For boundary conditions, the
displacement and the slope are assumed constrained at
both ends of the beam. Each end of the beam is represented
by a particle, and m (see Sect. 3.2.4) for this case is 2.

Figure 7 shows the de¯ection of the beam as a function
of a series of applied voltages. As the potential difference

Fig. 6. a A ®xed-®xed beam and a bottom electrode separated by
a gap g0, b de¯ection of the beam when a potential difference is
created between the beam and the bottom electrode
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between the beam and the ground electrode increases, the
beam de¯ects closer to the ground electrode and the gap
between and the bottom electrode decreases. As the beam
de¯ects closer to the ground electrode, the electrostatic
force on the beam increases highly nonlinearity and the
de¯ection of the beam is also highly nonlinear. At a certain

voltage, de®ned as the pull-in voltage, the beam becomes
unstable and collapses onto the ground electrode. For the
beam under consideration, the pull-in voltage is computed
to be 15.08 volts. The pull-in value reported in [2] is 15.17
volts and the error is less than 1%.

The dynamic calculations on the beam using the
meshless approach are summarized in Figs. 8±10. A time
step of 5� 10ÿ4 ls is employed for the ®xed-®xed beam
case. The peak de¯ection of the beam, which is at the
center of the beam, for an applied bias of 4 and 8 volts is
shown in Fig. 8 and the dynamic response for an applied
bias of 12 and 13.6 volts is shown in Fig. 9. Note that the
results make sense as the problem under consideration is a
second-order non-linear dynamical system with no dam-
ping. Also note that as the applied bias on the beam is
increased, the time period, which is the time required for
the beam to make one complete cycle, increases. Such
results can be used to calculate the fundamental or reso-
nant frequency of the device. For an applied bias of
13.7 volts, the beam de¯ects and make a contact with the
ground electrode. This voltage is de®ned as the dynamic
pull-in voltage. The dynamic pull-in voltage reported here
matches with the dynamic pull-in value reported in [2] for
the same ®xed-®xed beam example. The peak de¯ection of
the beam when a dynamic pull-in voltage is applied is
shown in Fig. 10. It is observed that the dynamic pull-in

Fig. 7. De¯ection of a ®xed-®xed beam for a series of applied
voltages. The pull-in voltage is 15.08 V

Fig. 8a, b. Dynamic analysis of a ®xed-®xed beam. a Applied bias
is 4 volts, b applied bias is 8 volts

Fig. 9a, b. Dynamic analysis of a ®xed-®xed beam. a Applied bias
is 12 volts, b applied bias is 13.6 volts ± this calculation is just
before pull-in
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voltage is smaller than the quasi-static pull-in voltage by
about 9% .

4.2
Cantilever beam
The second example considered here is a cantilever beam
over a ground plane as shown in Fig. 11. The beam di-
mensions are identical to the ®xed-®xed beam i.e. the
beam is 80 lm long, 10 lm wide, and 0.5 lm thick. The
initial gap between the beam and the bottom electrode is
0.7 lm. A total of 101 particles are employed to simulate
this problem. Since the right-end of the beam is left free,
no boundary conditions are imposed on this end. For the
left-end of the beam, the displacement and the slope are
assumed constrained. For this example, m is just 1.

Figure 12 shows the de¯ection of the cantilever beam as
a function of a series of applied voltages. When a potential
difference is created between the cantilever beam and the
ground electrode, the tip of the cantilever beam de¯ects
towards the ground electrode. Similar to the ®xed-®xed
beam example, the cantilever beam also becomes unstable
for a certain bias, de®ned as the pull-in voltage, and when
this voltage is applied, the beam collapses and makes
a contact with the ground electrode. The quasi-static pull-
in voltage for the cantilever beam is computed as 2.34
volts.

The dynamic calculations for the cantilever beam are
summarized in Figs. 13±15. A time step of 5� 10ÿ3 ls is
employed and the simulation is carried out for a total of
25 ls. The peak de¯ection of the beam, which is at the tip
of the beam, for an applied bias of 1 and 1.5 volts is shown
in Fig. 13 and the dynamic response for an applied bias of

2 and 2.11 volts is shown in Fig. 14. As the applied bias
increases, the time period to complete one full cycle in-
creases. For an applied bias of 2.12 volts, the tip of the
beam de¯ects and makes a contact with the ground elec-
trode. The peak de¯ection of the beam when a dynamic
pull-in voltage (2.12 volts) is applied is shown in Fig. 15.

Fig. 10. Pull-in behavior of the ®xed-®xed beam for a bias of 13.7
volts

Fig. 11. a A cantilever beam and a bottom electrode separated by
a gap g0, b de¯ection of the beam when a potential difference is
created between the beam and the bottom electrode

Fig. 12. De¯ection of a cantilever beam for a series of applied
voltages. The pull-in voltage is 2.34 volts

Fig. 13a, b. Dynamic analysis of a cantilever beam. a Applied bias
is 1 volt, b applied bias is 1.5 volts
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It is observed that the dynamic pull-in voltage is smaller
than the quasi-static pull-in voltage by about 9%.

4.3
Two-dimensional example: Electromechanical pressure
sensor
The governing equation for the electromechanical pressure
sensor is given by the thin plate theory [7] i.e.

o4u

ox4
� o4u

oy4
� 2G

o4u

ox2oy2
� p

D
�87�

where u is the de¯ection of the thin plate, p is the applied
pressure, D is the bending rigidity given by

D �
~Eh3

12�1ÿ t2� �88�

G � 2
~G
~E
�1ÿ t2� � t �89�

~E � Ex � Ey is the Young's modulus, ~G � Gxy is the shear
modulus, h is the thickness of the plate, and t is the
Poisson's ratio.

We will consider the solution of a thin square plate
�0 � x � 2a; 0 � y � 2a� with ®xed boundary conditions
along the four edges. Because of symmetry, only a quarter

of a plate is simulated i.e. 0 � x � a and 0 � y � a. As-
suming m is a weighting function, a ®nite-element weak-
formulation accounting for the imposition of the slope
boundary conditions
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where C1 is the ®xed boundary parallel to x-axis (the
boundary de®ned by y � 0), C2 is the ®xed boundary that
is parallel to y-axis (the boundary de®ned by x � 0), C3 is
the symmetric boundary parallel to y-axis (the boundary
de®ned by x � a) and C4 is the symmetric boundary that
is parallel to x-axis (the boundary de®ned by y � a).
Equation (90) is solved by employing the two-dimensional
RKPM presented in Sect. 2.4. The Dirichlet boundary
conditions are imposed by employing the technique de-
scribed in Sect. 3.2.4.

Numerical results are obtained for a thin square plate
whose side is 1000 lm long and 10 lm thick. The Young's
modulus is taken as ~E � 1:698� 1011 N/m2, the shear
modulus is taken as ~G � 0:622� 1011 N/m2, and the
Poisson's ratio is 0.066. For an applied pressure of
100 mmHg, the de¯ection of the plate is shown in Fig. 16.
The peak de¯ection obtained with the RKPM meshless
approach is 1.24 lm, and this matches closely with the
peak de¯ection of 1.27 lm reported in [7]. The peak de-
¯ection, which is at the center of the plate, as a function of
applied pressure is shown in Fig. 17. Also shown in Fig. 17
is the variation of the peak de¯ection as a function of the

Fig. 14a, b. Dynamic analysis of a cantilever beam. a Applied bias
is 2 volts, b applied bias is 2.11 volts ± this calculation is just
before pull-in

Fig. 15. Pull-in behavior of the cantilever beam for a bias of 2.12
volts
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thickness of the plate. These results are obtained for an
applied pressure of 100 mmHg. As the thickness decreas-
es, the plate becomes more ¯exible and the peak de¯ection
increases. This behavior is captured correctly by the
RKPM meshless approach.

5
Conclusions
A meshless technique for analysis of microelectrome-
chanical devices is presented here for the ®rst time. The
meshless approach is based on consistent reproducing
kernel approximations. A correction function that satis®es
consistency conditions is derived when second derivatives
of the function are involved in the weak form of the
governing equations. A simple approach combining con-
straint elimination and Lagrange multipliers is presented
to enforce boundary conditions exactly.

Numerical results are presented for nonlinear static and
dynamic analysis of microswitches and for two-dimen-
sional analysis of electromechanical pressure sensors. The
meshless approach is shown to be accurate by comparing
the computed pull-in voltages and peak de¯ections with
the previously reported data. Finally, it is anticipated that
with meshless techniques in place, radically simpler and
easy to use computer-aided design tools will be available
for MEMS designers.
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