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Abstract

In this paper, we introduce a Lagrangian approach for 3D electrostatic analysis. In this approach, when the conductors undergo

deformation or shape changes, the surface charge densities on the deformed conductors can be computed without updating the geometry of

the conductors. This alleviates the computation-intensive task of remeshing the structure and regeneration of shape functions.
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1. Introduction

Electrostatic systems are frequently encountered in

semiconductor, MEMS and nanotechnology applications.

Electrostatic conductors are used as interconnects in

Integrated Circuit (IC) technology and as sensors and

actuators at micro and nanoscales. Electrostatic conductors

can undergo deformation because of the surrounding

temperature or when subjected to electrostatic forces. For

example, in electrostatically actuated micro-electro-mech-

anical systems (MEMS) [1–3], the conductors undergo

deformations due to electrostatic forces caused by applied

potentials. When the conductors get deformed, the surface

charge distribution changes on the surface of the conductors

and it can be determined by performing an electrostatic

analysis. The geometry of the device needs to be updated

before an electrostatic analysis is performed This presents

several problems. First, flat surfaces of the structures in the

initial configuration can become curved due to deformation.

This requires the development of complex integration

schemes on curved panels to perform electrostatic analysis.

Second, when the structure undergoes very large defor-

mations, remeshing the surface may become necessary

before an electrostatic analysis is performed. Third,

interpolation functions, used in many numerical methods,

need to be recomputed whenever the geometry changes.

Each of these issues significantly increases the compu-

tational effort of performing electrostatic analysis of the

device. In Ref. [4], a Lagrangian approach, that is widely

used in mechanics [5] for solving problems in the

undeformed position of the structures, has been developed

to perform the electrostatic analysis of 2D deformable

conductors in their initial configuration. In this paper we

extend the idea of 2D Lagrangian electrostatics to 3D

problems.

The problem we want to address is as follows. Consider a

two conductor system of finite extent, as shown in Fig. 1. Let

V1 and V2 denote the original geometry of conductor 1 and

conductor 2, respectively, dV1 and dV2 denote the surface

or the boundary of conductor 1 and conductor 2,

respectively, v1 denotes the deformed shape of conductor

1, v2 denotes the deformed shape of conductor 2, dv1 and

dv2 denote the deformed surfaces of conductor 1 and

conductor 2, respectively, and �v is the domain exterior to v1

and v2: A potential of g1 is applied on conductor 1 and a

potential of g2 is applied on conductor 2. The applied

potentials do not change as the conductors undergo

deformation or shape changes. The objective is to compute

the surface charge density on the two conductors in the

deformed position by solving the electrostatic equations on

the undeformed positions of the two conductors, i.e. using
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V1 and V2: This is done by developing a Lagrangian

approach for 3D electrostatics. In the rest of the paper, a

Lagrangian approach for electrostatic analysis refers to the

solution of the electrostatic equations on the undeformed

positions of the conductors.

The approach described in the paper can be used to

efficiently compute the surface charge densities whenever

conductors undergo shape changes. The rest of the paper is

outlined as follows: Section 2 summarizes the deformed

configuration approach to compute the surface charge

densities, Section 3 describes the Lagrangian approach to

compute the surface charge densities, Section 4 summarizes

a full Lagrangian framework for quasi-static analysis of

MEMS, Section 5 compares the results obtained with the

deformed configuration and the Lagrangian approaches and

conclusions are given in Section 6.

2. Electrostatic analysis: deformed configuration

approach

Consider again the two conductor system shown in Fig. 1.

The governing equations along with the boundary

conditions for the exterior electrostatic problem are given

by [6],

72f ¼ 0 in �v ð1Þ

f ¼ g1 on dv1 ð2Þ

f ¼ g2 on dv2 ð3Þ

where �v is the domain exterior to v1 and v2 and fl1 ! 0:

Boundary element method (BEM) [7,8] is an efficient

technique to solve the exterior electrostatic problem. The

boundary integral equation for the electrostatic problem is

given by [9],

fðpÞ ¼
ð

dv
Gðp; qÞsðqÞdgq ð4Þ

where s is the unknown surface charge density, p is the

source point, q is the field point, G is the Green’s function

and dv ¼ dv1 < dv2: In three dimensions and in SI units,

Gðp; qÞ ¼ 1=ð4p1lxp 2 xqlÞ; where lxp 2 xql is the distance

between the source point p and the field point q and 1 is the

permittivity of the medium. In Eqs. (1)–(3) all the variables

are defined in the deformed configuration and the boundary-

integral Eq. (4) is also defined on the deformed positions of

the conductors. Hence, this approach is referred to as the

deformed configuration approach.

A collocation BEM is used to solve the boundary integral

equation given in Eq. (4). In the collocation BEM, the

surface of the conductors is discretized into panels and the

surface charge density is assumed to be constant on

each panel. The centroid of each panel is taken as the

collocation point and the value of the potential and

the surface charge density at the collocation point

represent the value of the potential and the surface charge

density on the panel. The boundary integral equation for a

source point p can be written as,

fðpÞ ¼
XNE

k¼1

ð
dvk

1

4p1lxp 2 xqkl
sk dgqk ð5Þ

where NE is the number of panels, dvk is the surface area of

the k-th panel, qk is the field point on the k-th panel and sk is

the unknown charge density on the k-th panel. Eq. (5) can be

rewritten in a matrix form as

A �s ¼ �f ð6Þ

where A is an NE £ NE coefficient matrix, �f and �s are the

NE £ 1 right hand side and unknown surface charge density

vectors, respectively. The entries of the coefficient matrix A
and the vectors �f and �s are given by

Aði; jÞ ¼
ð

dvj

1

4p1lxpi 2 xqjl
dgqj i; j ¼ 1;…;NE ð7Þ

�f ¼

f1

f2

..

.

fNE

2
66666664

3
77777775

�s ¼

s1

s2

..

.

sNE

2
66666664

3
77777775

ð8Þ

3. Lagrangian approach

In the Lagrangian approach, we map the boundary

integral equation in the deformed configuration, Eq. (4), to

the initial configuration by representing each component in

Eq. (4) by its counterpart in the initial configuration. Fig. 2

shows the initial configuration of the conductor denoted by

B (all quantities in the initial configuration are denoted by

capital letters) and the deformed configuration of the

conductor is denoted by b (all quantities in the deformed

configuration are denoted by lower case letters). Consider

an infinitesimal surface on the boundary of B: Let P be the

point on the infinitesimal surface, X be the position vector of

P and dC and d �C be two arc elements issuing from point P

Fig. 1. A two conductor electrostatic system.
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such that dC and d �C together determine a surface element

dS: Let dC and d �C be represented by the vectors dX and d �X;

respectively, in the original configuration. After defor-

mation, point P moves to p and its position changes to x:

The arcs defining the infinitesimal area ds in the deformed

configuration, dc and d�c; can be represented by the vectors

dx and d�x; respectively. The areas dS and ds in the original

and the deformed configurations are given by

dS ¼ ldX £ d �Xl ð9Þ

ds ¼ ldx £ d�xl ð10Þ

Also, let N and n be the outward unit normal vectors to dS in

B and ds in b; respectively. We have

dX £ d �X ¼ ðdSÞN ð11Þ

and

dx £ d�x ¼ ðdsÞn ð12Þ

The displacement from P to p is denoted by u: The physical

quantities in the deformed configuration can be expressed

by the corresponding physical quantities in the initial

configuration (Lagrangian description) as described below

(Eq. (14) is Nanson’s law [10]):

x ¼ X þ u ð13Þ

nðdsÞ ¼ JF2TNðdSÞ ð14Þ

where J is the determinant of F; and F is the deformation

gradient tensor given by

Fij ¼
›xi

›Xj

¼ dij þ
›ui

›Xj

i; j ¼ 1; 2; 3 in 3D ð15Þ

The components of the position and displacement vectors

are given by

x ¼

x

y

z

2
664

3
775 X ¼

X

Y

Z

2
664

3
775 u ¼

u

v

w

2
664

3
775 ð16Þ

The electric potential, f; on the conductors and the

dielectric constant 1 of the medium, are assumed to be

constant in the deformed, as well as in the undeformed

configurations. Using Eq. (9), the Green’s function, Gðp; qÞ;

in 3D can be written as

Gðp;qÞ¼GðpðPÞ;qðQÞÞ¼
1

4p1lXP2XQþuP2uQl
ð17Þ

where P and Q are the source and the field points in the

initial configuration corresponding to the source and the

field points p and q in the deformed configuration, XP and

XQ are the position vectors of the points P and Q;

respectively, and uP and uQ are the displacements of the

points P and Q; respectively. From Eq. (14), the area of an

infinitesimal surface, dg; in the deformed configuration is

expressed in terms of the area of the corresponding surface

segment, dG; in the initial configuration by

dg¼ JlF2T NldG ð18Þ

where N is the unit normal vector to dG: The unknown

surface charge density is given by

sðxðXÞÞ¼
X

i

MiðXÞsi ð19Þ

where sðxðXÞÞ is the surface charge density in the initial

configuration, MiðXÞ is the interpolation function of point i

evaluated at X in the initial configuration and si is the value

(constant) of the charge density at point i:

The Lagrangian form of the boundary integral equation is

given by

fðpðPÞÞ ¼
ð

dV

1

4p1lXp 2 XQ þ uP 2 uQl

�
X

i

MiðXÞsi

" #
½JðQÞlFðQÞ2T NðQÞl�dGQ ð20Þ

If the unknown charge density is assumed constant on each

panel, then the Lagrangian form given in Eq. (20) can be

rewritten as

fðpðPÞÞ ¼
XNE

k¼1

ð
dVk

1

4p1lXP 2 XQk
þ uP 2 uQk

l

�sk½JðQkÞlFðQkÞ
2T NðQkÞl�dGQk

ð21Þ

where NE is the number of panels, dVk is the surface of the

k-th panel, Qk is the field point on the k-th panel and sk is

the constant charge density for the k-th panel. In matrix form

�A �s ¼ �f ð22Þ

where �A is an NE £ NE coefficient matrix, �f and �s are the

NE £ 1 right hand side and unknown vectors, respectively.

Using SdG ¼ sdg; where S is the charge density per unit

undeformed surface area, one gets

S ¼ JslF2T Nl ð23Þ

Fig. 2. Initial and deformed configurations of a deformable conductor.
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Using Eq. (23), Eq. (21) can be rewritten as

fðPÞ ¼
XNE

k¼1

ð
dVk

1

4p1lXP 2 XQk
þ uP 2 uQk

l
Sk dGQk

ð24Þ

where Sk is the constant charge density for the k-th panel in

the undeformed configuration.

4. Lagrangian framework for quasi-static

MEMS analysis

As mentioned in Section 1, electrostatic analysis is

required in several applications including MEMS [1–3]. In

this section, we illustrate the significance of the Lagrangian

electrostatic approach by summarizing the key steps for

quasi-static coupled mechanical and electrostatic analysis

for MEMS applications. As shown in Fig. 3, starting from

zero volts, voltage is applied incrementally to find a self-

consistent deformation and charge density for an applied

voltage. A self-consistent solution requires several iter-

ations between mechanical and electrostatic analysis. In a

classical approach, the electrostatic analysis is performed on

the deformed configuration while the mechanical analysis is

performed in the initial or the original configuration. Using

the Lagrangian electrostatics approach, self-consistent

analysis can be implemented by using the original

configuration for both mechanical and electrostatic analysis.

These details are summarized in Algorithm 1 (see Fig. 3 for

the notation used in the algorithm). Here, as before, u is the

displacement field and S is the charge density per unit

undeformed surface area. The new symbol H is the surface

force (traction) per unit undeformed surface area. This is

H ¼
Js2F2T N

21
¼

S2

2J1

F2T N

lF2T Nl2
ð25Þ

The implementation of this algorithm for 2D MEMS

analysis has been presented recently in Ref. [11]. The

focus of the present paper is on Lagrangian electrostatic

analysis of 3D geometries. 3D coupled MEMS analysis

using a full Lagrangian framework is a subject of future

research.

5. Results

A spherical conductor problem, several two conductor

problems and a bus crossing problem have been solved

using the classical boundary-element method. Potential is

specified on the surface of the conductors and the surface

charge density is computed by both the deformed

configuration approach and the original configuration

(the Lagrangian) approach. The permittivity of the

medium, 1; is assumed to be unity, unless otherwise

specified.

5.1. Spherical conductor problem

In the first example, we consider a spherical conductor of

radius a ¼ 1 unit (Fig. 4) which expands radially to a radius

of b ¼ 1:5 units. The displacement field of the conductor is

given by,

u ¼
b 2 a

a

� �
X; v ¼

b 2 a

a

� �
Y ; w ¼

b 2 a

a

� �
Z ð26Þ

Here u is the x-component of the displacement, v is the

y-component of the displacement and w is the z-component

of the displacement.

Fig. 3. (a) Deformation of body. (b) Voltage history.

Fig. 4. Configuration of a spherical conductor.
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Algorithm 1. Many-step quasi-static MEMS analysis using

a Lagrangian framework

1. Apply V1 to B

Solve BEM problem on ›B

Get charge density S
ð0Þ
1 and traction Hð0Þ

1

2. Solve FEM problem in B with traction Hð0Þ
1

Get displacement uð0Þ
1 on ›B:

3. Update ›B; ›bð0Þ
1 ¼ ›B þ uð0Þ

1

Solve BEM problem on ›B for ›bð0Þ
1

Get charge density S
ð1Þ
1 and traction Hð1Þ

1

4. Solve FEM problem in B with traction Hð1Þ
1

Get displacement uð1Þ
1 on ›B

5. Iterate (3–4) until converegence

Now t ¼ t1: Get converged values u1; ›b1 ¼ ›B þ

u1; H1

6. Apply DV to B

Solve BEM problem on ›B (scale step 1)

Get charge density DS; traction DH

7. Solve FEM problem in B with traction Hð0Þ
2 ¼ H1 þ DH

Get displacement uð0Þ
2 on ›B

8. Update ›B; ›bð0Þ
2 ¼ ›B þ uð0Þ

2

Solve BEM problem on ›B for ›bð0Þ
2 with

V2 ¼ V1 þ DV

Get charge density S
ð1Þ
2 and traction Hð1Þ

2

9. Solve FEM problem in B with traction Hð1Þ
2

Get displacement uð1Þ
2 on ›B

10. Iterate (8–9) until converegence

Now t ¼ t2: Get converged values u2;

›b2 ¼ ›B þ u2; H2

11. Proceed until tn

The surface charge density is computed by both the

deformed configuration and the Lagrangian approaches.

The surface charge density is constant and can be computed

analytically. In the deformed configuration, the surface

charge density can be computed by solving the boundary

integral equation

�f ¼
ðu¼p=2

u¼2p=2

ðc¼2p

c¼0

s

4p1r
b2 cos u dc du ð27Þ

By solving Eq. (27) (with
Ð

1=r ds ¼ 4pb), we get

s ¼
�f1

b
ð28Þ

and in the original configuration, the surface charge

density can be computed by solving the boundary integral

equation

�f ¼
ðu¼p=2

u¼2p=2

ðc¼2p

c¼0

P
4p1r

b2 cos u dc du ð29Þ

Solving Eq. (29), we get

S ¼
�fb1

a2
ð30Þ

where �f is the applied potential on the spherical

conductor.

We can also compute the surface charge density in the

undeformed configuration by using the relationship in

Eq. (23). The deformation gradient F and the normal N

are given by

F ¼

b=a 0 0

0 b=a 0

0 0 b=a

2
664

3
775 ð31Þ

N ¼ cos u cos cı̂ þ cos u sin cĵ þ sin uk̂ ð32Þ

Therefore,

S ¼ detðFÞlN·F21ls ¼ s
b2

a2
ð33Þ

For �f ¼ 1 and 1 ¼ 1; we obtain s ¼ 0:6667 units by the

deformed configuration approach. Using the Lagrangian

approach, we obtain S ¼ 1:5 units from which we calculate

the charge density in the deformed configuration to be s ¼
Sa2

b2 ¼ 0:6667:

Fig. 5. Configuration of a two cubic conductor system.

Fig. 6. Configuration of the two cubic conductor system when the left

conductor is subjected to a shear deformation.
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5.2. 2-Conductor problems

We consider two 1 £ 1 £ 1 cube conductors separated by

a distance of 2 units along the y-axis (see Fig. 5). A potential

of 1 V is applied on the left conductor and the right

conductor is grounded. The left conductor is subjected to a

shear deformation as shown in Fig. 6. The right conductor is

fixed and does not undergo any deformation. The displace-

ment field of the deformed conductor is given by

u ¼ 0; v ¼ Z; w ¼ 0 ð34Þ

The objective is to compute the surface charge density on

the two conductors when the left conductor undergoes shear

deformation.

In the deformed configuration approach Eq. (4), the

deformed position of the left conductor and the right

conductor are each discretized into 384 panels to compute

the surface charge density. In the Lagrangian approach

Eq. (20), the original position of the left conductor and the

right conductor are each discretized into 384 panels to

compute the surface charge densities. The charge distri-

butions on the conductors obtained by both the approaches

are identical. Fig. 7 shows the charge distribution on four

faces of the conductors obtained by using the deformed

configuration approach and the Lagrangian approach.

The geometry of the second 2-conductor system is

identical to the geometry considered in the first example. In

the second example we assume that the left conductor

undergoes rotation. The deformed configuration of the

second problem is shown in Fig. 8. The displacement field

of the conductor is given by

u ¼ 0; v ¼
1ffiffi
2

p 2 1

� �
Y 2

1ffiffi
2

p Z;

w ¼
1ffiffi
2

p Y þ
1ffiffi
2

p 2 1

� �
Z

ð35Þ

The surface charge density is computed by the deformed

configuration and the Lagrangian approach. The surface

charge densities computed by both the approaches are

identical. Fig. 9 shows the charge distributions on the

conductors obtained by using the deformed configuration

approach and the Lagrangian approach.

Fig. 7. Surface charge densities for the two conductor system where the left

conductor is subjected to a shear deformation. Shown in black is the surface

charge density.

Fig. 8. Configuration of the two cubic conductor system when the left

conductor is subjected to a rotation.

Fig. 9. Surface charge densities for the two conductor system where the left

conductor is subjected to a rotation. Shown in grey is the surface charge

density.

Fig. 10. Configuration of the two rectangular conductor system.
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5.3. Cantilever beam problems

In this example, we consider two rectangular conductors

of dimensions 20 £ 1 £ 1 as shown in Fig. 10. The distance

between the two beams is 5 units along the z-axis. A

potential of 1 V is applied on the top conductor and the

bottom conductor is grounded. The bottom conductor is also

fixed and cannot move. The left end of the top conductor is

fixed and the displacement of the top conductor is given by

u ¼ 0; v ¼ 0; w ¼ 2
Y2

100
ð36Þ

The deformed configuration of the system is shown in

Fig. 11. The problem is solved by using the Lagrangian and

the deformed configuration approaches. The surface charge

densities computed by the deformed configuration approach

and the Lagrangian approach are shown in Fig. 12. The

results look identical, but there is a small difference in

the solution obtained by the two approaches. The small error

arises because of the geometrical approximations involved

in the deformed configuration approach. When a conductor

deforms or changes shape, the surfaces become curved.

When curved surfaces are approximated by straight panels,

numerical errors can be introduced into the deformed

configuration approach. We refined the discretization of the

conductors to investigate the difference between the two

approaches. Each conductor is first discretized into 328

panels and the maximum difference between the two

approaches is found to be 0.13%. When the conductors

are discretized into 738 panels each, the maximum

difference reduced to 0.09%. The error plots are shown in

Figs. 13 and 14. The use of more panels to approximate

curved surfaces reduces the integration error in the

deformed configuration approach and hence, the results

are closer to the Lagrangian approach. We can thus,

Fig. 11. Configuration of the two rectangular conductor system when the

top conductor is subjected to a displacement.

Fig. 12. Surface charge densities for the two rectangular conductor system

when the top conductor is subjected to displacement given by Eq. (36).

Fig. 13. Difference in surface charge densities between the two approaches

when 328 panels are used for each conductor in the cantilever beam

example shown in Fig. 11.

Fig. 14. Difference in surface charge densities between the two approaches

when 738 panels are used for each conductor in cantilever beam example

shown in Fig. 11.
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conclude that the Lagrangian approach is more accurate as

all the integrations are performed in the initial configuration.

5.4. Bus crossing problem

The final example is a bus crossing geometry illustrated

in Fig. 15 with four conductors of dimension 5 £ 1 £ 1 units.

The applied potential on the top two conductors is 1 V and

the bottom two conductors are grounded. The displacement

of the bottom two conductors is given by

u ¼ 0; v ¼
Y

5
; w ¼ 0 ð37Þ

and the displacement of the top two conductors is given by

u ¼
X

5
; v ¼ 0; w ¼ 0 ð38Þ

As a result of the deformation given in Eqs. (37) and (38),

the conductors elongate along their length. The deformed

configuration of the system is shown in Fig. 16. Each

conductor was discretized into 352 panels. The problem is

solved by using the Lagrangian and the deformed

configuration approaches. The surface charge densities

computed by the deformed configuration approach and the

Lagrangian approach are shown in Fig. 17. Both the results

are identical.

6. Conclusions

In this paper, we have developed a Lagrangian approach

to compute surface charge densities on 3D deformable

conductors. This approach is mathematically equivalent to

the conventional deformed configuration approach. The

Lagrangian approach possesses several advantages: (1) the

geometry of the conductors does not need to be updated for

performing the electrostatic analysis of deformed conduc-

tors, (2) it eliminates the integration error that arises when

flat panels are used to approximate curved surfaces and (3)

the interpolation functions need not be re-computed

whenever a structure undergoes a shape change. Comparing

Eq. (5) (the deformed configuration approach) and Eq. (21)

(the Lagrangian approach), only one additional term is

involved in Eq. (21). The computational overhead involved

in computing this term is small (typically, the overhead is

5%; see also the discussion in Ref. [4]). From the above

discussion, we can conclude that the Lagrangian approach is

an accurate and efficient way to compute surface charge

densities of deformable structures.
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