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Abstract

Semiconductor mechanical components of nanoelectromechanical systems (NEMS) typically undergo deformations when subjected to

electrostatic forces. Computational analysis of electrostatic NEMS requires an electrostatic analysis to compute the electrostatic forces

acting on the nanomechanical structures and a mechanical analysis to compute the deformation of the nanomechanical structures.

Typically, the mechanical analysis is performed by a Lagrangian approach using the undeformed position of the structures. However, the

electrostatic analysis is performed by using the deformed position of the nanostructures. The electrostatic analysis on the deformed

position of the nanostructures requires updating the geometry of the structures during each iteration. In this paper, based on a recently

proposed hybrid BIE/Poisson/Schrödinger approach, we propose Lagrangian formulations for the BIE/Poisson/Schrödinger equations

and solve the coupled Lagrangian BIE/Poisson/Schrödinger’s equations self-consistently using the undeformed position of the

semiconductors to compute the charge distributions on the deformed semiconductors. The proposed approach eliminates the

requirement of updating the geometry and, consequently, significantly simplifies the procedure of coupled electromechanical analysis of

NEMS.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A number of nanoelectromechanical device and system
(NEMS) applications have been proposed recently [1–3].
Computational analysis of electrostatically actuated NEMS
requires a self-consistent analysis of the coupled electrostatic
and mechanical energy domains [4]. Typically, a NEM system
contains a deformable and a fixed structure separated by a
dielectric medium. The deformable structure is typically made
of a semiconductor material, such as silicon, and the fixed
structure can be either a conductor or a semiconductor.
When a voltage is applied between the deformable and the
fixed structures, electrostatic forces act on both the structures
due to the induced charges. Since the fixed structure cannot
move, the electrostatic forces move only the deformable
e front matter r 2006 Elsevier Ltd. All rights reserved.
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structure. When the deformable semiconductor structure
undergoes a shape change, the charge redistributes in the
structure and, consequently, the resultant electrostatic forces
and the deformation of the structure also change. This
process continues until an equilibrium state is reached. The
primary steps involved in the self-consistent solution
approach are summarized in Algorithm 1.

Algorithm 1. Procedure for coupled electromechanical
analysis
repeat
1
. Do mechanical analysis (on the undeformed geometry)
to compute structural displacements

2
. Update the geometry of the semiconductor using the
computed displacements

3
. Compute charge distribution in the semiconductor by
electrostatic analysis (on the deformed geometry)

4
. Compute electrostatic forces (on the deformed
geometry)
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. Transform electrostatic forces to the original
undeformed configuration
until an equilibrium state is reached

In microelectromechanical systems (MEMS), the me-
chanical components are typically treated as conductors
[5–9] and the electrostatic analysis of MEMS can be
performed by solving the potential or the Laplace equation
in the domain exterior to all the conductors. However, as
the characteristic length in NEM structures can be
comparable to the Debye length, the NEM structures can
no longer be approximated as conductors. In addition,
when the characteristic length of the NEM structure
shrinks to several tens of nanometers, the carrier quantum
confinement in the semiconductor structure [10] can impose
a significant effect on the charge distribution in the
mechanical components of NEMS. As a result, coupled
Poisson/Schrödinger equations need to be solved self-
consistently to obtain the electronic properties such as the
potential field and the charge distribution of the system
[11,12]. Recently, we have proposed a hybrid BIE/Poisson/
Schrödinger approach for quantum-mechanical electro-
static analysis of NEMS [13].

An important aspect of NEMS is that NEM structures
typically undergo deformations when subjected to electro-
static forces. The computational analysis of NEMS
involves repeated mechanical and electrostatic analysis on
NEM structures, as shown in Algorithm 1. The mechanical
analysis is typically carried out in the undeformed
configuration of the structures. However, the electrostatic
analysis is typically performed on the deformed structures.
Therefore, the geometry of the structures needs to be
updated before an electrostatic analysis is performed
during each iteration. The need to update the geometry
of the structures could introduce several problems—First,
flat surfaces of the structures in the initial configuration can
become curved due to deformation. This requires the
development of complex integration schemes on curved
panels [14] to perform electrostatic analysis. Second, when
the structure undergoes a very large deformation, remesh-
ing the surface as well as the interior of the deformed
structure may become necessary before an electrostatic
analysis is performed. Third, interpolation functions, used
in many numerical methods, need to be recomputed
whenever the geometry changes. Each of these issues
significantly increases the computational effort making the
self-consistent analysis of electrostatic NEMS an extremely
complex and challenging task. A Lagrangian approach for
electrostatic analysis of deformable conductors or MEMS
has been proposed and discussed in [6,8,15]. In this paper,
we propose a Lagrangian formulation for the hybrid BIE/
Poisson/Schrödinger equations for electrostatic analysis of
deformable semiconductor nanostructures or NEMS. We
refer to this approach as the Lagrangian BIE/Poisson/
Schrödinger approach. The Lagrangian BIE/Poisson/
Schrödinger approach eliminates the requirement of a
cut-off box as well as the requirement of updating the
geometry of nanostructures. While the Lagrangian ap-
proach is mathematically equivalent to the deformed
configuration BIE/Poisson/Schrödinger approach, it sig-
nificantly simplifies the coupled electrical and mechanical
analysis procedure as shown in Algorithm 2. In addition, to
take advantage of the flexibility of meshless methods (see
e.g., [16]), in this paper we employ the meshless finite cloud
method (FCM) [17–20] for interior analysis (i.e., for the
solution of the Lagrangian Poisson/Schrödinger equations
in the semiconductor) and the meshless boundary integral
formulation [21–24] for exterior analysis (i.e., for the
solution of the Lagrangian boundary integral equations of
the exterior potential equation). The charge distribution
and the capacitance of the NEMS are obtained by solving
the coupled system of equations self-consistently. Since the
primary focus of this paper is Lagrangian electrostatic
analysis, based on quantum-mechanical models, we assume
that the deformation of the nanostructure is known, i.e., we
address the question of if the structure were to undergo a
certain deformation, can we compute the charge density
without updating the geometry (i.e., we discuss step 2 of
Algorithm 2 assuming step 1 can be implemented using
existing tools and techniques). For self-consistent mechan-
ical and electrostatic analysis, the deformation can be
computed by performing a mechanical analysis using
classical theories [7], or classical theories with material
properties extracted from atomistic simulation [4], or by
using a multiscale approach [25].

Algorithm 2. Procedure for coupled electromechanical
analysis by using a Lagrangian approach for both
mechanical and electrostatic analysis
repeat
1
. Do mechanical analysis (on the undeformed geometry)
to compute structural displacements

2
. Compute charge distribution in the semiconductor by
electrostatic analysis (on the undeformed geometry)

3
. Compute electrostatic forces (on the undeformed
geometry)
until an equilibrium state is reached

The rest of the paper is organized as follows: Section 2
presents a brief description of the hybrid BIE/Poisson/
Schrödinger approach for electrostatic analysis of nanos-
tructures, Section 3 presents the Lagrangian hybrid BIE/
Poisson/Schrödinger formulations, Section 4 describes the
numerical implementation of the Lagrangian hybrid BIE/
Poisson approach, Section 5 presents numerical results and
Section 6 presents conclusions.

2. Hybrid BIE/Poisson/Schrödinger approach

To explain electrostatic analysis of NEMS, we consider a
nanoswitch example as shown in Fig. 1. The nanoswitch
consists of a semiconductor beam structure that is clamped
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Fig. 1. A typical nanoswitch example consisting of a deformable

fixed–fixed semiconductor beam and a fixed bottom conductor.
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at the ends and the beam is separated from a bottom
conductor/electrode by a small gap. When a voltage is
applied between the fixed–fixed beam and the bottom
conductor, electrostatic charges are induced in the semi-
conductor beam. These charges give rise to an electrostatic
force, which acts on the entire (surface as well as in the
interior) semiconductor beam. Since the bottom conductor
is fixed and cannot move, the electrostatic forces deform
only the fixed–fixed beam.

The nanoswitch example shown in Fig. 1 contains three
regions: the semiconductor structure, the bottom
conductor and the infinite dielectric medium that is
exterior to the semiconductor structure and the bottom
conductor. As shown in Fig. 1, the original undeformed
geometry of the semiconductor is denoted as O1 (shown as
the dashed line in Fig. 1) and its boundary is G1. The
deformed geometry of the semiconductor is denoted as o1

and the boundary of the deformed semiconductor is
denoted as g1. The fixed bottom conductor and its
boundary are denoted by O2 (or o2) and G2 (or g2),
respectively. Note that since the bottom conductor cannot
move, O2 ¼ o2 and G2 ¼ g2. The infinite dielectric medium
exterior to the undeformed semiconductor and the bottom
conductor is denoted by O and the region exterior to the
deformed semiconductor and the bottom conductor is
denoted by o. The bottom conductor is treated as an
equipotential region.

Let us first consider electrostatic analysis of the
nanoswitch using the deformed position of the beam.
Based on the idealization that the dielectric medium is a
perfect insulator, i.e., there is no charge in the entire
dielectric medium, the electric potential satisfies the
Laplace equation in the dielectric medium (the region
exterior to the semiconductor beam and the fixed bottom
conductor). The Laplace equation is given by

r2f ¼ 0 in o, (1)

f ¼ gðxÞ on gg, (2)

q ¼
qf
qn
¼ hðxÞ on gh, (3)
where xT ¼ fx; yg is the position vector of a point, and gðxÞ

and hðxÞ are the potential and its normal derivative
specified on the boundary portions gg and gh

(gg [ gh ¼ g1 [ G2) of the semiconductor/conductor struc-
tures, respectively. When the critical length (e.g., the width)
of the semiconductor structure is comparable to the Debye
length or the screening length [26], the potential inside the
semiconductor beam satisfies the Poisson equation, which
is given by [26]

r � ð�srfÞ ¼ r ¼ �eðp� nþNþD �N�AÞ in o1, (4)

where e is the elementary charge, r is the net charge
density, �s is the permittivity of the semiconductor material,
NþD and N�A are the concentration of the ionized donor and
acceptor dopants, respectively, and p and n are the hole
and electron concentrations, respectively. As the size of the
semiconductor structure continues to shrink to nano and
sub-nanometer scales, quantum effects become more
significant and can even dominate the entire device
behavior [10]. The carrier quantum confinement in the
semiconductor structure can impose a significant effect on
the charge distribution in the mechanical components of
NEMS. In this case, the Poisson equation given in Eq. (4)
needs to be solved self-consistently with the Schrödinger
equation in the semiconductor structure to obtain the
potential field and the charge distribution. The two
dimensional effective mass Schrödinger equation is given
by [27]

ĤðcnÞ ¼ �
_2

2m�x

q2

qx2
þ

_2

2m�y

q2

qy2

 !
cn þUðefÞcn

¼ Encn in o1, ð5Þ

where Ĥ is the Hamiltonian, _ is the Planck’s constant, m�x
and m�y are the effective masses of an electron or hole
in the x- and y-direction, respectively, U is the potential
energy and cn is the wave function corresponding
to the energy level En. In this paper, we employ UðefÞ ¼
Eg=2� ef for electrons and UðefÞ ¼ �Eg=2� ef for
holes, where Eg is the energy gap. By solving the
Schrödinger equation (Eq. (5)), the energy levels En and
the corresponding wave functions cn can be obtained for
electrons and holes. The Poisson equation is coupled with
the Schrödinger equation through the quantum electron
and hole densities,

pðfÞ ¼ Np

X
n

c2
nF�1=2

En � EF

kBT

� �
, (6)

nðfÞ ¼ Nn

X
n

c2
nF�1=2

EF � En

kBT

� �
, (7)

where EF is the Fermi level energy, kB is the Boltzmann
constant, T is the temperature, F�1=2 is the complete
Fermi–Dirac integral of order � 1

2
and

Nn ¼
1

p
2m�nvkBT

_2

� �1=2

; Np ¼
1

p

2m�pvkBT

_2

� �1=2

, (8)
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where m�nv and m�pv are the density-of-state masses of
electrons and holes, respectively. For two-dimensional
quantum confinement, m�nv and m�pv are equal to the
electron and hole effective masses in the z-direction
(denoted by m�z ), respectively. Fig. 1 shows the regions
where the Laplace and the Poisson/Schrödinger equations
are solved.

In [13], we have proposed a hybrid technique to solve the
governing equations (Eqs. (1), (4), (5)). The key idea in the
hybrid technique is to solve the Laplace equation in the
exterior domain by using a boundary integral formulation,
and then to combine the boundary integral equations
(BIEs) with the Poisson/Schrödinger equations for the
interior domain analysis of the semiconductor structure(s).
In the hybrid approach, the BIEs are satisfied at the
boundary nodes of the beam and the fixed conductor (see
Fig. 2) and the Poisson/Schrödinger equations are satisfied
at the interior nodes of the semiconductor beam. The BIEs
are given by

aðxÞfðxÞ ¼
XN0

j¼1

Z
gj

fðx0Þ
qGðx; x0Þ

qn0
dgðx0Þ

�
XN0

j¼1

Z
gj

qðx0ÞGðx;x0Þdgðx0Þ þ f1, ð9Þ

XN0

j¼1

Z
gj

qðx0Þdgðx0Þ ¼ 0, (10)

where N0 is the number of NEM structures (for the
example shown in Fig. 2, N0 ¼ 2 (the beam and the fixed
conductor)), x is the source point, x0 is the field point,
Gðx;x0Þ is the Green’s function, n0 is the outward normal at
x0, qðx0Þ ¼ qfðx0Þ=qn0 is the flux at the field point x0, aðxÞ is
the corner tensor (aðxÞ ¼ 1

2
for smooth boundaries, see [28]

for more details), gj is the boundary of the jth structure,
and f1 is the constant reference potential. In two-
dimensions, Gðx;x0Þ ¼ ln jx� x0j=ð2pÞ, where jx� x0j is
V V

γ1

γ2 = Γ2

γ int

γg2 = Γg2

Γ1

γg1 = Γg1

Fig. 2. Hybrid BIE/Poisson/Schrödinger discretization of the nanoswitch

example. G1 and g1 denote the boundary of the undeformed and the

deformed geometry of the semiconductor structure, respectively. gint is the

boundary interface between the semiconductor structure and the dielectric

medium. The Poisson/Schrödinger equations are satisfied at the interior

nodes (filled circles) of the semiconductor beam and the boundary integral

equations and/or the interface conditions are satisfied at the boundary

nodes (open circles) of the beam and the fixed conductor.
the distance between the source point x and the field point
x0. Note that the quantities in Eqs. (9), (10) are defined only
on the boundary of the semiconductors or conductors. The
need to discretize the region exterior to the NEM structures
and the requirement of a cut-off box are eliminated by
using the BIEs for the exterior domain. The BIEs (Eqs. (9),
(10)) are coupled with the Poisson equation through the
interface conditions [29]

fðxÞjBIE ¼ fðxÞjPoisson on gint, (11)

�s
qfðxÞ
qn

����
Poisson

þ �dqðxÞjBIE ¼ sint on gint, (12)

where gint is the boundary interface between the semi-
conductor structure and the dielectric medium, fjBIE and
fjPoisson are the potentials computed from the BIE and the
Poisson equation, respectively, qjBIE is the normal deriva-
tive of the potential from the BIE, �d is the permittivity of
the dielectric medium and sint is the charge density on the
exposed surface of the semiconductor. In addition, external
potentials are applied on the bottom conductor and at the
two ends of the semiconductor beam, i.e.,

f ¼ g1 on gg1 and gg2, (13)

f ¼ g2 on G2. (14)

Therefore, for a given set of boundary conditions,
Eqs. (13), (14), the potential field and the charge distribu-
tion in the semiconductor can be obtained by solving the
BIEs, Eqs. (9), (10), the Poisson equation, Eq. (4), and the
Schrödinger equation, Eq. (5), self-consistently. The BIEs
(Eqs. (9), (10)) are coupled with the Poisson equation
through the interface conditions given in Eqs. (11), (12)
and the Poisson equation is coupled with the Schrödinger
equation through the quantum hole and electron densities
given in Eqs. (6), (7).

3. Lagrangian approach

In this section, we introduce a Lagrangian formulation,
where the governing BIE, Poisson/Schrödinger equations
and the interface conditions defined on the deformed
geometries are transformed to the initial or the undeformed
configuration of the semiconductors. The governing
equations with the Lagrangian description are then solved
numerically in the undeformed configuration to compute
the electrical potential and the charge density of the
deformed semiconductor structure(s).

3.1. Lagrangian description in 2-D: basic concepts

When a material body is subjected to a force, either
internal or external, its geometrical shape undergoes a
change. As shown in Fig. 3, the initial or the undeformed
configuration of a body is denoted by B (all quantities in
the initial configuration are denoted by capital letters) and
the deformed configuration of the body is denoted by b
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(all quantities in the deformed configuration are denoted
by lower case letters). Consider an infinitesimal segment on
the boundary of B. Let P be the point where the
infinitesimal boundary segment is directed from, X be the
position vector of P, dX be the vector representing the
infinitesimal boundary segment and N be the unit outward
normal at P. When the body deforms from B to b, point P

moves to p and its position changes to x. The boundary
segment dX and the unit outward normal N in the initial
configuration deform to dx and n in the deformed
configuration, respectively. Note that the boundary seg-
ment changes not only in length but also in direction when
it deforms. The displacement from P to p is denoted by
vector u. The physical quantities in the deformed config-
uration can be expressed by the corresponding physical
quantities in the initial configuration (Lagrangian descrip-
tion) as described below [30]:

x ¼ Xþ u, (15)

dx ¼ FdX, (16)

dX ¼ F�1 dx, (17)

where F is the deformation gradient tensor given by

Fij ¼
qxi

qX j

¼ dij þ
qui

qX j

; i; j ¼ 1; 2 for 2�D (18)

and the inverse of F is given by

F�1ij ¼
qX i

qxj

; i; j ¼ 1; 2 for 2�D. (19)

The components of the position and the displacement
vectors are given by

x ¼
x

y

( )
; X ¼

X

Y

� �
; u ¼

u

v

� �
for 2�D. (20)

In the initial configuration, the infinitesimal boundary
segment dX can be represented by the product of its length
dG and its unit direction vector T. Similarly, the boundary
segment, dx, in the deformed configuration can be
represented by the product of its length dg and its unit
direction vector t.

dx ¼ dgt, (21)

dX ¼ dGT. (22)

The relation between the unit outward normal at the point
x in the deformed configuration, n, and the unit outward
normal at the point X in the initial configuration, N, is
given by Nanson’s law [30]

ndg ¼ JF�TNdG. (23)

From Nanson’s law and Eqs. (21), (22), we obtain [6,30]

dg ¼ JjF�TNjdG ¼ ðT � CTÞ1=2 dG, (24)

where C ¼ FTF is the Green deformation tensor,
J ¼ detðFÞ, and T and N are the unit tangential and the
normal vectors, respectively. By using the chain rule and
Eq. (19), the gradient of a physical quantity f in the
deformed configuration can be expressed as

rxf ¼

qf
qx

qf
qy

8>>><
>>>:

9>>>=
>>>;
¼

qf
qX

qX

qx
þ

qf
qY

qY

qx

qf
qX

qX

qy
þ

qf
qY

qY

qy

8>>><
>>>:

9>>>=
>>>;

¼

qX

qx

qY

qx

qX

qy

qY

qy

2
6664

3
7775

qf
qX

qf
qY

8>><
>>:

9>>=
>>; ¼ F�TrXf, ð25Þ

where rXf and rxf denote the gradient of f in the initial
and the deformed configurations, respectively. Eq. (25)
shows that the differential operator rx in the deformed
configuration can be rewritten in the initial configuration
as

rx ¼ F�TrX. (26)

The normal derivative of a physical quantity f in the
deformed configuration can be rewritten as

qf
qn
¼ rxf � n ¼ F�TrXf �

dG
dg

JF�TN ¼ F�TrXf

�
1

JjF�TNj
JF�TN ¼ F�TrXf �

F�TN

jF�TNj

¼ rXf �
F�1F�TN

jF�TNj
¼ rXf �

C�1N

jF�TNj
¼

C�T

jF�TNj

qf
qN

. ð27Þ

By using the above relations, the geometry of a deformed
structure and the differential operators defined on the
deformed structure can be expressed in terms of the
geometry and the differential operators in the initial
configuration and its deformation information.

3.2. Lagrangian form of the hybrid BIE/Poisson/

Schrödinger equations

In the Lagrangian approach, we first transform the BIEs,
Eqs. (9), (10), to the initial configuration by representing
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each component in Eqs. (9), (10) by its counterpart in the
initial configuration. Using Eq. (15), the Green’s function
in two dimensions, Gðx;x0Þ, can be rewritten as

Gðx;x0Þ ¼ GðxðXÞ;x0ðX0ÞÞ ¼
1

2p
ln jX� X0 þ u� u0j, (28)

where X and X0 are the source and the field points in the
initial configuration corresponding to the source and the
field points x and x0 in the deformed configuration, xðXÞ
denotes x in the deformed configuration mapped to X in
the initial configuration with the mapping x ¼ Xþ u, and u

and u0 are the displacements of points X and X0,
respectively. For coupled electromechanical analysis, these
displacements are computed by a mechanical analysis.
The normal derivative of the Green’s function can be
rewritten as

qGðx;x0Þ

qn0
¼ rx0Gðx;x

0Þ � n0

¼
1

2p

�
x� x0

jx� x0j2

�
y� y0

jx� x0j2

8>>><
>>>:

9>>>=
>>>;
� n0 ¼

1

2p

�
X � X 0 þ u� u0

jX� X0 þ u� u0j2

�
Y � Y 0 þ v� v0

jX� X0 þ u� u0j2

8>>>><
>>>>:

9>>>>=
>>>>;
� n0

¼ rX0GðxðXÞ;x
0ðX0ÞÞ � n0. ð29Þ

By using Eq. (24), the Lagrangian form of the second term
on the right-hand side of the BIE, Eq. (9), is given by [6]

XN0

j¼1

Z
gj

qðx0ÞGðx;x0Þdgðx0Þ

¼
XN0

j¼1

Z
Gj

GðxðXÞ;x0ðX0ÞÞqðx0ðX0ÞÞ

� ½TðX0Þ � CðX0ÞTðX0Þ�1=2 dGðX0Þ, ð30Þ

where qðx0ðX0ÞÞ is the flux at a point x0 in the deformed
configuration mapped to the point X0 in the initial
configuration. By using Eqs. (23), (29), the Lagrangian
form of the first term on the right-hand side of the BIE,
Eq. (9), can be rewritten as

XN0

j¼1

Z
gj

fðx0Þ
qGðx;x0Þ

qn0
dgðx0Þ

¼
XN0

j¼1

Z
gj

fðx0ðX0ÞÞrX0GðxðXÞ;x
0ðX0ÞÞ � n0 dgðx0Þ

¼
XN0

j¼1

Z
Gj

fðx0ðX0ÞÞrX0GðxðXÞ; x
0ðX0ÞÞ � J ðX0ÞF�TðX0Þ

�NðX0ÞdGðX0Þ. ð31Þ

Substituting Eqs. (30), (31) into Eq. (9), the Lagrangian
form of the first BIE is given by

aðxðX0ÞÞfðxðX0ÞÞ

¼
XN0

j¼1

Z
Gj

fðx0ðX0ÞÞrX0GðxðXÞ; x
0ðX0ÞÞ � JðX0ÞF�TðX0Þ
�NðX0ÞdGðX0Þ �
XN0

j¼1

Z
Gj

GðxðXÞ;x0ðX0ÞÞqðx0ðX0ÞÞ

�½TðX0Þ � CðX0ÞTðX0Þ�1=2 dGðX0Þ þ f1, ð32Þ

where fðx0ðX0ÞÞ is the potential at a point x0 in the
deformed configuration mapped to the corresponding
point X0 in the initial configuration and aðxðX0ÞÞ is the
corner tensor in the initial configuration. Note that in the
initial configuration f1 remains as the same constant and
aðxðX0ÞÞ is computed by using the summation rule [28]. The
Lagrangian form of Eq. (10) is given by

XN0

j¼1

Z
Gj

qðx0ðX0ÞÞ½TðX0Þ � CðX0ÞTðX0Þ�1=2 dGðX0Þ ¼ 0. (33)

Next, we transform the Poisson equation (Eq. (4)) from the
deformed configuration to the initial configuration. Sub-
stituting Eq. (26) into Eq. (4), the Poisson equation can be
rewritten in the Lagrangian form as

ðF�TðXÞrXÞ � ð�sðxðXÞÞF
�TðXÞrXfðxðXÞÞÞ

¼ �eðpðxðXÞÞ � nðxðXÞÞ þNþD �N�AÞ. ð34Þ

Assuming �s is a constant, Eq. (34) can be rewritten as

�s½ðF
�TðXÞrXÞ � ðF

�TðXÞrXfðxðXÞÞÞ�

¼ �eðpðxðXÞÞ � nðxðXÞÞ þNþD �N�AÞ. ð35Þ

It can be easily shown that Eq. (35) can also be rewritten as

�s

JðXÞ
½rX � ðJðXÞC

�1
ðXÞrXfðxðXÞÞÞ�

¼ �eðpðxðXÞÞ � nðxðXÞÞ þNþD �N�AÞ. ð36Þ

Note that in Eq. (36) all the quantities are mapped to the
initial or the undeformed configuration. Similarly, the
Lagrangian form of the Schrödinger equation (Eq. (5)) is
given by

�
_2

2
½ðF�TðXÞrXÞ � ðF

�T
m ðXÞrXcnðxðXÞÞÞ�

þUðefðxðXÞÞÞcnðxðXÞÞ ¼ EnðxðXÞÞcnðxðXÞÞ, ð37Þ

where EnðxðXÞÞ and cnðxðXÞÞ are the eigen-energy
and the wave function of the semiconductor in
the deformed configuration mapped to the initial config-
uration, and

F�Tm ðXÞ ¼
m�xF�111 ðXÞ m�xF�121 ðXÞ

m�yF�112 ðXÞ m�yF�122 ðXÞ

" #
. (38)

The quantum electron and hole densities are given by

nðfðxðXÞÞÞ ¼ Nn

X
n

c2
nðxðXÞÞF�1=2

EF � EnðxðXÞÞ

kBT

� �
,

(39)

pðfðxðXÞÞÞ ¼ Np

X
n

c2
nðxðXÞÞF�1=2

EnðxðXÞÞ � EF

kBT

� �
.

(40)
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Substituting Eq. (27) into Eq. (12), the Lagrangian form of
the interface conditions given in Eqs. (11), (12) is given by

fðxðXÞÞjBIE ¼ fðxðXÞÞjPoisson on Gint, (41)

�s

rXfðxðXÞÞ � C�1ðXÞNðXÞ
jF�TðXÞNðXÞj

jPoisson þ �dqðxðXÞÞjBIE

¼ sintðxðXÞÞ on Gint. ð42Þ

The boundary conditions given in Eqs. (13), (14) remain
the same as the applied potential does not change with the
structural deformation, i.e.,

fðXÞ ¼ g1 on Gg1 and Gg2, (43)

fðXÞ ¼ g2 on G2. (44)

In summary, the Lagrangian form of the hybrid BIE/
Poisson/Schrödinger equations are given by Eqs. (32), (33),
(35), (37) along with the interface and the boundary
conditions given in Eqs. (41)–(44). As shown in Fig. 4, the
Lagrangian form of the hybrid equations are solved in the
initial or in the undeformed configuration to obtain the
potential, charge density, energy levels and the wavefunc-
tions on the deformed position of the semiconductor
structure(s). Once the potential and the charge density are
computed, the electrostatic body force in the initial
configuration of the semiconductor structure can be
computed by [31]

Belec ¼ Jrrxf ¼ JrF�TrXf, (45)

where Belec denotes the electrostatic body force and r is the
charge density as defined in Eq. (4). The electrostatic
pressure,H, on the beam surface in the initial configuration
is given by [7]

H ¼
s2int

2�d
JF�TN. (46)

Remarks.
1.
V

Fig

nan

(ind

req
The Lagrangian approach is mathematically equivalent
to the deformed configuration approach discussed in
Section 2. However, the Lagrangian approach possesses
several advantages compared to the deformed config-
V

Γint

Γ2

Γ1

Γg1 Γg2

. 4. Lagrangian hybrid BIE/Poisson/Schrödinger discretization of the

oswitch domain. The discretization of the deformed position

icated by the dashed line) of the semiconductor structure is not

uired in this approach.
uration approach: (1) it does not require any update of
the geometry of the structures; (2) it eliminates integra-
tion error that arises when flat panels are used to
approximate curved surfaces; and (3) interpolation
functions need not be re-computed whenever a structure
undergoes a shape change.
2.
 In this section, the Lagrangian form of the BIE/Poisson/
Schrödinger equations are derived for quantum-me-
chanical electrostatic analysis of NEMS. As the
semiclassical electrostatic analysis [13] is a special case
of the quantum-mechanical electrostatic analysis, the
Lagrangian formulation can be easily extended for the
semiclassical electrostatic analysis.
3.
 The deformation quantities in the Hamiltonian of the
Lagrangian Schrödinger equation (Eq. (37)) change as
the structure deforms. Since the deformation quantities
are the coefficients of the differential operator in the
Hamiltonian, the eigen-energies and the wavefunctions
for a new deformation can be computed easily using a
perturbation technique [27]. This, however, is computa-
tionally more expensive in the deformed configuration
approach.
4.
 Deformation of the NEM structure(s) can also arise due
to other sources such as thermal effects [32] or
fabrication errors [33]. Regardless of the source, if the
deformation of the structure(s) is known, the electro-
static analysis can be performed on the undeformed
geometry of the structure(s) by using the Lagrangian
formulation.
5.
 In a general coupled electrostatic and mechanical
analysis, the mechanical deformation of the structures
can be computed by using various numerical methods,
where the displacement field is approximated by
interpolation or shape functions. The deformation
gradient, which contains the derivatives of the displace-
ments, is typically obtained by using the same set of
shape functions. When the displacements are approxi-
mated by linear shape functions (i.e., F is constant
within each boundary panel), the deformed configura-
tion approach and the Lagrangian approach give
identical solutions. This result has been shown in [6].
However, when the displacements are nonlinear, the
originally flat boundary typically becomes curved. The
nonlinear displacements can be described accurately by
using a higher order approximation of the displacements
and F, whereas the use of flat panels in the deformed
configuration approach is a lower order approximation
to the displacements. Therefore, the Lagrangian ap-
proach is typically more accurate than the deformed
configuration approach.
6.
 In coupled electromechanical analysis of NEMS, one
typically needs to perform electrostatic analysis repeat-
edly for different deformations of the semiconductor
structure. In this case, a sensitivity analysis [34] can be
employed with the Lagrangian BIE/Poisson/Schrödin-
ger equations given in Eqs. (32), (33), (35), (37) to speed-
up the calculations.
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4. Numerical implementation

In our implementation of the Lagrangian form of the
hybrid BIE/Poisson/Schrödinger equations, the unde-
formed semiconductor structure and the surface of the
bottom conductor are discretized into points/nodes, as
shown in Fig. 4. We then employ a FCM [17–20] to
solve the Lagrangian form of the Poisson and the
Schrödinger equations (Eqs. (35), (37)) for the interior
nodes of the semiconductor beam and a boundary cloud
method (BCM) [21,22] to solve the BIEs given in Eqs. (32),
(33) for the boundary nodes of the semiconductor structure
and the fixed conductor. The FCM is a meshless method
(see e.g., [16] for an overview of meshless methods) in
which only points are needed to cover the structural
domain and no connectivity information among the points
is required. The FCM uses a fixed kernel technique to
construct the shape functions and a point collocation
technique to discretize the governing partial differential
equations. In FCM, the unknown potential fðxðXÞÞ and
the wave function cnðxðXÞÞ are approximated using the
shape functions by

fðxðXÞÞ � fa
ðxðXÞÞ ¼

XNS

I¼1

NI ðXÞf̂I ,

cnðxðXÞÞ � ca
nðxðXÞÞ ¼

XNS

I¼1

NI ðXÞĉnI , ð47Þ

where fa
ðxðXÞÞ, ca

nðxðXÞÞ are approximations to fðxðXÞÞ
and cnðxðXÞÞ, respectively, and the derivatives of fðxðXÞÞ
and cnðxðXÞÞ are approximated by

qf
qX
ðxðXÞÞ �

qfa

qX
ðxðXÞÞ ¼

XNS

I¼1

qNI

qX
ðXÞf̂I ,

q2f
qX 2
ðxðXÞÞ �

q2fa

qX 2
ðxðXÞÞ ¼

XNS

I¼1

q2NI

qX 2
ðXÞf̂I , ð48Þ

qcn

qX
ðxðXÞÞ �

qca
n

qX
ðxðXÞÞ ¼

XNS

I¼1

qNI

qX
ðXÞĉnI ,

q2cn

qX 2
ðxðXÞÞ �

q2ca
n

qX 2
ðxðXÞÞ ¼

XNS

I¼1

q2NI

qX 2
ðXÞĉnI , ð49Þ

where NS is the total number of nodes used to discretize
the semiconductor beam, f̂I and ĉnI are the nodal
parameters for node I, and NI ðXÞ is the meshless
shape function of node I evaluated at X (see [17–20] for
details). In a BCM, the unknown potential fðxðXÞÞ
and its normal derivative qðxðXÞÞ for a boundary point
can be approximated by either a Hermite-type appro-
ximation [21] or a varying basis least-squares approxima-
tion [22]. The shape functions are constructed for the
boundary nodes without using a mesh. In this paper,
we employ a varying basis least-squares approach to
approximate the unknown quantities in the BIEs. The
discrete form of the varying basis approximation for the
unknowns is given by

fðxðXÞÞ � fa
ðxðXÞÞ ¼

XNB

I¼1

NI ðXÞ ~fI , (50)

qðxðXÞÞ � qaðxðXÞÞ ¼
XNB

I¼1

NI ðXÞ ~qI , (51)

where NB is the number of boundary points, ~fI and ~qI are
the BCM nodal parameters of f and q for node I,
respectively, and NI ðXÞ is the shape function of node I (see
[22] for details). The boundary of the structure is
discretized into NC cells for integration purpose. Each cell
contains a certain number of nodes and the number of
nodes can vary from cell to cell.
After the shape functions are constructed, both the FCM

and the BCM use a point collocation technique to
discretize the governing equations. In a point collocation
approach, the governing equations are satisfied at every
node which does not carry a boundary condition, and for
nodes with boundary conditions the approximate solution
or the derivative of the approximate solution are set to the
given Dirichlet and Neumann boundary conditions,
respectively. In FCM, the approximations of the unknown
quantities given in Eqs. (47)–(49) are substituted into
Eqs. (35), (37), (41)–(44) to satisfy the Lagrangian form of
the Poisson equation, the Schrödinger equation and
the boundary/interface conditions for the points on
the semiconductor. In BCM, the approximations of the
unknown quantities given in Eqs. (50), (51) are substituted
into Eqs. (32), (33), (41)–(44) to satisfy the Lagrangian
BIEs and the boundary/interface conditions for the
boundary points. The discretized Lagrangian form of
the Poisson equation, Eq. (35), for an interior node Xi in
the initial configuration is given by

�s
XNS

I¼1

½ðF�TrXÞ � ðF
�TrXNI ðXiÞÞ�f̂I

¼ �eðpðxðXiÞÞ � nðxðXiÞÞ þNþD �N�AÞ. ð52Þ

Note that, in Eq. (52) and in the following equations,
F�TðXiÞ, JðXiÞ, NðXiÞ, TðXiÞ and CðXiÞ are simply denoted
by F�T, J, N, T and C, respectively, for brevity. The
discretized Lagrangian form of the Schrödinger equation,
Eq. (37), for a interior node Xi is given by

�
_2

2

XNS

I¼1

½ðF�TrXÞ � ðF
�T
m rXNI ðXiÞÞ þUðefðxðXiÞÞÞ�ĉnI

¼ EnðxðXiÞÞ
XNS

I¼1

NI ðXiÞĉnI . ð53Þ

The discretized Lagrangian form of the BIE, Eq. (32), for a
boundary node Xi is given by

XNB

J¼1

aNJðXiÞ �
XNC

k¼1

Z
Gk

NJðX
0ÞrX0GðxðXiÞ;x

0ðX0ÞÞ

"
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�JF�TNdG

#
~fJ

¼ �
XNB

J¼1

XNC

k¼1

Z
Gk

GðxðXiÞ;x
0ðX0ÞÞNJðX

0Þ

"

�½T � CT�1=2 dG

#
~qJ þ f1, ð54Þ

where Gk is the kth cell on the boundary. The discretized
BIE, Eq. (33), is given by

XNB

J¼1

XNC

k¼1

Z
Gk

NJðX
0Þ½T � CT�1=2 dG

" #
~qJ ¼ 0. (55)

The discretized Dirichlet potential boundary condition,
Eq. (43), for an FCM boundary node Xi is given by

XNS

I¼1

NI ðXiÞf̂I ¼ g1ðXiÞ, (56)

the discretized Dirichlet potential boundary condition,
Eqs. (43), (44), for a BCM boundary node Xi is given by

XNB

J¼1

NJðXiÞ
~fJ ¼ gjðXiÞ; j ¼ 1; 2 (57)

and the discretized Lagrangian form of the interface
conditions, Eq. (41), (42), for a boundary node Xi are
given by

XNB

J¼1

NJðXiÞ
~fJ ¼

XNS

I¼1

NI ðXiÞf̂I , (58)

�s
C�1N

jF�TNj
� rX

XNS

I¼1

NI ðXiÞf̂I þ �d

XNB

J¼1

NJ ðXiÞ ~qJ

¼ sintðxðXiÞÞ. ð59Þ

Eqs. (52)–(59) give rise to a linear system (see [13] for
details)

JðuÞ

df̂

d ~/

d~q

8><
>:

9>=
>; ¼ �RðEn;wnÞ (60)

and an eigen-system

Hðf; uÞŵn ¼ Enŵn, (61)

where J is the Jacobian matrix, u is the displa-
cement vector, df̂, d ~/ and d~q are the vectors of
unknown increments of the nodal parameters and R is
the residual vector. The nodal parameters f̂, ~/, ĉn, and ~q
can be obtained by iteratively solving the coupled
equations (60), (61). Once the nodal parameters are
obtained, the potential f and its normal derivative q can
be computed by using Eqs. (47), (50), (51). The charge
distribution in the semiconductor beam structure can then
be computed by evaluating the right-hand side of Eq. (4).
From the charge distribution the electrostatic forces can be
computed by using Eqs. (45), (46).

Remark.
1.
 The Lagrangian form of the hybrid BIE/Poisson/
Schrödinger approach for quantum-mechanical electro-
static analysis described in Section 3 is independent of
the numerical methods used. One can use any domain-
based numerical method, such as the finite element or
the finite difference method, to solve the Lagrangian
form of the Poisson and the Schrödinger equations
inside the semiconductor structure, and any boundary-
based numerical method, such as the boundary element
method, to solve the boundary integral equations on the
boundary of the NEM structures. In this paper, we solve
the Lagrangian form of the BIE/Poisson/Schrödinger
equations by employing the meshless techniques as
described above.

5. Numerical examples

In this section we perform electrostatic analysis of
several nanoswitch examples by using the Lagrangian
form of the hybrid BIE/Poisson/Schrödinger approach. In
all calculations, we have used e ¼ 1:6� 10�19 C, sint ¼ 0,
_ ¼ 1:055� 10�34 Js, Eg ¼ 1:12 eV, kB ¼ 1:38066� 10�23

J=K, T ¼ 300K, �d ¼ �0 ¼ 8:85� 10�12 C2=Nm2 and
�s ¼ 11:7�0, where �0 is the permittivity of the vacuum.
The electron effective masses are taken to be m�x ¼

0:19m0; m�y ¼ 0:98m0 and m�z ¼ 0:19m0, and the hole
effective masses are m�x ¼ m�y ¼ m�z ¼ 0:49m0 for heavy
holes, m�x ¼ m�y ¼ m�z ¼ 0:16m0 for light holes and m�x ¼

m�y ¼ m�z ¼ 0:29m0 for split-off holes, where m0 ¼ 9:11�
10�31 kg is the free electron rest mass. N-type doping is
used for all the examples shown in this paper, which means
that only the quantization of the electrons is important and
the quantum effect of the holes can be neglected. As a
result, the Schrödinger equation is solved only for the
electrons and, instead of using Eq. (6), the hole concentra-
tion is obtained by

p ¼ NVF1=2
EV � EF

kBT

� �
, (62)

where EV ¼ �Eg=2� ef is the valence band, NV ¼ 1:83�
1019=cm3 is the effective density of states of the
valence band and F1=2 is the complete Fermi–Dirac
integral of order 1

2
. However, other models for the

interface charge density can also be implemented.
For all the examples, we also compute the charge
distribution in the deformed configuration to compare
the results obtained from the Lagrangian and the
deformed configuration approaches. In addition, since
capacitance is often of interest for electrome-
chanical sensors, the capacitance of the nanoswitch is also
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computed. Note that, since the focus of this paper is on the
development of a Lagrangian approach, rather than the
investigation of quantum physics in NEM structures, the
Schrödinger equation with a simple effective mass approx-
imation is used in all the examples. However, the
Lagrangian approach can be employed for more advanced
physical models within the framework of the coupled
Poisson/Schrödinger equations.

As a first example, we consider a nanoswitch containing
a 20 nm long and a 5 nm wide silicon beam which can
move vertically with the side contact. The initial gap
between the beam and the bottom conductor is 5 nm. The
beam has an N-type doping density of 1015=cm3.
The potential on the left end of the beam is specified as
0V. The applied potential on the bottom conductor
is 5V. The bottom conductor is 40 nm long and 5 nm
wide. The nanoswitch is shown in Fig. 5(a). The dashed
line represents the initial configuration of the top
semiconductor and the solid shape is the deformed shape
of the structure. The objective of this example is to
compute the charge distribution in the semiconductor
beam when the beam undergoes rigid body motion in
the y-direction. Note that the bottom conductor is fixed
and does not undergo any deformation. The displacement
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deformed semiconductor beam when a ¼ �4nm; (c) capacitance variation as
field of the top semiconductor is given by

u ¼ 0

v ¼ a; a ¼ �4;�3;�2;�1; 0;

(
(63)

where u is the x-component of the displacement and v is the
y-component of the displacement and we consider five
different displacements ða ¼ �4;�3;�2;�1; 0Þ giving rise
to five different gaps between the beam and the fixed
conductor. The system is solved by using both the
Lagrangian and the deformed configuration approaches.
The charge distributions in the semiconductor obtained by
the Lagrangian and the deformed configuration ap-
proaches are identical. The charge density profile is shown
in Fig. 5(b) for a ¼ �4 nm. Fig. 5(c) shows the capacitance
variation of the nanoswitch system as a function of the
displacement of the semiconductor.
The second example is a nanoswitch with a 20 nm� 5 nm

cantilever silicon beam. The initial gap between the beam
and the bottom conductor is 5 nm. The beam has an
N-type doping density of 1015=cm3. The potential at the left
end of the beam is specified as 0V. The applied potential on
the bottom conductor is 5V. The fixed bottom conductor is
40 nm long and 5 nm wide. The left end of the top
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semiconductor is fixed and the beam displacement is given
by

u ¼ Pðy�D=2Þ½ð6L� 3xÞxþ 2:25ðy2 �DyÞ�;

v ¼ P 0:75 y2 �Dyþ
D2

4

� �
ðL� xÞ þ 5:25

D2x

4

�

þð3L� xÞx2

�
;

8>>>>>><
>>>>>>:

(64)

where Lð¼ 20 nmÞ and Dð¼ 5 nmÞ are the length and the
width of the beam, respectively, and by varying Pð�2�
10�4pPp0Þ we can change the displacement of the beam.
The original and the deformed configurations of the system
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Fig. 6. A cantilever nanoswitch example: (a) the top semiconductor beam is sub

the peak displacement (�2� 10�4pPp0); the deformed configuration appro

deformed semiconductor beam obtained from the Lagrangian approach; (d) ch

deformed configuration approach; (e) capacitance difference between the two
are shown in Fig. 6(a). The system is solved by using both
the Lagrangian and the deformed configuration ap-
proaches. The variation of the capacitance with the peak
displacement in the y-direction is shown in Fig. 6(b). The
charge density computed by the Lagrangian approach and
the deformed configuration approach is shown in Fig. 6(c)
and (d), respectively. The results look identical (see
Fig. 6(b)), but there is a small difference in the solutions
obtained by the two approaches as shown in Fig. 6(e). The
small error arises because of the geometrical approxima-
tions involved in the deformed configuration approach.
When a structure deforms or changes shape, the surfaces
become curved. When curved surfaces are approximated by
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straight cells, numerical errors can be introduced into the
deformed configuration approach. Furthermore, the points
used to discretize the semiconductor move when the
structure deforms. For a uniform point discretization in
the initial configuration, the points become non-uniform in
the deformed configuration. As a result, the meshless shape
functions in the deformed configuration are computed by
using the non-uniform distribution of points. A refinement
study is performed to investigate the difference in
the solution between the two approaches. The top
semiconductor is discretized into 16� 4, 32� 8 and 64�
16 points and the boundary of the structures is di-
scretized into 68, 132 and 260 cells, respectively. The
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Fig. 7. A cantilever nanoswitch example: (a) the top semiconductor beam is

function of the peak displacement; (c) charge distribution in the deformed s

distribution in the deformed semiconductor beam obtained from the deform

approaches.
capacitance difference between the two approaches is
found to be 0.45% for a discretization of 16� 4 points
and 80 cells. When the semiconductor is discretized into
64� 16 points and the boundary of the structures is
discretized into 320 cells, the capacitance difference
reduced to 0.1%. The error plots are shown in Fig. 6(e).
The use of more points/cells reduces the integration error
in the deformed configuration approach. Hence the results
are closer to the Lagrangian approach. From this example,
we can conclude that the Lagrangian approach is more
accurate as all the integrations are performed in the initial
configuration and the shape functions are computed on a
uniform set of points.
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The third example is a nanoswitch subjected to a large
deformation. The nanoswitch contains a 40 nm� 5 nm
silicon cantilever beam and a 80 nm long bottom
conductor, as shown in Fig. 7(a). The initial gap is
30 nm. The beam has an N-type doping density of
1015=cm3. The potential at the left end of the beam is
specified as 0V. The applied potential on the
bottom conductor is 5V. The deformation of the
cantilever nanoswitch is obtained from a mechanical
analysis (see [7] for details). The capacitance variation
as the beam deforms is shown in Fig. 7(b). The
charge density computed by the Lagrangian approach is
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Fig. 8. A fixed–fixed nanoswitch example: (a) the top semiconductor beam is s

of the displacement; (c) charge distribution in the deformed semiconductor bea

deformed semiconductor beam obtained from the deformed configuration app
shown in Fig. 7(c) and the charge density computed by the
deformed configuration approach is shown in Fig. 7(d).
The top semiconductor is discretized into 32� 4, 64� 8
and 128� 16 points and the boundary of the structures is
discretized into 116, 228 and 452 cells, respectively. The
capacitance difference between the two approaches is
found to be 2.5% for a discretization of 32� 4 points
and 116 cells. The capacitance difference is larger
compared to the second example due to the larger
deformation of the beam. When 128� 16 points and 452
cells are used, the difference between the two approaches
reduces to 0.8%.
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The final example is a fixed–fixed nanoswitch example.
As shown in Fig. 8(a), a 40 nm� 5 nm silicon fixed–fixed
beam is located above a 80 nm� 5 nm bottom conductor,
with an initial gap of 10 nm. The beam has an N-type
doping density of 1015=cm3. The potential at the two ends
of the top beam is specified as 0V. The applied potential on
the bottom conductor is 5V. The deformation of the fixed-
fixed nanoswitch is obtained from a mechanical analysis
(see [7] for details). The capacitance variation as the beam
deforms is shown in Fig. 8(b). The charge density
computed by the Lagrangian approach is shown in Fig.
8(c) and the charge density computed by the deformed
configuration approach is shown in Fig. 8(d). The
semiconductor beam is discretized into 32� 4, 64� 8 and
128� 16 points and the boundary of the structures is
discretized into 116, 228 and 452 cells, respectively. As
shown in Fig. 8(e), the capacitance difference between the
Lagrangian and the deformed approaches is found to be
0.75% for a discretization of 16� 4 points with 116 cells
and 0.48% for the discretization of 128� 16 points with
452 cells.
6. Conclusions

In this paper, we have introduced a Lagrangian BIE/
Poisson/Schrödinger approach to compute the charge
distribution in nanoscale deformable semiconductors. This
approach is mathematically equivalent to the deformed
configuration BIE/Poisson/Schrödinger approach. How-
ever, the Lagrangian approach possesses several advan-
tages: (1) it does not require any update of the geometry of
the structures, (2) it eliminates integration error that arises
when flat panels are used to approximate curved surfaces
and (3) interpolation functions need not be re-computed
whenever a structure undergoes a shape change. For these
reasons, the Lagrangian approach is more efficient and
accurate as it avoids the additional computational cost and
the numerical error introduced by updating the geometry.
The combination of a Lagrangian approach for quantum
mechanical electrostatic analysis with a Lagrangian
approach for mechanical analysis can significantly simplify
coupled electrical and mechanical analysis of NEMS.
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