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SUMMARY

In this paper, a methodology is proposed for expediting the coupled electro-mechanical two-dimensional
finite element modeling of electrostatically actuated MEMS. The proposed methodology eliminates the
need for repeated finite element meshing and subsequent electrostatic modeling of the device during
mechanical deformation. We achieve this by mapping the deformed electrostatic domain to the reference
undeformed domain ‘conformally’. A ‘conformal’ map preserves the form of the Laplace equation and the
boundary conditions; thus the electrostatic problem is solved only once in the undeformed electrostatic
domain. The conformal map itself is generated through the solution of the same Laplace equation on the
undeformed geometry and with displacement boundary conditions dictated by the movement of the
mechanical domain. The proposed methodology is demonstrated through its application to the modeling
of three MEMS devices with varying length-to-gap ratios, multiple dielectrics and complicated geometries.
The accuracy of the proposed methodology is confirmed through comparisons of its results with results
obtained using the conventional finite element solution. Copyright r 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Micro-Electro-Mechanical (MEM) devices like switches, varactors and oscillators have shown
great potential for the use in communication devices, sensors and actuators [1, 2]. They generally
consist of thin, movable electrodes suspended over a fixed electrode. Electrode movement/
deformation is exploited for different functions such as actuation, sensing and switching. These
devices are designed to have thin beams and high length-to-gap ratios. Multiple dielectrics are
included to enhance the performance.

The widespread insertion of MEMS devices in integrated electronics is critically dependent
on the availability of accurate and computationally efficient, multi-physics CAD tools in
support of device design iteration, optimization and performance degradation assessment. The
focus of this paper is on electrostatically actuated MEMS, which are also the most widespread
MEMS devices.

A detailed characterization of an electrostatically actuated MEMS device requires the
solution of a coupled electro-mechanical problem. Several one-dimensional models and
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approximate analytical expressions have been presented for calculating the electro-mechanical
response of the switch [3]. There have also been some efforts toward the development of one-
dimensional models for reliability analysis [4]. Such models are good for quick design evaluation
and understanding of the device operation. However, these methods are limited in their
description of the governing physics and lack the modeling detail and simulation accuracy
needed for design optimization and performance degradation assessment. To provide for the
needed modeling rigor and solution accuracy, finite element methods (FEM), boundary
elements methods (BEM) and hybrid FEM-BEM schemes are used. For example, MEMCAD
[5] uses ABAQUS, a commercial FEM package for the mechanical analysis and a BEM-based
program FASTCAP [6] for the electrostatic analysis. In the absence of material inhomogeneity,
BEM is the method of choice for the electrostatic problem, since only the surface of the
conducting electrodes need be discretized. However, for devices with significant dielectric
material inhomogeneity and, in general, substantial geometric complexity, an FEM solution to
the electrostatic problem offers modeling versatility and formulation simplicity. To avoid the
numerical error introduced by the truncation of the finite element grid for the case of
unbounded geometries, hybrid formulations where an FEM model of the interior is
complemented by a BEM statement on the surface used for truncating the computational
domain is possible [7, 8].

There are some inherent computational challenges for performing a coupled electro-
mechanical solution. To provide a framework for their discussion, let us consider the
application of a two-dimensional FEM model for a coupled electro-mechanical analysis of an
electrostatically actuated MEMS device. In order to keep the presentation simple, it is assumed
that a relaxation-based algorithm rather than a Newton method [9] is used for the coupling of
the electrostatic and the mechanical domains. Our proposed approach does not rely on this
assumption. The relaxation-based algorithm is as follows:

Algorithm 1
Perform an electrostatic analysis in the non-deformed geometry to calculate forces for use in

the mechanical domain.
Repeat the following until an equilibrium state is reached:

1. Do mechanical analysis (in the non-deformed geometry) to compute structural
displacements.

2. Update the geometry of the movable electrode using computed displacements.
3. Compute the electric field by electrostatic analysis (deformed geometry).
4. Compute electrostatic forces on the movable membrane in the deformed configuration.
5. Transform the electrostatic forces to the original non-deformed configuration.

During each step of the relaxation-based algorithm the beam deforms modifying the
electrostatic BVP domain. In the context of BEM, a Lagrangian formulation was proposed in
[10] to eliminate the need for such geometry update. In the context of FEM, the geometry
update necessitates a change in the mesh used for the finite element solution of the electrostatic
BVP. This is depicted for the case of the cantilever beam electrode suspended over a fixed
bottom electrode in Figure 1. One approach for updating the mesh is to treat it as another
elastic solid with some appropriate elastic properties, and use the deflection of the movable
beam as input boundary displacements [11, 12]. Then, using a finite element solution to the
elasticity problem, the new mesh is obtained as a displacement of the previous one. This process
is also known as mesh updating or mesh morphing. Similar smoothing techniques are
commonly found in commercial FEM software packages such as ANSYS [13]. An alternative
approach is to simply re-mesh the deformed structure at each relaxation step. Both approaches
require a re-factorization of the electrostatic stiffness matrix and hence increase considerably the
computational cost of the relaxation algorithm. There have been many efforts in the context of
finite difference time domain modeling of curved boundaries [14–16]. In particular, in [16] a
solution of the complex Laplace equation was used to generate a 2D locally conformal grid
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between curved boundaries and a remaining rectangular grid. The only geometry considered
however was that of a uniform cylinder.

The methodology proposed in this paper is aimed at overcoming the aforementioned
shortcomings of the two-dimensional FEM solution of the electrostatic BVP by eliminating the
need for mesh update. The paper is organized as follows. In Section 2, the proposed
methodology for the solution of the electrostatic BVP without mesh updating is presented. This
is followed by its demonstration in Section 3 to the modeling of three electrostatically actuated
MEMS devices. These numerical studies provide for the verification of the proposed
methodology and the assessment of its accuracy.

2. PROPOSED METHODOLOGY

2.1. Mathematical formulation

Let us consider the most generic representation of a MEMS device in terms of a movable top
electrode, a bottom electrode and region consisting of different dielectrics in between the two
electrodes as shown in Figure 2. Typically, MEMS devices have the top electrode moving
through a region of a homogeneous dielectric (which is most commonly air) represented by eh in
the figure. Also, a MEMS device can consist of regions of different layers of dieletric as
represented by eð~rÞ in the figure. Note, however that the formulation does not rely on this
assumption.

Let us consider an intermediate deformed configuration of the top electrode as shown in
Figure 2a. The coupling between the mechanical and electrical domains happens through the

0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5

0

0.2

0.4

0.6

0.8

1

(a)

(b)

Figure 1. Conventional FEM electro-mechanical modeling: (a) electrostatic BVP meshing of non-
deformed configuration and (b) electrostatic BVP meshing of deformed configuration.
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electrostatic pressure, P, on the movable electrode. It is given by,

P ¼
r2s
2e

ð1Þ

where the electric charge density on the conductor surface (Gs) is given by

rs ¼ n̂ � ð�eHfÞ ð2Þ

In the above equation n̂ is the outward pointing unit normal on the conductor surface and f
represents the electric potential. The computation of charge density requires the solution of a
Laplace equation in the deformed domain D with the typical boundary conditions as shown in
Figure 2a. Mathematically,

Hx � ðeðx; yÞHxfðx; yÞÞ ¼ 0 in D ð3Þ

f ¼ f0 on G1 ð4Þ

f ¼ 0 on G3 ð5Þ

@f
@n
¼ 0 on G2;G4 ð6Þ

The objective of our proposed method is to transform this problem in the domain D to one in
the domain D�, which corresponds to the initial undeformed state. Note that when performing
this transformation we want to preserve the solid dielectrics. So the mapping essentially is a
mapping of the homogeneous (air) medium next to the movable electrode. Thus, we can
consider the governing Laplace equation in a piecewise fashion, and work with,

Hx � ðehHxfðx; yÞÞ ¼ 0 ð7Þ

H2
xfðx; yÞ ¼ 0 ð8Þ

Let w5 f(z)5X1iY be an analytic function that maps a domain D (with (x,y) coordinates)
one–one and conformally to the domain D� (with (X,Y) coordinates) and let the mapping be
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Figure 2. Conformal mapping from deformed domain to reference domain.
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expressed as.

x ¼X 1u

y ¼Y 1v
ð9Þ

Let F(X,Y) correspond one–one to f(x,y). Using this transformation we have,

@f
@x
¼
@F
@X

@X
@x

1
@F
@Y

@Y
@x

ð10Þ

@f
@y
¼
@F
@X

@X
@y

1
@F
@Y

@Y
@y

ð11Þ

The governing equation (8) can be transformed as,

H2
xfðx; yÞ ¼

@2F
@X 2

@X
@x

� �2

1
@X
@y

� �2
" #

1
@2F
@Y 2

@Y
@x

� �2

1
@Y
@y

� �2
" #

1
@2F
@X@Y

@2F
@Y @X

� �
@X
@x

@Y
@x

1
@X
@y

@Y
@y

� �
1
@F
@u

H2X 1
@F
@y

H2Y

ð12Þ

The last three terms in the above equation go to zero because z5 f(X,Y) is analytic [17]. More
specifically, using Cauchy–Reimann equations [17],

@X
@x
¼
@Y
@y

ð13Þ

@X
@y
¼ �

@Y
@x

ð14Þ

Thus, we get

H2
xfðx; yÞ ¼

@2F
@X 2

@X
@x

� �2

1
@X
@y

� �2
" #

1
@2F
@Y 2

@Y
@x

� �2

1
@Y
@y

� �2
" #

¼ 0 ð15Þ

H2
XFðX ; Y Þ ¼ 0 ð16Þ

So the Laplace equation remains invariant under a conformal mapping. Also, it can be shown
that Dirichlet conditions map to Dirichlet conditions on the corresponding boundary and so
also the Neumann boundary conditions [17]. Thus the original Laplace problem in the domain
D is transformed to a domain D�

HX :ðeHXFðX ; Y ÞÞ ¼ 0 in D� ð17Þ

F ¼ f0 on G�1 ð18Þ

F ¼ 0 on G�3 ð19Þ

@F
@n
¼ 0 on G�2;G

�
4 ð20Þ

This means that all the intermediate deformed states D can be transformed to the same initial
state D�, thus eliminating the need for doing a mesh update and matrix refactorization. So if we
can develop a map z5 f(X,Y) such that f is analytic we can achieve the above transformation of
the Laplace equation from domain D to D�. Now, for f to be analytic,

@X
@x
¼
@Y
@y

ð21Þ

@X
@y
¼ �

@Y
@x

ð22Þ
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Alternatively, this can be written as,

@x
@X
¼
@y
@Y

ð23Þ

@y
@X
¼ �

@x
@Y

ð24Þ

Using the above with Equation (9) leads to:

@u
@X
¼
@v
@Y

ð25Þ

@v
@X
¼ �

@u
@Y

ð26Þ

Above equations can be converted into one variable v, and that is

@2v
@X 2

1
@2v
@Y 2
¼ 0 ð27Þ

The boundary conditions for this problem are obtained from the mechanical displacements
of the top electrode. To calculate the electrostatic pressure on the top electrode in the deformed
domain, we use,

P ðx; yÞ ¼ 1
2 ejHxfðx; yÞj2 ð28Þ

where Xxf(x,y) is obtained using

Hxfðx; yÞ ¼ F �THXFðX ; Y Þ ð29Þ

where F is given by,

F ¼
11 @u

@X
@v
@X

@u
@Y 11 @v

@Y

" #
ð30Þ

NowXXf(X,Y) is constant at every relaxation step and needs to be computed only once. The
thing that is updated at every step is F, which is obtained from a solution of the following
equation:

HX :ðeHX vðX ; Y ÞÞ ¼ 0 in D� ð31Þ

v ¼ vtop electrode on G�1 ð32Þ

v ¼ 0 on G�2;G
�
3;G

�
4;G

�
5 ð33Þ

Note that the H2
X operator is the same as the one for electrostatic problem in the undeformed

domain (Equation (17)) and needs to be computed only once.
The algorithm for performing the FEM-based electro-mechanical analysis utilizing the

aforementioned approach is as follows:

Algorithm 2

1. Solve the electrostatic FEM problem in the undeformed domain (Equation 17).
2. Calculate the matrix F (Equation (30)) and use the electric field in the deformed domain

using Equation (29).
3. Loads/boundary conditions for the mechanical solution are computed using the

calculated values of the electric field and its direction along the movable electrode.
4. Solve the mechanical FEM to compute the deflection/deformation of the movable

electrode.
5. Use the calculated displacement v(x,y) of the movable electrode, update the boundary

condition along G1. The electrical mesh remains the same, only the dirichlet boundary
conditions are modified.

6. Solve Equation (33).
7. Go to step 2 and repeat until convergence
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Clearly, since the geometry does not change, there is no need for re-meshing and
re-generating the FEM matrix for the electrostatic BVP. Thus, in subsequent steps, the same
factorization of the electrostatic FEMmatrix can be used. This results in computation savings at
every relaxation step.

2.2. Computational complexity analysis

In the following we compare the computational complexity of the two algorithms, Algorithm 1
of Section I used in the standard FEM electro-mechanical analysis, and Algorithm 2, resulting
from the implementation of the methodology proposed in this paper for the FEM solution of
the electrostatic BVP. For this purpose, the following notation will be used:

� Nm: number of nodes in the FEM mesh for the mechanical problem
� Ne: number of nodes in the FEM mesh for the electrostatic problem
� Ni: number of nodes at the boundary of the movable electrode for the mechanical problem

and on Sf for the auxiliary electrostatic problem
� Niter: number of relaxation steps for convergence

Table I summarizes the comparison of the two algorithms. An explanation of the entries in
Table I is as follows. For both the algorithms, the stiffness matrix for the mechanical domain
needs to be assembled and factored only once. The FEM system for the mechanical domain
needs to be solved at every relaxation step for both algorithms. For Algorithm 1, the stiffness
matrix for the electrostatic problem needs to be reassembled and factored at every relaxation
step as the geometry of the electrostatic problem changes at every step due to electrode
deformation. In contrast, in Algorithm 2, this has to be done only once, since the deformed
geometry is mapped conformally onto the un-deformed geometry and that preserves the
Laplace equation. Furthermore, in Algorithm 1, an FEM mesh update is required at every
relaxation step. This cost is completely eliminated in Algorithm 2.

Assuming Niter 5 10, the computational cost for each algorithm is obtained from the entries
of Table I, as follows:

Algorithm 1: OðN 1:5
m 113N 1:5

e 111Nm142Ne120NiÞ � OðN 1:5
m 113N 1:5

e 140NeÞ ð34Þ

Algorithm 2: OðN1:5
m 1N1:5

e 111Nm12Ne120NiÞ � OðN1:5
m 1N1:5

e Þ ð35Þ

Thus Algorithm 2, based on the proposed methodology, is roughly 10 times more efficient
than Algorithm 1.

Table I. Conformal Mapping from deformed domain to reference domain.

Step Order Algorithm 1 Algorithm 2

Assembly
Stiffness matrix for mechanical domain Nm 1 1
Stiffness matrix for electrical domain Ne Niter 1
Stiffness matrix for pseudo-elastic (electrical) domain 2Ne 1 0
Factorization of stiffness matrix
Stiffness matrix for mechanical domain N 1:5

m 1 1

Stiffness matrix for electrical domain N 1:5
e Niter 1

Stiffness matrix for pseudo-elastic (electrical) domain (2Ne)
1.5 1 0

Forward and backward solve for linear system
For mechanical domain Nm Niter Niter

For electrical domain Ne Niter 1
For pseudo-elastic (electrical) domain (2Ne) Niter 0
Update interface conditions
To calculate electrostatic forces for mechanical domain Ni Niter Niter

To calculate mechanical displacements for electrical domain Ni 0 Niter

To calculate mechanical displacements for pseudo-elastic domain Ni Niter 0
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3. NUMERICAL STUDIES

Three case studies are presented next for assessing the performance and demonstrating the
accuracy and versatility of the proposed method. These studies involve some of the most
common electrode geometries used in electrostatically actuated MEMS devices. Each individual
case study presents some unique challenges that, as it will be demonstrated, are successfully
handled by the proposed method.

3.1. Cantilever series switch

One of the most important RF MEMS switches is the cantilever series switch [3] depicted in
Figure 3(a). It consists of a beam suspended over a bottom ground electrode, which is part of a
microwave, planar transmission line. The bottom ground electrode is on top of a silicon
substrate. The purpose of this case study is to demonstrate the applicability and accuracy of the
proposed method for handling cantilever geometries with asymmetric placement of electrodes.

The modeled geometry is depicted in Figure 3(b). Note that the silicon substrate is not
included in this study. The top electrode is 150 mm in length, 2 mm in thickness. Young’s
modulus E is 170GPa and Poisson’s ratio v is 0.34. The bottom electrode is 50 mm in length,
2 mm in thickness, and located 100 mm from the leftmost end of the top electrode. The gap length
is 4.5 mm.

A FEM solver based on Lagrangian mapping [10] is used for the implementation of
Algorithm 1 and for providing the reference solution. The applied voltage is varied up to its pull
in value and the tip deflections obtained using the two methods are compared in Figure 4. The
proposed methodology is seen to be very accurate.

3.2. Simply supported RF MEMS capacitive switch

The MEMS device under study in this section is the simply supported RF capacitive switch of
[18], depicted in Figure 5. It consists of an Au beam for the top movable electrode, suspended
over a center ground conductor, which is part of a coplanar waveguide. The center ground
electrode is placed on top of a SiO2 layer, which is on top of a silicon substrate. A thin layer of
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Figure 3. Cantilever series switch: (a) actual device and (b) modeled geometry. All dimensions in microns.
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silicon nitride is deposited on top of the center conductor. This layer of dielectric prevents direct
metal-to-metal contact of the two electrodes. The presence of the metal posts at which the top
beam is attached provide for a natural truncation of the computational domain on the two sides
and the top. A truncation boundary is introduced in the Si substrate, resulting in the cross-
sectional geometry of the computational domain depicted in Figure 5.

Since the width of the top electrode is much larger than the vertical thickness, a two-
dimensional analysis, involving the cross-sectional geometry depicted in Figure 5 suffices. The
geometric dimensions that define the cross-sectional geometry are as follows. The length of the
top electrode is 300 mm. Its thickness, t, is 0.8 mm. The length of the lower electrode is 100 mm
and its thickness, te, is 0.8 mm. The silicon oxide layer thickness, tox, is 0.4 mm. The silicon nitride
thickness, td, is 0.15 mm. The relative permittivities of the Si3N4 and SiO2 layers are, respectively,
7.6 and 3.9. The relative permittivity of Si is taken to be 11.0. For the Au beam, Young’s
modulus, E, is 80GPa and Poisson’s ratio v is 0.42. The thickness of the Si layer is 30 mm. The
boundary condition imposed at the bottom truncation boundary for the electrostatic BVP is one
of zero electric flux density.

Like in the previous case, we use a FEM solver based on the Lagrangian formulation for
generating the reference solution, based on the application of Algorithm 1. Figure 6 depicts the
computed center deflections of the top electrode for different values of voltages upto pull in. The
proposed methodology is seen to be very accurate up to pull in.
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Figure 4. Tip deflection of cantilever.
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Figure 5. RF MEMS switch. All dimensions in microns.
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3.3. Torsional micro-mirror

Torsional micro-mirrors have been widely used in applications such as spatial light modulators,
optical crossbar switches, adaptive optics and digital projection displays [19, 20]. This case study
focuses on the application of the proposed method to the electrostatic analysis of a typical
torsion micro-mirror device. Since the device involves rotation of electrodes and thus substantial
fringing, it serves as an ideal candidate for assessing the limits of validity of the proposed
methodology.

Figure 7a depicts a generic version of the most general design of a torsion micro-mirror
reported in the literature [19, 21]. It consists of two metal electrodes mounted on a beam that is
pivoted at the center. The beam is free to rotate about the pivot. There are two bottom
electrodes located at a certain distance below the top electrodes. A voltage applied between two
electrodes on one side produces an electrostatic force of attraction between them, which results
in a torque on the beam. This torque causes the beam to rotate and rest at an angle to the
original position. The most important design parameter of a torsion micro-mirror is the
maximum angle of rotation before it snaps and pulls in. This parameter depends on the gap
between the top and bottom electrodes and the length of the top beam.

In micro-mirror devices reported in the literature, most length-to-gap ratios are found to be
greater than 50:1. However, in order to assess the limits of validity of the proposed method, we
consider a design of a micro-mirror with a length-to-gap ratio of 10:1. We consider the state of a
torsion mirror just before/at pull in. In other words, we consider the maximum rotation of the
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Figure 6. Center deflection of RF MEMS capacitive switch.
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Figure 7. Torsion micro mirror: (a) undeformed state and (b) deformed state. All dimensions in microns.
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top beam. From [21], the angle a at which the beam pulls in is given by

a ¼ 0:44
d
L

ð36Þ

where d is the distance between the top and bottom electrodes and L is the length of the beam on
one side of the pivot.

We apply the proposed method (to the undeformed configuration Figure 7a) to calculate the
electric field along the top electrodes and compare the results with those obtained using
the conventional FEM analysis for the beam in the deformed configuration (Figure 7b). The
comparison is shown in Figure 8a. It is clear that a very good agreement is observed. The
electric charge density is also computed. The % error in the calculated charge density along
the top left electrode is plotted in Figure 8b. The maximum error is about 1.2%, which occurs at
the extreme left. Along the beam the error is less than 0.7% demonstrating the accuracy of our
proposed method.

4. CONCLUSIONS

In summary, we have proposed a methodology for expediting the coupled electro-mechanical
two-dimensional finite element modeling of electrostatically actuated MEMS devices. The
enhanced efficiency of the proposed methodology is achieved by eliminating the mesh updating,
stiffness matrix calculation and stiffness matrix factorization, associated with the FEM solution
of the electrostatic problem at each step of a relaxation-based algorithm, which is assumed to be
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Figure 8. Torsion micro mirror electrostatic analysis: (a) electric field comparison with conventional FEM
and (b) percentage error in charge density along the top left electrode.
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used for the electro-mechanical simulation. The way this is accomplished is through the
definition of a conformal map from the deformed to the undeformed geometry. The ‘conformal
map’ is obtained through the solution of the same Laplace equation on the undeformed
geometry. The boundary conditions are obtained from the displacement of the movable
electrode.

The proposed methodology was verified through its application to the modeling of three
classes of MEMS geometries, namely, a cantilever series switch, a simply supported RF MEMS
capacitive switch and a torsion micro mirror. The dimensions and material properties used for
the verification studies were the representative of practical MEMS devices. Through
comparisons with reference solutions it was shown that the proposed methodology is very
accurate for the three classes of the electrostatically actuated MEMS devices considered. This
was achieved at an estimated one order-of-magnitude reduction in the computational cost
compared with a standard FEM-based electro-mechanical modeling.
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