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Periodic stretching of a string, under adiabatic condition (no thermal coupling with the

environment), will increase its temperature. This represents the case of intrinsic damping where the

energy associated with stretching motion is converted into thermal energy. We study this

phenomenon in a graphene nanoribbon (GNR), a nano-string. We utilize classical molecular

dynamics and study the scaling of dissipation rate (Q factor) with frequency. The dissipation is

shown to result from strong non-linear coupling between the stretching vibration and the out-of-

plane thermal phonons. A Langevin dynamics framework is developed to describe the out-of-plane

phonon dynamics under in-plane stretching. The dissipation mechanism is analyzed using this

framework. From the analysis, a bi-relaxation time model is obtained to explain the observed

scaling of Q factor with frequency. We also compute the size and temperature dependence of Q
factor. The decrease in Q factor with decrease in size (width) is shown to result from the elastic

softening of GNR. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4818612]

I. INTRODUCTION

The high vibrational frequency of nano-electro mechani-

cal systems (NEMS) makes them useful for a variety of

applications. A few examples include atomic mass sen-

sors,1,2 bio-sensors,3,4 ultra-sensitive calorimeters,5 displace-

ment sensors,6,7 etc. The performance of nano-resonators for

all these varied applications increases with the decrease in

mass. For example, the minimum detectable mass, dm, of a

mass sensor is given as8 dm � �2
mef f

x0
dx. Here, meff is the

effective mass, dx is the minimum resolvable frequency

change, and x0 is the resonant frequency of operation. The

expression shows that dm decreases with meff. Hence,

research has been focused on making these devices smaller

and smaller.

Dissipation, or transfer of energy from an excited mode

to other degrees of freedom, limits the performance of nano-

resonators. Dissipation in nano-resonators can result from

different sources. Extrinsic dissipation involves the transfer

of energy to an external energy reservoir. Examples for ex-

trinsic damping include clamping losses9,10 and fluid damp-

ing.11,12 In the case of intrinsic dissipation, the excited mode

energy is converted into internal thermal energy of the struc-

ture. While extrinsic damping can often be minimized with

improving engineering design, the intrinsic damping sets a

fundamental limit for operation of the device. The known

mechanisms of intrinsic damping in NEMS include the

thermo-elastic dissipation,13,14 phonon mediated losses,15–17

and friction due to surface,18,19 edges,20,21 and defects.22,23

Depending on the frequency of operation, each of these

mechanisms becomes important in case of nano-resonators.24

A one-dimensional structure is the limiting case of a

nano-resonator and is expected to be an ideal choice for vari-

ous applications. However, reduced dimensionality may

introduce additional mechanisms of dissipation and degrade

its performance. An understanding of damping mechanism

in one-dimensional structures is therefore of great impor-

tance to realize the limiting performance of nano-resonators.

With this motivation in mind, in this work, we study the

damping mechanism in graphene nanoribbon (GNR), a quasi

one-dimensional structure. The high in-plane stiffness25 of

this graphene based structure makes it an ideal choice for

string resonator.

In this work, we have studied the intrinsic dissipation in

GNR under stretching deformation. The case of stretching

deformation was considered to generate a nearly homogene-

ous strain field. This reduces the complexity associated with

a spatially varying strain field and helps in better analyzing

the dissipation mechanism. Also, it has been shown that it is

advantageous to use longitudinal vibration mode for NEMS

operating in viscous environment26 because of relatively

lower fluid damping in comparison with the flexural mode.

Understanding the internal dynamics of longitudinal mode is

important for these applications.

Using MD simulation, we first study the frequency

scaling of Q factor. In-order to understand the observed

scaling, we investigate the coupling between the out-

of-plane modes and in-plane stretching. A Langevin

dynamics framework is developed to describe the motion of

out-of-plane modes under in-plane stretching. Using this

formulation we compute the dissipation rate associated with

different out-of-plane modes. From this analysis, we iden-

tify two groups of modes which show opposite scaling of

dissipation rate with frequency. A novel bi-relaxation time

model is developed from this analysis. The characteristic

relaxation times for the model are obtained from the mean

relaxation time of the two mode groups. The two time

scales associated with phonon damping is a characteristic

feature of this structure. For a regular three dimensional

crystalline solid under uniform strain, dissipation is gov-

erned by a single relaxation time.17
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We then studied the size scaling of Q factor. The

observed drop in Q factor with decrease in size is explained

to be the result of elastic softening of GNR. The temperature

variation of Q factor shows, approximately, an inverse tem-

perature dependence.

II. SIMULATION METHOD

We utilize classical MD simulation to study the loss

mechanism in GNR. Figure 1 shows a schematic of the simu-

lation set-up. The edges of GNR have been terminated with

hydrogen atoms. This was performed to prevent the warping

and buckling of the structure. The structure was given an ini-

tial tensile strain of about 1.4% for similar reason. Rebo

potential27 was used to model the force field for carbon as

well as hydrogen atoms. MD simulations were performed

using large-scale atomic/molecular massively parallel simu-

lator (LAMMPS).28

GNR was first equilibrated using Nos�e-Hoover thermo-

stat at desired temperature with both ends fixed. Subsequent

to equilibration, one of the ends was given a displacement

controlled periodic motion in the in-plane (x) direction. See

supplementary material29 for a movie showing GNR under

stretching motion. The amplitude of oscillation was taken to

correspond to a strain amplitude of approximately 1%.

Frequency values in the range of 5–80 GHz were considered.

During loading process the thermostat was switched off;

thus, there was no heat exchanged with the environment.

From the first law of thermodynamics it follows that

dU¼ dW, where dU is the differential increase in internal

energy and dW is the differential work performed on the sys-

tem. For a reversible process (quasi-static), the average work

performed during a cyclic deformation is zero. However,

deformations at any finite rate drive the system out of equi-

librium. For such cases, energy is dissipated, and the average

work performed during each deformation cycle is positive.

The average positive work is guaranteed from the second

law of thermodynamics. The dissipative work performed

will result in an increase in internal energy of the system (if

the system is not thermally coupled with the environment).

From the rate of increase of internal energy the average work

performed per unit period, Wavg, can be inferred. Wavg is a

measure of the dissipation rate.

Dissipation is measured in terms of the dimensionless Q
factor which is defined as Q ¼ 2p Estored

Edisp
. Edisp is the energy

dissipated per unit period and is equal to Wavg. Estored is the

maximum elastic energy stored in the structure. Under uni-

axial loading the maximum elastic energy stored is given as

Estored ¼
1

2
kA2 þ P0A: (1)

k is effective stiffness of the structure, A is amplitude of

motion, and P0 is tensile force in the reference configuration.

Independent equilibrium simulations were performed to

compute k and P0 for GNR. With one end fixed the other end

of GNR was given an incremental displacement of 0.1 Å.

After an incremental displacement, the ends were held fixed

and, the structure was equilibrated for a time period of 1 ns.

For the next time span of 1 ns the average force on the end

atoms was computed. 8 incremental displacements were

given to the structure. Thus, we obtain a force displacement

curve. The slope of the curve gives k while the intercept pro-

vides the value of P0. The values of k and P0 for GNR with

different widths are provided in Table I.

III. RESULTS AND DISCUSSION

A. Frequency scaling

We first studied the scaling of Q factor with frequency

for a GNR with length 10 nm and width 0.68 nm. Periodic

motion with forcing frequency, xf , values in the range of

5–80 GHz were considered. The value of A was taken to be

1 Å for all the frequencies. For each frequency value 10 dif-

ferent equilibrated ensembles were taken. The rate of

increase of internal energy was computed by monitoring the

average internal energy over 200 oscillation periods for each

of the ensemble. Q factor was then computed using the

method described in Sec. II. Figure 2 shows the variation of

Q factor with frequency obtained from MD. A non-

monotonic dependence of Q factor on frequency is observed.

The Q factor attains a maximum value at around 40 GHz;

hence, dissipation becomes minimum at this frequency

value. The plot also shows the Q factor obtained using the

bi-relaxation time model discussed later. In order to under-

stand the observed scaling of Q factor with frequency, we

now analyze the dissipation mechanism. From the analysis

the bi-relaxation time model follows.

B. Dissipation mechanism

The mechanism of dissipation can be understood in

terms of the strong coupling that exists between out-of-plane

vibrations and in-plane strain for thin structures such as a

membrane or a string. For example, the frequency of vibra-

tion of a string can be tuned by changing the tension (which

results from change in in-plane strain). Dynamic loading in

FIG. 1. A schematic of the simulation set-up.

TABLE I. The values of k and P0 for GNR.

Width (nm) k ev

Å
2

� �
P0

ev

Å

� �
0.68 0.748 1.575

1.11 1.531 3.206

1.54 2.303 4.849

1.96 3.141 6.513

2.38 3.911 8.172

2.81 4.701 9.861

3.67 6.290 13.256
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in-plane direction would therefore result in an energy

exchange with out-of-plane vibrations. The energy gained by

the out-of-plane modes are then irreversibly transformed into

thermal energy of the structure. Using continuum theory for

strings we first study the coupling between in-plane strain

and out-of-plane vibrations. The equation governing the

motion of out-of-plane modes for a periodically stretched

string is first obtained. The contribution of different modes

to dissipation and their scaling with frequency is then

estimated.

1. String dynamics

We consider a string with bending stiffness Kb and ten-

sion P. The string has an out-of-plane deformation w(x). The

potential energy (PE) associated with the out-of-plane

motion is given as

PE ¼
ðL

0

1

2
Kb

@2w

@x2

� �2

dxþ
ðL

0

1

2
P

@w

@x

� �2

dx: (2)

L is length of the string. The boundary conditions are w¼ 0

at x¼ 0, L. The nth mode shape, wnðxÞ, satisfying the given

boundary condition, is obtained as wnðxÞ ¼ Ansin npx
L

� �
,

where An is the amplitude. Let xn be the angular frequency

for the nth out-of-plane mode. The time dependent displace-

ment, wnðx; tÞ, associated with nth out-of-plane mode, is

given as wnðx; tÞ ¼ wnðxÞexpðixntÞ. Here, we have consid-

ered the case of free vibration with no dissipation.

The angular frequency can be estimated by equating the

maximum potential energy with the maximum kinetic energy

for such case. The maximum kinetic energy, Ken, associated

with vibration of nth mode is obtained as Ken ¼ 1
2
qA2

nx
2
n

L
2
.

q is the mass per unit length. Using Eq. (2) and the expres-

sion for mode shapes, the maximum potential energy, Pen,

for the nth out-of-plane mode is derived as

Pen ¼
1

2
Kb

np
L

� �4

A2
n

L

2
þ 1

2
P

np
L

� �2

A2
n

L

2
: (3)

Equating Ken and Pen, we get

xn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kb

np
L

� �4 þ P np
L

� �2

q

s
: (4)

xn is a thus a function of P which depends on in-plane

strain. Let P0 be the tension and x0
n be the angular frequency

for nth mode in undeformed configuration of the string.

Using Eq. (4) we obtain x0
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kb

np
Lð Þ4þP0

np
Lð Þ2

q

r
. The string is

subjected to an in-plane strain, �s, which changes the tension

in the string as P ¼ P0 þ Ks�s. Here, Ks is the stretching

stiffness of the string. This changes the angular frequency as

xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0

nÞ
2 þ Ks�s

q
np
L

� �2
q

. Further, for �s � 1 this can be

approximated as

xn ¼ x0
nð1þ kn�sÞ: (5)

kn is a variable given as

kn ¼
Ks

np
L

� �2

2P0
np
L

� �2 þ 2Kb
np
L

� �4
: (6)

The sensitivity of xn on �s thus depends on kn. The de-

pendence of frequency on strain is often measured in terms

of Gr€uneisen parameter, kg
n, defined as kg

n ¼ �
dlogðxnð�sÞÞ

dlogðvolÞ .

Here vol is volume of the structure. It would be useful to

derive a correspondence between kn and kg
n. For uni-axial de-

formation vol ¼ vol0ð1þ �sÞ, where vol0 is the reference vol-

ume. For such deformation, we get xnð�sÞ ¼ x0
nð1þ �sÞ�kn

g .

Further, for �s � 1 we obtain xnð�sÞ ¼ x0
nð1� kn

g�sÞ.
Comparing this with Eq. (5) we see that kn is the negative

Gr€uneisen parameter for the nth out-of-plane mode.

Physically, kg
n is a measure of the change in the tempera-

ture of nth mode when the structure is loaded under adiabatic

condition. This can be understood by considering the case

for a harmonic oscillator whose frequency is changed quasi-

statically. For such an oscillator, the ratio of energy, E, and

frequency, xn, is an adiabatic invariant.30 It then follows that

E0

x0
n

¼ E0 þ DE

x0
nð1� kn

g�sÞ
: (7)

Here, E0 is the energy of the oscillator in reference configu-

ration and DE is the change in energy of the oscillator result-

ing from change in frequency (which in-turn results from

in-plane strain). Further simplification of Eq. (7) gives

DE ¼ �E0kg
n�s. Thus, modes with high values of kg

n, and

hence kn, will undergo higher change in temperature with

the loading of structure. Such modes are therefore driven

out-of-equilibrium, for in equilibrium all modes have the

same average temperature. These modes will then interact

with the rest and tend to relax towards equilibrium. The inter

modal interaction results in an irreversible flow of energy.

This in essence is the mechanism of dissipation at work.

We now make an estimate of kn for different out-of-

plane modes using MD and compare it with the continuum

theory. In order to estimate kn, out-of-plane mode frequency

FIG. 2. Variation of Q factor with frequency for GNR. The open circles cor-

respond to the result obtained from MD simulation. The solid lines are the

result obtained using the bi-relaxation time model.
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values were determined for different values of in-plane

strain. GNR was given an in-plane strain by scaling the x co-

ordinate. The ends of GNR were kept fixed and the structure

equilibrated at room temperature (300 K). The out-of-plane(z)

co-ordinates were projected on to the mode shapes to get the

modal co-ordinates. Let zi be the z co-ordinate for the ith
atom and natom be the total number of atoms in the struc-

ture. Let xm
i be the mean x co-ordinate for the ith atom. The

modal co-ordinate, an, for the nth mode is then obtained as

anðtÞ ¼

Xnatoms

i¼1
ziðtÞsin

npxm
i

L

� �
Xnatoms

i¼1
sin

npxm
i

L

� �� �2
: (8)

The auto-correlation of an shows a sinusoidal decaying

behavior. The fft of the sinusoidal data gives xn. An expo-

nential fit of the decaying amplitude gives the relaxation

time, sn, for the nth mode. xn is thus obtained for different

in-plane strain. A linear fit between xn and in-plane strain

gives kn in accordance with Eq. (5). Figure 3(a) shows the

plot of kn with mode number. A fit using the continuum

expression of Eq. (6), for the parameters Kb and Ks, has also

been provided. The plot shows that kn decreases with the

increase in mode number. This can be understood by consid-

ering the ratio, r, of bending energy to stretching energy as a

function of n. From the expression of mode potential energy

in Eq. (3), we obtain r ¼ Kb
np
Lð Þ2

P . r increases with n and,

hence, for larger n, deformation becomes bending domi-

nated. A bending dominated deformation is relatively less

sensitive to in-plane strain. Hence, kn decreases with increas-

ing n values.

The analysis shows that the low frequency out-of-plane

modes are most strongly coupled to in-plane motion. The

energy transfer between such modes and stretching deforma-

tion is therefore expected to be higher in-comparison with

the high frequency modes. While kn gives the coupling

strength for the mode, dissipation also depends on another

important parameter, sn. Figure 3(b) shows the plot of sn vs

n for GNR. For low n values, the modes have higher relaxa-

tion time with a wide variation. For higher n values the

modes have relaxation time of around 3 ps (see inset of

Figure 3(b)).

sn is a measure of how fast the modes relax towards

equilibrium. Modes with very low value of sn would always

be in equilibrium and hence would result in lower dissipa-

tion. Modes with very high value of sn take considerably lon-

ger time to transfer energy to other modes. This corresponds

to an adiabatic situation, and the energy gained by these

modes during loading is reversibly transferred back during

un-loading. Such modes also lead to low dissipation.

Dissipation is maximum for some intermediate value of sn.

The high and low referred here are relative terms and depend

on the forcing time period. The dissipation associated with

each mode is therefore an interplay of coupling strength and

relaxation time. In order to assess the relative modal contri-

bution to dissipation we now develop an equation for the

out-of-plane modes of a string subjected to in-plane stretch-

ing. The values of xn; kn, and sn obtained from this analysis

will be used in these equations to estimate the dissipation

rate associated with different out-of-plane modes.

2. Out-of-plane Langevin dynamics

The equation of motion for the nth mode of a string with

fixed length and for the case of no dissipation is given as

mef f €an þ mef f x2
nan ¼ 0. Here, an is the modal displacement

and meff is the effective mass which is given as mef f ¼ qL
2

.

For a string at any finite temperature, the modes are sub-

jected to additional noise and dissipative force. The noise

and dissipative force result either from coupling with other

internal modes or because of external coupling with the envi-

ronment. In our formulation, the noise and dissipative force

describe the coupling with other internal modes. The equa-

tion of motion, taking these forces into consideration, is then

given as

mef f €an þ mef f x
2
nan þ cn _an ¼ vnðtÞ: (9)

Here cn is the damping constant and vnðtÞ is the noise force.

cn is related to sn as cn ¼ 2mef f

sn
. The relation between cn and

sn can be established by considering the solution for a

damped harmonic oscillator.31 vnðtÞ is a delta correlated

FIG. 3. (a) Variation of kn with mode number n as obtained using MD simu-

lations. A fit using the continuum relation expressed in Eq. (6) has also been

provided. (b) Variation of sn with n. The values correspond to GNR in the

reference configuration. The inset shows the relaxation time for modes with

high n values.
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white noise with zero mean and satisfies the fluctuation-

dissipation theorem31 as hvnðtÞvnðt0Þi ¼ snkbT
mef f

dðt� t0Þ. T is

temperature of the system and kb is the Boltzmann constant.

We now consider the case when the string is subjected

to an in-plane motion with strain amplitude �0 and forcing

frequency xf . The in-plane motion will modulate the fre-

quency of out-of-plane modes in accordance with Eq. (5).

Figure 4 illustrates the mode dynamics. The equation of

motion for the case of parametrically modulated out-of-plane

mode is then given as

mef f €an þ mef f ðxo
nð1þ kn�0sinðxf tÞÞ2an þ cn _an ¼ vnðtÞ:

(10)

The above equation describes the dynamics of a noisy oscil-

lator under parametric excitation. The continuous excitation

of the system ensures that the system is always out of equi-

librium. For such a system, useful work extracted from para-

metric loading will be converted into thermal energy. The

dissipation rate can be measured by estimating the average

work performed per period.

The in-plane loading modulates the frequency and hence

the potential energy of the oscillator. The differential work

performed is equal to the differential change in potential

energy (which results from the change in frequency). The

differential work, dW, performed on the oscillator due to

loading is then given as

dW ¼ 1

2
mef f dðx2

nÞa2
n: (11)

Further, using the dependence of xn on �s from Eq. (5) we

get

dW ¼ mef f xnx
0
nkn�0xf cosðxf tÞa2

ndt: (12)

The average work performed per unit period is a measure of

dissipation rate, En
disp, for the nth mode and is obtained as

En
disp ¼

ð 2p
xf

0

mef f xnx
0
nkn�0xf cosðxf tÞa2

ndt

* +
: (13)

The average here refers to the ensemble average.

Equation (10) was solved numerically using the velocity

Verlet integration scheme. x0
n; kn, and sn required as inputs

to the equation were estimated from MD simulation (as dis-

cussed before). The value of �0 was taken to be 1%, which

corresponds to the strain amplitude used in the forced vibra-

tion analysis of MD simulations. The initial condition for

Eq. (10) was obtained by evolving Eq. (9) for an equilibra-

tion time of 320 ps. sn is maximum for mode 1 with a value

of around 290 ps. An equilibration time of 320 ps therefore

ensures that all modes are equilibrated prior to loading.

A time step of 0.5 fs was used. 8000 ensembles were taken,

and for each ensemble 10 oscillation periods were consid-

ered for computing En
disp. Forcing frequency values from 5 to

80 GHz (same as used in MD simulations) were considered.

Rather than analyzing all the modes, we choose some

representative modes for studying the scaling of dissipation

rate with forcing frequency. We select 5 modes which have

sn in the range of 300-10 ps and another 5 modes with

sn < 10 ps. The former set is identified as group A and the

latter as group B. The total dissipation due to A and B was

then computed for different frequency values in the range of

5–80 GHz. Figure 5 shows the variation of dissipation rate

with frequency for A and B. The plot shows that for set A

dissipation rate decreases with the increase in frequency

while for B the rate increases with the increase in frequency.

Further, the dissipation rate for B is lower in comparison

with that of A. The set B comprises modes with high n value.

For such modes kn is smaller, and hence the dissipation rate

for set B is lower.

It would appear from this analysis that group A (for

which Edisp is higher) would dominate and govern the scaling

of Q factor with frequency. However, the number of modes

with larger n values (that show set B like behavior) is higher

in comparison with the modes with low n values. Although

we have computed (see Figure 3) kn and sn for 1 <¼ n

FIG. 4. A schematic describing the basic ideas of Langevin simulation. A

particle is moving in a harmonic potential which is modulated in time. The

dotted lines show the potential profile at different time instants. The particle

is connected to a thermal bath (which represents the rest of modes). An

effective noise and a dissipative force act on the particle as a result of this

interaction.

FIG. 5. Variation of dissipation rate (Edisp) with frequency for the two mode

groups obtained using Langevin simulations.
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<¼ 20, n can take higher values. L
n is a measure of half

wavelength associated with a given mode. For a lattice struc-

ture, wavelength is bounded below by the dimension of its

unit-cell. For GNR considered the unit cell has a dimension

of 2.4595 Å. This implies that n � 75. The number of modes

which show the characteristics of set B would be higher. The

collective behavior of such modes is expected to become

comparable to that of group A and govern the dissipation

rate in high frequency range.

3. Bi-relaxation time model

From the discussion in Sec. III B 2, we note that GNR

has two groups of modes which show opposite scaling of dis-

sipation rate with frequency. For lower frequency values,

group A dominates, and hence Q factor increases with the

increase in frequency. For higher frequency values, the fre-

quency dependence is governed by the behavior of group B.

A non-monotonic dependence of Q factor with frequency is

therefore observed. For dissipation governed by relaxation

spectra with different time scales, Q factor is given as32

Q�1 ¼
Xm

i¼1

Ci
xf se

i

1þ ðxf se
i Þ

2
: (14)

Here Ci is the coupling strength for the given relaxation

mechanism, se
i is the corresponding relaxation time, and m is

the total number of relaxation spectra. It should be pointed

out that se
i refers to the time associated with energy relaxa-

tion for the given mechanism.

Recognizing that for the case of GNR, dissipation is

governed by two mode groups, we consider a bi-relaxation

time model. We take se
1 as se

1 ¼ hsn

2
i, where the average is

taken over n such that sn > 10 ps. The factor of 1
2

is used

because sn is a measure of time associated with amplitude

relaxation. Energy relaxation time is one-half of the ampli-

tude relaxation time. Similarly, se
2 was determined as se

2 as

se
2 ¼ hsn

2
i, where n satisfies the condition that sn < 10 ps.

Using the relaxation times obtained from MD simulation

(Figure 3(b)), se
1 and se

2 were estimated to be 32.57406 ps

and 1.61393 ps, respectively. With these values of se
i the Q

factor obtained from MD simulations were fitted in accord

with Eq. (14) to obtain C1 and C2. Figure 2 shows the results

obtained from the model, and a good agreement with the

MD data is observed.

The expression in Eq. (14) is amenable to further analy-

sis. Taking the derivative of Q�1 with respect to xf we

obtain

dQ�1

dxf
¼
X2

i¼1

Cise
i ð1� ðxf se

i Þ
2Þ

ð1þ ðxf se
i Þ

2Þ2
: (15)

From the expression we see that for xf se
1 < 1 (and hence for

xf se
2 < 1, since se

2 < se
1), dQ�1

dxf
> 0. Hence for this region, Q

factor decreases with the increase in frequency. For xf se
2 > 1

(and hence for xf se
1 > 1, since se

1 > se
2), dQ�1

dxf
< 0. For this

regime, Q factor increases with the increase in frequency.

We have not explored these regions using MD simulations.

These regions correspond to forcing with frequency value

less than 4.88 GHz (for xf se
1 < 1) and with frequency value

greater than 98.2863 GHz (for xf se
2 > 1). The exploration of

former case is limited by the computational cost. It would

require very long simulation time to capture sufficient num-

ber of periods in the low frequency regime. Further, we

expect the model to hold good in the low frequency region

rather than for high frequency cases. For high frequency

case, dissipation mechanism such as the Landau-Rumer cou-

pling will take over. The relaxation time approximation is

not adequate to describe such a case. We need to consider a

more detailed description of phonon collision to model these

cases.

C. Size scaling

We next studied the scaling of Q factor with width of

GNR. The length of GNR was kept fixed while the width

was varied from 0.68 nm to 3.65 nm. The structure was

excited with a forcing frequency of 40 GHz. Using the

method discussed in Sec. II, Q factor was computed for

GNR with different sizes. 10 different ensembles were con-

sidered for each size, and for each ensemble 200 oscillation

periods were considered. Independent equilibrium simula-

tions were performed for computing P0 and k for each size.

Figure 6 shows the plot of Q factor vs. size for GNR

excited at 40 GHz. The plot shows that Q factor decreases

with the decrease in size. This may be attributed to an

increase in dissipation with decrease in size. However, Q
factor is a ratio of energy stored to energy dissipated per unit

period. The decrease in Q factor may then also be a result of

decrease in energy stored. The hydrogen terminated edge

atoms of GNR store relatively less energy in comparison

with the bulk atoms. In-order to investigate this we com-

puted the quantity k
w for a GNR with width w. For a classical

elastic strip with Young’s modulus E, stress, rxx, and strain,

�xx, are related as rxx ¼ E�xx. The total force, F, applied at

the end is related to rxx as F ¼ rxxhw, where h is thickness

and w is width of the strip. The change in length, d, is related

FIG. 6. Variation of Q factor with width for GNR. The open circles corre-

spond to the result obtained from MD simulation. The solid lines are the

result obtained using continuum analysis.
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to �xx as d
L ¼ �xx, where L is un-deformed length of the strip.

k for the strip is given as k ¼ F
d. Using the relations men-

tioned before, we obtain

k

w
¼ Eh

L
: (16)

k
w for such structure is therefore independent of w (because E
is a constant for a classical continuum structure). Figure 7

shows the plot of k
w vs. w for the case of GNR. The plot

shows that k
w decreases with the decrease in size. The struc-

ture therefore becomes softer with the increasing contribu-

tion of edge atoms.

We develop a continuum expression based on the

assumption that the decrease in Q factor with size is primar-

ily due to elastic softening. GNR is represented as an elastic

strip. The dissipation rate per unit width, Ew, for a given

strain amplitude is assumed to be a constant. Ew is deter-

mined by taking the ratio of Edisp and w for GNR with maxi-

mum width (w¼ 3.67 nm). We use Edisp for GNR with

w¼ 3.67 nm obtained using MD simulation to compute Ew.

The value of Ew for A¼ 1.0 Å was estimated to be 1:424 ev
nm

.

For a GNR with width w, Edisp is then determined as

Edisp ¼ wEw. Further, using the expression for Estored in Eq.

(1) Q factor for the elastic strip is obtained as

Q ¼ 2pðP0Aþ1
2
kA2Þ

Eww . Figure 6 shows the plot of Q factor vs. w
obtained using this relation. The results are in good agree-

ment with the Q factor computed using MD simulations.

Thus, the drop in Q factor with decrease in size is pri-

marily accounted for by the elastic softening of GNR. The

dissipation mechanism discussed before shows that the dissi-

pation rate is a function of se
1 and se

2. These are the relaxation

times associated with the low and high frequency out-of-

plane modes, respectively. The relaxation times are expected

to be a function of size. However, we expect the dependence

to be weak in comparison with the scaling of k
w with size.

The decrease in k
w with the decrease in size then primarily

accounts for the observed drop in Q factor.

D. Temperature scaling

We studied the effect of temperature on Q factor for

GNR with the smallest width. Temperature was varied in the

range of 50 K–300 K. The study was performed for a forcing

frequency of 40 GHz. Figure 8 shows the plot of Q factor vs.

temperature. The Q factor increases, and hence dissipation

decreases, with the decrease in temperature. Equation (11)

shows that dW � a2
n. Further, for an oscillator in thermal

equilibrium ha2
ni � T. Therefore we expect that dW � T,

assuming other parameters to be constant. As discussed

before, the average work performed per unit period is a mea-

sure of dissipation rate. It can then be concluded that Q fac-

tor will scale as Q � T�1. From the power law fit of the MD

data we obtain Q ¼ AT�0:948, which is close to T�1 scaling.

IV. CONCLUSIONS

The dissipation in GNR under stretching deformation

was studied. A non-monotonic dependence of Q factor on

the forcing frequency was observed. Using Langevin simula-

tions we identified two mode groups which show opposite

variation of dissipation rate with frequency. A bi-relaxation

time model was proposed to explain the observed scaling of

Q factor. A size study showed that Q factor decreases with

the decrease in width. This was attributed to the elastic soft-

ening of GNR with decreasing width. The temperature varia-

tion of Q factor showed an inverse temperature dependence.
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