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We investigate the effect of size on intrinsic dissipation in nano-structures. We use molecular dy-

namics simulation and study dissipation under two different modes of deformation: stretching and

bending mode. In the case of stretching deformation (with uniform strain field), dissipation takes

place due to Akhiezer mechanism. For bending deformation, in addition to the Akhiezer mechanism,

the spatial temperature gradient also plays a role in the process of entropy generation. Interestingly,

we find that the bending modes have a higher Q factor in comparison with the stretching deforma-

tion (under the same frequency of operation). Furthermore, with the decrease in size, the difference

in Q factor between the bending and stretching deformation becomes more pronounced. The lower

dissipation for the case of bending deformation is explained to be due to the surface scattering of

phonons. A simple model, for phonon dynamics under an oscillating strain field, is considered to

explain the observed variation in dissipation rate. We also studied the scaling of Q factor with initial

tension, in a beam under flexure. We develop a continuum theory to explain the observed results.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4894282]

I. INTRODUCTION

High frequency vibrations in nano electro mechanical

systems (NEMS) hold importance for a wide variety of tech-

nological applications as well as for fundamental under-

standing of physical phenomenon. Atomic scale mass

sensors,1,2 detection of biological molecules,3–5 detection of

electron spin flip,6 etc., are a few select examples. From a

fundamental perspective, nano-resonators have been used to

probe physical phenomenon, such as non-linear dynamics7

and quantum effects in macroscopic objects.8 Central to all

these applications is dissipation in NEMS which limits its

performance. For example, the minimum detectable mass,

dm, of a mass sensing nano-resonator is given as9

dm ¼ 2mef f
df0
f0

. Here, meff is the effective mass of resonator,

df0 is the spread in frequency measured and f0 is the reso-

nance frequency of the device. df0 increases with the

increase in dissipation and hence degrades the performance

of a mass sensor.

Understanding dissipation at the nano-scale is, therefore,

of central importance for design of NEMS devices. The dif-

ferent mechanisms that govern dissipation can be broadly

classified as extrinsic and intrinsic mechanisms. Extrinsic

dissipation10–15 involves the loss of vibrational energy

because of coupling with external environment, while intrin-

sic damping results from energy exchange with the internal

thermal motion of the structure. While extrinsic damping can

often be eliminated with a better design, intrinsic energy loss

sets a fundamental limit for the device performance. The dif-

ferent known mechanisms of intrinsic dissipation include

thermo-elastic damping16,17 (TED), Akhiezer damping,18–20

non-linear coupling between mechanical modes,21–24 surface

mediated losses,25,26 and dissipation due to defects.27–29,41

Intrinsic dissipation is a thermo-mechanical phenomena

that involve coupling between two fields: mechanical defor-

mation and thermal vibrations. The relatively larger role of

surfaces in a nano-structure considerably modifies both its

mechanical and thermal properties. For example, the elastic

constants of nano-scale devices are different from bulk struc-

ture. Also, thermal transport at the nano-scale is fundamen-

tally different from bulk heat flow.30 Considerable efforts

have been directed towards studying the mechanical proper-

ties of nano-structures and understanding thermal transport

in nano-scale devices. However, the role of surface and size

on the coupled phenomenon, i.e., dissipation, remains rela-

tively less well understood.

In this work, we perform a comparative study of

intrinsic dissipation between two different modes of defor-

mation. We consider the case of stretching (axial) and

bending (flexure) deformation. The axial motion provides

the simplicity of a uniform strain field. For deformations

with uniform strain field, dissipation takes place due to

the Akhiezer mechanism. For the flexure motion, the

strain field is non-uniform. This results in a temperature

gradient and an additional damping due to TED. The two

mechanisms, therefore, operate in tandem for the case of

flexure. Considerable efforts have been directed towards

understanding TED in nano-structures. However, the asso-

ciative role of the two mechanisms (Akhiezer and TED)

in finite sized structure remains unknown. A comparative

analysis of dissipation under axial and flexure vibration,

and with the other parameters remaining identical, would

help understand the combined role of the two

mechanisms.

The study of dissipation for the stretching motion alone

serves its own merit. For nano-resonators operating in a fluid

environment, it was shown that31 the energy loss for the lon-

gitudinal mode is smaller in comparison with the bending

vibration. It would, therefore, be useful to use the
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longitudinal mode for sensing based applications in fluid

environment. The limiting role of intrinsic dissipation, for

such applications, needs to be investigated. The computa-

tional analysis carried out in this work provides an effort in

this direction. There have, also, been some recent experi-

mental studies32–34 on the mechanical damping under longi-

tudinal vibration. In these works, laser pulse was used to

transfer the energy to the conduction electrons in a metal.

The electrons, in turn, transfer energy to the lattice on the

time scale of few picoseconds. This results in an isotropic

thermal loading of the structure and excites the longitudinal

mode. The oscillation in the plasmon frequency, due to the

induced vibration, was then used to monitor the decay rate.

The methods, employed in these works, can be used to mea-

sure intrinsic damping in the structures considered in our

study. Experimental realization of the results observed in

this work would complement our analysis. It should be

pointed out that damping measured experimentally is the

combined effect of intrinsic and extrinsic mechanism and

needs to be separated systematically.

We use molecular dynamics (MD) simulation to study

intrinsic dissipation under the two modes of deformation.

Stretching deformation is characterized by a homogenous

strain field, while in flexure strain varies linearly along the

transverse direction. In contrary to the classical theory (which

predicts higher dissipation for bending due to TED), we find

dissipation to be lower for bending in comparison with

stretching. Furthermore, the difference in Q factor between

the two modes increases with the decrease in cross-sectional

area of the resonator. We develop a simplified model for pho-

non transport coupled with an oscillating strain field to explain

the observed trend. We also study the role of tension on Q fac-

tor for flexure deformation. The Q factor shows an initial

improvement with the applied tension and then decreases.

Continuum theory, with a phenomenological constitutive rela-

tion, is used to explain the initial increase in Q factor.

II. METHODS

We use MD simulations to compute dissipation rate in

nano-wires. We consider two different modes of deforma-

tion: the bending and the stretching mode. The bending

mode was excited using free vibration method. For stretching

deformation, we use the method of forced vibration. Since,

dissipation rate strongly depends on the frequency of me-

chanical motion, a study on the effect of deformation mode

on energy loss requires that both the modes have the same

oscillation time period. Using the method of forced vibra-

tion, we could consider the same frequency of operation for

stretching deformation as that for bending. Also, as discussed

later, forced vibration results in a nearly uniform strain field,

an essential characteristic for stretching motion. In the rest

of the paper, we shall term free vibration method as method

A and forced vibration as method B. We now provide a

description of the two methodologies.

Different variants of method A have been used

earlier35–37 in the computation of Q factor. In this method,

we perturb the desired mode of the structure. The perturba-

tion can be provided by either increasing the mode velocity

or by displacing the structure along the given mode. The

structure is isolated from the environment (in-order to study

intrinsic dissipation) and is left to evolve. The excess energy

of the excited mode gets absorbed by the system and is con-

verted into the internal energy. The modal amplitude, there-

fore, shows a sinusoidal decaying behavior. The modal

frequency, fm, and its relaxation time, sm, are determined

from the sinusoidal decaying amplitude. Q factor is, then,

computed as Q¼ pfmsm. We now provide the details of

implementing method A for the fundamental bending mode

of a fixed-fixed beam.

The structure is first equilibrated using the canonical en-

semble. In the canonical or NVT ensemble number of mole-

cules (N), volume (V), and temperature (T) is conserved. Nos�e-

Hoover thermostat was used for equilibrating the structure at

desired temperature. A relaxation time of 0.5 ps was used for

the thermostat. Subsequent to equilibration, a point is selected

from phase space. The set of position and velocity vectors of all

the atoms constitute a point in the phase space. Alternatively,

the phase space can also be described using the modal co-

ordinates. The modal co-ordinates can be obtained from the

atomic co-ordinates by projecting them on to the mode shapes.

The relation between the two is described in the subsequent

paragraph. Since the phase space point is selected from an equi-

librated ensemble, the different modes satisfy equipartition

principle. We disturb the equilibrium of the system by adding

excess energy to one of the modes of interest, in our case, this

is the fundamental bending mode. We use the method of giving

an initial velocity disturbance.

In-order to perturb the velocity of a given mode, we need

to know the corresponding modal vector. A modal vector

describes the correlated motion between different degrees of

freedom of a system. Let ~mi denote the relative displacement of

an atom i with respect to its mean position for the mode under

consideration. The set of ~mi for all the atoms forms the modal

vector. Let~vi be the velocity of the ith atom in the phase space

point that is selected from canonical ensemble. The modal ve-

locity, vm, for the given configuration is then obtained as

vm ¼

Xnatoms

i¼1

~vi:~mi

Xnatoms

i¼1

~mi:~mi

: (1)

Here, natoms is the total number of atoms. We wish to per-

turb the mode velocity by an amount Dvm. This can be done

by changing the velocity vector of the ith atom by an amount

D~vi such that D~vi ¼ Dvm~miPnatoms

i¼1
~mi:~mi

.

The atomic velocities are, thus, changed to ~vi þ D~vi

while keeping the space co-ordinates fixed. Subsequently,

the structure is evolved as a micro-canonical (NVE) ensem-

ble. In the micro-canonical or NVE ensemble number of

molecules (N), volume (V), and total energy (E) is con-

served. As the system evolves, the phase space point spreads

itself on the constant energy sphere. In the process, excess

energy of the excited mode is uniformly shared with the rest

of the modes. This can be seen by either monitoring the

modal amplitude, am, or its velocity, vm.
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We excited the fundamental bending mode of a fixed-

fixed nano-beam using method A. Figure 1(a) shows a sche-

matic of the simulation step-up. The bending mode in the y
direction was excited and we term it as mode 1. Mode shape

for mode 1 was obtained using continuum theory. Using

beam theory for a fixed-fixed beam, we get

~mi ¼~e2ðcosðbxm
i Þ � coshðbxm

i Þ
� 0:9825ðsinðbxm

i Þ � sinhðbxm
i ÞÞÞ: (2)

~mi denotes the modal displacement for atom i, xm
i is the

mean x co-ordinate,~e2 is a unit vector in the y direction, and

b is a constant. For a beam of length L0, b ¼ 4:730
L0

. The veloc-

ity increment was provided such that the center of the beam

had an initial maximum displacement of around 2.5 Å. This

corresponds to giving the center atoms a velocity increment

Dvc such that Dvc¼ 2.5xf. Here, xf is the angular frequency

of mode 1. For providing the velocity increment, an initial

estimate of xf was made using beam theory. The velocity in-

crement for the rest of the atoms was scaled in accordance

with the mode shape given in Eq. (2). The co-ordinates

(either displacement or velocity) of mode 1 can be obtained

in accordance with Eq. (1) using ~mi from Eq. (2).

Alternatively, one can also monitor ycm, the y co-ordinate of

the center-of-mass of the system. For a system with the rest

of modes in equilibrium and with mode 1 exited, ycm is a

measure of mode 1 displacement. Figure 1(b) shows the time

evolution of ycm with mode 1 excited. A sinusoidal decaying

behavior is observed. From the fit of data, fm and sm were

determined. Q factor was computed using the relation

Q¼pfmsm.

For stretching deformation, method B was used. Figure

2(a) shows a schematic of the simulation set-up for this

method. In this method, the structure is isolated from the

environment and subjected to a periodic deformation. For a

dissipative system, periodic forcing of the system results in

an increase in the internal energy. Thus, from the rate of

increase in internal energy the dissipation rate, Edisp, can be

computed. Let Estored be the maximum elastic energy stored

in the structure. Q factor, using method B, is determined as

Q ¼ 2p Estored

Edisp
. The details of implementing this method, for

the case of stretching deformation, are now described.

The structure was first equilibrated at the desired tem-

perature using Nos�e-Hoover thermostat. Subsequent to equil-

ibration, the length of the structure was deformed

periodically with an amplitude A and with an angular

FIG. 1. (a) A schematic of simulation

set-up for computing the dissipation

rate using method A. The fundamental

bending mode is excited by adding a

velocity with the profile shown (b)

Time evolution of ycm subsequent to

mode 1 excitation. Also, shown is the

exponential envelope of the data. From

the exponential fit, the mode relaxation

time, sm, is estimated.

FIG. 2. (a) A schematic of the simulation set-up for computing the dissipation rate using method B. The length of the structure in x direction is changed peri-

odically with an amplitude A and angular frequency xf. The structure has periodic boundary condition in x direction, the dotted circles show the image atoms.

(b) Increase in internal energy of structure with number of oscillation periods.
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frequency xf. The structure was decoupled from thermostat

during periodic forcing. Forcing the structure, at any finite

rate, results in disturbance of thermal equilibrium. Since the

system is driven out-of-equilibrium, energy will be dissi-

pated and work done during one complete cycle (one period

of sinusoidal motion) will be non-zero. The second law of

thermodynamics states that the entropy of an isolated system

never decreases. From the law it can be inferred that for a

thermally isolated system that exchanges work with the envi-

ronment, no net work can be extracted during a cyclic load-

ing. Furthermore, for finite rate deformations (under which

the system moves out of equilibrium), the average work

done on the system will be positive. The average work done

during a cyclic loading process is a measure of dissipation

rate. Since the system is decoupled from thermostat during

loading, the work done will result in an increase in its inter-

nal energy. Let DU be the increase in internal energy of sys-

tem after n oscillation periods and W be the total work done.

From the first law of thermodynamics, it follows that

W¼DU. From the rate of increase in mean energy, hUi, per

unit period, the energy dissipated, Edisp, can be determined.

Figure 2(b) shows the plot of hUi with the number of oscilla-

tions for one of the ensembles under forced excitation. hUi
increases nearly linearly, the slope of the curve gives Edisp.

Method B was used to excite the stretching mode and to

generate a spatially homogenous strain field. It would be use-

ful to deduce under what condition the resulting strain profile

is nearly uniform. The equation for longitudinal motion (in

the forced direction) with no body force is given as

Estretch
@2u x; tð Þ
@x2

¼ q
@2u x; tð Þ
@t2

: (3)

Here, Estretch is the Young’s modulus for stretching deforma-

tion, q is the density, and u(x, t) is the x displacement field.

For the boundary conditions, we have u(0, t)¼ 0 and u(L0, t)
¼Asin(xft). L0 is the length of the structure considered.

The steady state displacement profile with these boundary

conditions is obtained as uðx; tÞ ¼ A
sinðxf

ffiffiffiffiffiffiffiffiffi
Estretch

q

p
xÞ

sinðxf

ffiffiffiffiffiffiffiffiffi
Estretch

q

p
L0Þ

sinðxf tÞ.

Furthermore, under the condition that xf

ffiffiffiffiffiffiffiffiffi
Estretch

q

q
L0 <¼ 1, we

have uðx; tÞ � A x
L0

sinðxf tÞ. For a given value of xf, L0 can

be chosen such that a linear displacement profile (and hence

uniform strain field) is obtained. For stretching motion, xf

was taken to be the same as that of mode 1 for a nano-wire

with same cross-sectional area. The value of L0 was, then,

considered such that a nearly linear displacement profile is

obtained.

For stretching deformation, the maximum elastic energy

stored, Estored, is obtained as Estored ¼ 1
2

VEstretch�
2
0. Here, V is

the volume of structure and �0 is the strain amplitude. �0 is

related to displacement amplitude as �0 ¼ A
L0

. For our simula-

tions, we considered the value of �0¼ 0.02. Q factor, using

method B, is then obtained as Q ¼ 2pEstored

Edisp
. For our studies,

we considered two different materials: nickel and copper.

Embedded atomic method (EAM) potential38 was used to

model the force field for each of these materials. Q factor

was computed for bending (method A) and stretching

(method B) deformation for structures with different sizes.

All MD simulations were performed using large-scale

atomic/molecular massively parallel simulator.39

III. RESULTS AND DISCUSSION

A. Size study

Q factor was computed using method A for structures

with a fixed length of 100lc. lc is the lattice constant and has

value of 3.5374 Å for nickel and a value of 3.615 Å for cop-

per. The cross-sectional area was varied from 10lc� 10lc to

18lc� 18lc. Figures 3(a) and 3(b) show the plot of Q factor

versus size (width) obtained under bending deformation for

nickel and copper, respectively. The plot shows that the Q

FIG. 3. Variation of Q factor with size for bending and stretching deformation.
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factor increases with the decrease in cross-sectional area for

both the materials.

We next computed the Q factor using method B for

stretching deformation. The length of the structure was taken

to be 12lc. The choice of this length resulted in a nearly uni-

form strain field. The cross-sectional area was, again, varied

from 10lc� 10lc to 18lc� 18lc. For a given cross-sectional

area, the excitation frequency was taken to be the same as

that for bending deformation in the previous case.

Figures 3(a) and 3(b) also show Q factor versus size, as

obtained, using method B. Q factor increases with the

decrease in size. Furthermore, with the decrease in size, the

difference in Q factor between the two deformation modes

increases. The structure, therefore, has lower dissipation in

bending in comparison with stretching motion for smaller

sizes.

Using classical theory, dissipation is obtained by solving

the coupled thermo-elastic equation. The equation for heat

flow, in the presence of a strain field, is given as16

@h
@t
¼ vr2h� EaT0

1� 2rð ÞCv

@

@t

X
j

�jj: (4)

Here, v is the thermal diffusivity, h is the change in tempera-

ture from initial value, E is Young’s modulus, r is Poisson’s

ratio, a is the linear thermal expansion coefficient, Cv is the

specific heat capacity per unit volume at constant volume, T0

is the equilibrium (initial) temperature, and �jj is the diagonal

component of the strain tensor. For the case of uniform

strain, the term
P

j �jj in Eq. (4) has no spatial dependence.

For such a case, and with the initial condition h(x, 0)¼ 0, the

above equation admits a solution of the form h(x, t)¼ h(t).
The spatial uniformity of temperature field implies that there

is no heat flow and, therefore, no entropy generation. Hence,

the dissipation value is predicted to be zero for the case of

uniform strain field. For the case of flexure, where the strain

field is non-uniform, heat flow takes place and dissipation

admits a finite positive value. Thus, from the classical

theory, we expect that dissipation will be more for the case

of flexure. However, for the sizes studied, we observe that

flexure deformation is less dissipative in comparison with

the case of uniform strain field.

In-order to understand the observed trend in dissipation

rate, we first elucidate the governing dissipation mechanism.

For stretching deformation, the resulting strain field is spa-

tially uniform. For uniform strain field and in the frequency

range studied, dissipation takes place due to Akhiezer mech-

anism.40 We provide a brief description of Akhiezer

damping.

1. Akhiezer mechanism

Akhiezer dissipation takes place due to the difference in

the interaction of strain field with the vibrational modes of

the structure. The internal vibrational modes of a structure

constitute the thermal phonons. The underlying Akhiezer dy-

namics can be understood by considering a simplified case

of two vibrational modes which have different interactions

with the strain field. Figure 4 depicts the Akhiezer damping

mechanism. The modes are represented as harmonic oscilla-

tors 1 and 2. The oscillators are initially in equilibrium,

hence, each of them have a thermal energy of kbT. Here, kb is

the Boltzmann constant and T is the temperature of system.

Strain field modulates the potential energy curve and, hence,

the frequency of oscillators. For the ith oscillator, frequency,

xi, varies with strain, �, as

xi ¼ x0
i ð1� �kiÞ: (5)

Here, x0
i is the frequency in reference configuration and ki is

the Gr€uneisen parameter.

Frequency modulation results in a change in modal

energy. The change in energy due to the imposed strain can

be obtained by using the concept of adiabatic invariant.

When the curvature of an oscillator is modulated such that

the rate of modulation is slow in comparison with the fre-

quency of the oscillator, the ratio of its energy to frequency

remains conserved.42 It then follows that
d

Ei
xi

d� ¼ 0. Ei is the

energy of the ith oscillator. Expanding the differential opera-

tor we get dE�i ¼ � dxi

xi
Ei. dE�i represents the differential

change in energy for the ith oscillator due to the change in �.
Using the relation between xi and � from Eq. (5), we obtain

dE�i ¼ �kiEid�: (6)

For the case, when the two oscillators have different val-

ues of ki, the applied strain will result in an energy difference

between them. The modes will interact with each other and

tend to restore energy equipartition. The differential energy

change, dEm
i , due to the inter-modal interaction can be

described using the relaxation time approximation as

dEm
i ¼

ðhEi�EiÞdt
s . Here, hEi is the mean energy of the system

and s is the relaxation time. The total energy change, dEi, for

the ith mode is then given as dEi ¼ dE�i þ dEm
i . For an oscil-

lating strain field with strain amplitude �0 and oscillation fre-

quency xf, we obtain

dEi

dt
¼ hEi � Ei

s
� kiEixf �0 cos xf tð Þ: (7)

The time rate of change of hEi can be obtained by add-

ing Eq. (7) for different values of i and is given as

FIG. 4. A schematic illustrating Akhiezer dynamics. The two oscillators, 1

and 2, are initially in equilibrium. Strain modulates the potential energy pro-

file for the oscillators. The solid curve shows the potential energy profile in

the reference configuration, while the dashed ones correspond to strained

configuration. For oscillator 1, strain increases the curvature, while it

decreases for 2.

094304-5 K. Kunal and N. R. Aluru J. Appl. Phys. 116, 094304 (2014)

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

128.174.230.14 On: Wed, 03 Sep 2014 20:44:22



dhEi
dt
¼ hkihEixf �0 cos xf tð Þ þ DkDExf �0 cos xf tð Þ: (8)

Here, hki ¼ k1þk2

2
; Dk ¼ k1�k2

2
and DE ¼ E1�E2

2
. Integrating

Eq. (8) for the nth oscillation period and taking hEi to be

constant in the R.H.S we obtain

hEððnþ1ÞTpÞi�hEðnTpÞi¼
ððnþ1ÞTp

nTp

DkDEðtÞxf �0 cosðxf tÞdt:

(9)

Tp is the oscillation time period and is related to xf as

Tp ¼ 2p
xf

. Furthermore, using Eq. (7), we obtain

dDE

dt
þ DE

s
¼ DkhEixf �0 cos xf tð Þ: (10)

Approximating hEi¼ kbT, the above equation admits an ana-

lytical solution. Using the analytical solution for DE in Eq.

(9), we obtain

Edisp ¼ pkbTDk2�2
0

xf s
1þ xf sð Þ2

: (11)

Here, Edisp¼hE((nþ 1)Tp)i� hE(nTp)i. Equation (11) repre-

sents the change in mean energy of thermal oscillators for

one oscillation period. Clearly, for Dk 6¼ 0, the mean energy

of the oscillators increases with time. This increase in energy

takes place at the expense of mechanical energy and is the

case for Akhiezer damping.

For the case when xfs< 1, Eq. (11) gives Edisp / xf.

For stretching deformation, xf was taken to be the same as

that for bending. Using beam theory, xf for mode 1 is

obtained as xf ¼ w
ffiffiffiffiffiffiffiffi
Ebend

12q

q
4:730

L0

� �2
. In this expression, Ebend is

the effective Young’s modulus in bending, L0 is the length

and w is the width of the beam. From the expression for xf,

we observe that for structures with fixed L0, xf decreases

with the decrease in w. Hence, Edisp is expected to decrease

with the decrease in w, assuming other parameters in Eq.

(11) have a weaker size dependence. This explains the

increase in Q factor with the decrease in size as observed

using MD simulation.

We now consider the phonon dynamics in an oscillating

nano-wire with spatial flow of energy. We first consider the

case of flexure deformation. The results for the flexure defor-

mation are, then, compared with the case of uniform strain

field.

2. Phonon dynamics

In flexure deformation, the resulting strain field is no

longer uniform. The strain field varies linearly along the lat-

eral direction (see Appendix A for strain field calculation).

Figure 5 shows the strain field variation along the lateral (y)

direction as obtained using MD simulation. A non-uniform

strain field results in a spatial energy gradient. The flow of

energy due to the imposed spatial gradient results in an addi-

tional dissipation known as the TED.

In-order to understand the observed trend, we first

develop equations governing the energy for thermal modes

when the resulting strain field is non-uniform. We, again,

consider a simple case where we have two different thermal

modes 1 and 2. In-order to consider energy transport, the

modes are now represented as traveling waves. We consider

a one dimensional case with the flow of energy confined

along the lateral direction (y) of the structure. Since, the

strain gradient is maximum along the y direction for bending

deformation, this is a valid approximation. For such a case,

we can have the wave as either traveling upward or down-

ward. Figure 6 depicts the thermal modes represented as

upward and downward traveling waves along the lateral

direction of an oscillating nano-structure. Henceforth, the

superscripts þ and � refer to waves traveling along the posi-

tive and negative y axis, respectively.

Let Eþi ðyÞ and E�i ðyÞ represent the energy density asso-

ciated with the upward and downward traveling waves for

thermal mode i. The change in the energy density due to

strain and inter-modal interaction is described using the

equations developed before for the case of Akhiezer damp-

ing. The strain, however, for the present case is a spatially

varying field and needs to be taken into consideration.

FIG. 5. Variation of strain profile along the lateral direction.

FIG. 6. Thermal modes represented as upward and downward traveling

waves for the case of flexure motion.
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Furthermore, we also need to account for the energy change

due to the spatial flow. The energy change due to the spatial

flow is given using the wave equation.43 The equation gov-

erning the energy density for a thermal mode i is then

obtained as

@Eþ;�i y; tð Þ
@t

þ vþ;�g

@Eþ;�i y; tð Þ
@y

¼ hE y; tð Þi � Eþ;�i y; tð Þ
s

� kiE
þ;�
i

d� y; tð Þ
dt

: (12)

Here, vþ;�g represents the mode group velocity and satis-

fies the relation vþg ¼ �v�g ¼ jvgj. hE(y, t)i is the mean

energy density given as hEðy; tÞi ¼ 1
4

P2
i¼1 Eþi ðy; tÞ

þE�i ðy; tÞ. Equation (12) is the phonon Boltzmann transport

equation43 represented in terms of modal energy. A source

term, due to mechanical coupling, has been included in the

transport equation. Furthermore, we have considered a sim-

plified case with wave velocity confined along one-

dimension. Also, we have considered only two thermal

modes, effectively representing the longitudinal and trans-

verse modes. The value of jvgj was determined using the

relation jvgj ¼
ffiffiffiffiffi
C11

q

q
. Here, C11 is the elastic constant and q

is the material density. For the one dimensional case, the

effective group velocity needs to be scaled44 by a factor of 1
2

and was taken into consideration.

We consider �(y, t)¼�jy sin(xft) as the strain field

along the lateral direction for bending. j is curvature of the

deformed beam. For small strain in the elastic regime, the

computed Q factor was found to be independent of j and

hence we set j ¼ 0:02
w . Equation (12) needs to be supple-

mented with a proper boundary condition at the ends.

Adiabatic boundary condition implies that the energy density

for þ and � waves for a given mode should be the same at

y ¼ þ w
2

and y ¼ � w
2
. Equation (12) was solved numerically

using the finite difference method. Adiabatic boundary con-

dition was used. The case of nickel was considered. The

same width sizes, as taken in MD simulations, were used.

For a given size, oscillation frequency was also taken to be

the same as that obtained using MD. The value of s was con-

sidered as a function of size and was obtained from previous

studies.20 We set k1¼ 1.8 and k2¼ 0.60. The dissipation

rate, Edisp, was computed as the rate of increase in average

internal energy, hUi, per unit period. hUi for the nth period is

obtained as hUi ¼ 1
Tp

Ð ðnþ1ÞTp

nTp

Ð w=2

�w=2
hEðy; tÞidydt. The energy

stored, Estored, was obtained using the relation Estored

¼
Ð w=2

�w=2
1
2

Ebendð�ðyÞÞ2dy. Q factor was then computed as

Q ¼ 2p Estored

Edisp
.

We also obtained the Q factor for stretching deformation

using Eq. (12). For stretching deformation, we used �(y, t)
¼ �0 sin(xft). For a given cross-sectional area, the oscillation

frequency was taken to be the same as that for bending de-

formation. Figure 7 shows the plot of Qr with size for the

case of nickel as obtained using Eq. (12). Qr is defined as the

ratio of Q factor for bending to that of stretching deforma-

tion. The plot also depicts the values of Qr obtained from

MD simulations. The results computed from phonon dynam-

ics are in agreement with MD simulations with some devia-

tions for smaller size.

From this simple model, we can infer why dissipation is

lower for the case of flexure for smaller sizes. When the

strain field is uniform, dissipation takes place due to differ-

ence in energy between the two thermal modes. In the case

of flexure, energy difference between the two groups varies

linearly along the lateral direction and attains a maximum

value at the boundaries. A spatial flow of energy takes place

due to the established energy gradient. Surface aids in estab-

lishing local equilibrium between the incoming and outgoing

waves. This effectively reduces the time required for energy

transfer between the two groups and thus helps in lowering

dissipation.

It would, also, be useful to identify the important param-

eters that govern dissipation for the two deformation modes.

For the case of stretching deformation, we established before

that dissipation takes place due to difference in the energy

between the two mode groups. The imposed strain results in

an energy difference between the groups. An inter-modal

current flow takes place leading to entropy generation. In the

limit that k1¼ k2, the two modes will always have the same

energy value. In this limit, the stretching deformation will

have no dissipation (using Eq. (11)). For such a case, dissipa-

tion will be higher for the case of flexure for all the sizes.

Since, there is no transport of energy between different

regions for the case of stretching, Q factor does not depend

on the wave velocity magnitude jvgj. However, for the case

of flexure, jvgj plays an important role. A higher wave speed

enhances the rate of energy transport. This results in lower-

ing the equilibration time and hence reduces the dissipation

rate. This was, indeed, confirmed by solving Eq. (12) for dif-

ferent values of jvgj. Edisp was found to decrease with the

increase in jvgj and keeping other parameters constant.

B. Role of tension

We also studied the role of tension on Q factor for a

fixed-fixed nickel beam and under flexure deformation. For

FIG. 7. Variation of Qr, the ratio of Q factor for bending to stretching defor-

mation, with size as obtained using one-dimensional model.
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this study, we considered the structure with an aspect ratio of

10. The initial tension was provided by giving the structure a

strain along the length direction and then keeping the ends

fixed. Q factor was, then, computed using method A as

described in Sec. II. The structure with zero axial stress was

taken as the reference configuration. The purpose of studying

the role of tension on Q factor is two-fold. It has been shown

that tensile stress can be used to enhance the Q factor for a

nano-wire.36,45 It would, therefore, be useful to study the

role of tension for the case of intrinsic damping. We develop

scaling relations for the variation of Q factor with the

initial tension using continuum theory. Also, the under co-

ordinated surface atoms in a nano-structure have residual

stress. This residual stress can be accounted for by consider-

ing an effective initial tension in the nano-beam. Thus, a

study of the role of tension would also provide an under-

standing of the role of surface tension on damping in a nano-

structure.

We computed Q factor for a nickel nano-beam with a

cross-sectional area of 12.51 nm2 and with different values

of initial strain (or tension). Figure 8 shows the plot of Q fac-

tor with strain in the structure, as obtained using MD simula-

tion. Q factor shows a non-monotonic dependence on strain.

It first increases with the increase in tensile strain and then

decreases. A similar observation was also made in previous

study.36 In-order to understand the observed scaling of Q
factor with strain, we first study the variation of resonant fre-

quency with axial tension.

Let T0 be the tension in nano-beam and Ebend be the

effective Young’s modulus in bending. The equation govern-

ing the free vibration of a beam is given as47

EbendI
@4u

@x4
� T0

@2u

@x2
þ l

@2u

@t2
¼ 0: (13)

Here, u is the displacement in the y direction, I is the

moment of inertia, and l is the mass per-unit length. For the

aspect ratio of 10, the beam theory describes the fundamental

mode dynamics accurately.46 The mode shape, U(x), and the

resonant frequency, xm, can be obtained by assuming a

solution of the form u(x, t)¼U(x)exp(ixmt). Using this

variable-separable solution in Eq. (13), we get an eigen-

value problem for U(x) and xm as

EbendI
d4

dx4
� T0

d2

dx2

� �
U xð Þ ¼ lx2

mU xð Þ: (14)

The eigen-value problem was solved numerically using the

finite element method (FEM) to determine U(x) and xm. For

a beam subjected to an axial strain, �s, the resultant tension,

T0, is given as T0¼AEstretch�s. Here, A is the cross-sectional

area and Estretch is the effective Young’s modulus of the

beam in stretching deformation. Estretch is, in general, differ-

ent from Ebend for the case of a nano-wire. We provide a

brief description of the method to obtain Estretch and Ebend

using the quasi-harmonic theory in Appendix C.

Figure 9 shows the plot of xm versus strain as obtained

using Eq. (14). The plot, also, depicts the results obtained

using MD simulation. A good agreement between the two

results is obtained. The resonant properties of a nano-beam

are, therefore, aptly captured using the beam theory.

The resonant properties of a nano-beam can, now, be

used to study its dissipative behavior. In-order to describe

dissipation using continuum theory, one needs to account for

the viscous component, rv, of the stress. A constitutive rela-

tion governing the time evolution of rv is also required. We

consider the phenomenological relation48

rv ¼ Eloss _�: (15)

Here, Eloss is the loss modulus and _� is the strain rate. The

value of Eloss was determined such that we get the same Q fac-

tor, as that obtained using MD, for the zero strain case. The

energy dissipated per unit period, Edisp, is then obtained as

Edisp ¼
ð 2p

xm

0

ð ð ð
rv _�ðx; y; z; tÞdvdt: (16)

Here, �(x, y, z, t) is the strain field in the vibrating nano-

beam. For a beam with a displacement profile, u(x), the strain

field, �(x, y, z), is given as

FIG. 8. Variation of Q factor with axial strain for the case of nickel.
FIG. 9. Variation of resonant frequency for the fundamental bending mode

with axial strain.
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� x; y; zð Þ ¼ �y
d2u xð Þ

dx2
þ 1

2

du xð Þ
dx

� �2

: (17)

The first term in the above expression corresponds to bending

deformation and the second term corresponds to increase in

length (or stretching) of the neutral axis of the beam. The

stretching component is a non-linear term and can be

neglected for small deformation. Thus, for an oscillating

beam with mode shape U(x) and angular frequency xm, we

get �ðx; y; z; tÞ ¼ �y d2UðxÞ
dx2 sinðxmtÞ. This expression for strain

field was used in Eq. (16) to determine Edisp. The value of

Eloss was taken to match Edisp obtained from MD simulation

for the case of no initial tension. For a structure under reso-

nant motion, the maximum elastic energy is equal to the max-

imum kinetic energy. The maximum elastic energy stored,

Estored, was thus obtained as Estored ¼
Ð L

0
1
2
lU2ðxÞx2

mdx. From

these values, Q factor was determined. Figure 8 shows the

plot of Q factor vs. strain, as obtained, using continuum

theory. The initial increase in Q factor with applied strain is

described using continuum relation. However, the theory fails

to capture the decrease in Q factor observed for higher

strains. For higher strain values, Eloss can no longer be

assumed to be a constant as has been used in our model. The

value of Eloss depends on the material properties, such as the

relaxation time, thermal conductivity, etc. These properties

are expected to change for large strain values. Also, addi-

tional mechanisms, such as mode coupling, can become

active for larger strains and hence modify the value of Eloss.

IV. CONCLUSIONS

Dissipation in nano-wires under two different modes of

deformation, stretching and bending, was studied. Q factor

was found to be lower for the stretching motion in compari-

son with the bending mode. Furthermore, with the decrease

in cross-sectional area of the beam the difference in Q factor

between the two modes increased. A simple model using

phonon dynamics was developed to explain the observed

scaling of Q factor with size. We also studied the effect of

axial strain on dissipation rate in the flexure motion. A non-

monotonic dependence for Q factor was observed. The initial

increase in Q factor with the applied strain was explained

using continuum theory.
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APPENDIX A: STRAIN FIELD

For computing strain field from atomistic data, we use a

method from previous work.49 We first provide a brief

description of the method. The method is then adapted to

deal with the case of a vibrating structure. We consider a col-

lection of atoms. The co-ordinate in the reference configura-

tion for an atom i is given as Xi. The system is subjected to a

deformation such that the co-ordinate of atom i in the

deformed configuration changes to xi. The deformation is

assumed to be homogeneous (for non-homogeneous

deformation, the atoms can be divided into smaller groups

such that for each of the smaller groups, the deformation is

homogeneous). The problem, then, reduces to finding a de-

formation gradient F that maps Xi into xi. In-order to elimi-

nate rigid body transformation, we consider the motion in

the center of mass frame of reference. Let Xcm and xcm

denote the center of mass for the group of atoms in the refer-

ence and deformed configurations, respectively. We define

Xc
i ¼ Xi � Xcm and xc

i ¼ xi � xcm. We define tensor A as

A ¼
X
i

Xi � Xi (A1)

and B as

B ¼
X
i

xi � xi: (A2)

Here, the symbol � refers to the tensor product. In the index

notation, the components of the tensor product are given as

ð~v1 �~v2Þij ¼ v1iv2j, where~v1 and~v2 are arbitrary vectors. F
is then obtained as

F ¼ AB�1: (A3)

For a vibrating beam, we have xi ¼ xiðtÞ. We computed

the strain field for flexure vibration excited in nano-beam using

method A. The time instants at which the y co-ordinate of the

center of mass attained a maxima were identified. The strain

field computation was performed for one such time instant. Let

t1 be the time instant for which the strain field is determined.

We define xai ¼ 1
2Dt

Ð t1þDt
t1�Dt xiðtÞdt. Here, Dt is a small time win-

dow considered for averaging out the thermal vibrations. The

value of Dt was taken to be 200 fs. Since, the structure is

dynamically changing, one cannot consider a large value of Dt.
Xi was taken as the mean equilibrium co-ordinate. The struc-

ture was divided into two dimensional bins along x and y direc-

tions. The length of bin, in each direction, was taken to be two

lattice units. For each bin, B was obtained using Eq. (A2) and

with xi ¼ xai. F was then computed using Eq. (A3). The

Green-Langrangian strain tensor, E, is obtained from F as

E ¼ 1

2
FTF� IÞ:
�

(A4)

APPENDIX B: MODE SHAPE

The mode shape for the fundamental flexure mode

(mode 1) was extracted using the free vibration method from

MD. For a beam that is given an initial excitation and under-

goes free vibration, the resulting dynamics can be described as

a linear combination of the individual modes. Each of the

mode behaves as a damped harmonic oscillator. The amplitude

of the higher order modes decay down rapidly. The resultant

displacement profile, then, corresponds to that of mode 1.

We first make an estimate of the decay time for the next

higher mode (other than mode 1) that could have been

excited. Since the initial velocity perturbation has an anti-

node at the center (we used sinusoidal profile for the pertur-

bation), the next higher mode corresponds to mode 3. We

consider the case of a nickel beam with cross-sectional area
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18lc� 18lc. From beam theory, the oscillation frequency, f3,

for mode 3 is estimated to be f3¼ 96.5568 GHz. From the

observed scaling relation between Q factor and x, we com-

pute Q3, the Q factor for mode 3. Q3 is estimated to be

73.91. From Q3, the relaxation time for mode 3, s3, is deter-

mined as s3¼ 243.67 ps. For t> s3, the amplitudes for all the

higher modes are expected to decay down appreciably. The

dynamic response of the beam will, then, be dominated by

the fundamental mode (mode 1). In-order to further check

that mode 1 is indeed the dominant mode, we computed the

fast Fourier transform (FFT) of ycm, the y center of mass of

the excited beam. Figure 10 shows the FFT for ycm. The FFT

shows a dominant peak corresponding to mode 1 frequency.

Mode 1 is, therefore, the dominantly excited mode. Thus,

from the displacement profile of the freely vibrating beam,

mode 1 shape can be inferred.

A velocity perturbation corresponding to a sinusoidal

profile was given to the beam. We, then, obtained the

displacement profile of the beam after around 500 ps from

the initial excitation. The initial time period of 500 ps

ensures that all the higher order modes have decayed down.

The beam was divided into groups along the length direction.

The time at which the y center of mass (com) attained a max-

imum value was identified. Corresponding to that time

instant, the y com of each group was obtained. The y com

amplitude of each group gives the displacement profile of

the beam under free vibration. Figure 11 shows the displace-

ment profile obtained. The plot also shows the mode shape

obtained using Euler-Bernoulli beam theory. The displace-

ment profile obtained from MD shows good agreement with

the theoretical mode shape. The displacement profile, as dis-

cussed before, corresponds to the fundamental flexure mode.

APPENDIX C: ELASTIC CONSTANTS

We use local quasi harmonic method50 (LQHM) to

determine the elastic constants required for beam theory.

The free energy, Fi, for an atom i in the LQHM approxima-

tion is given as

Fi ¼ Ui þ
1

2

X3

a¼1

�hxai þ kbT
X3

a¼1

ln 1� exp
��hxai

kbT

� �
: (C1)

Here, Ui is the static potential energy, kb is the Boltzmann

constant, �h is the Planck’s constant scaled by 1
2p, T is the tem-

perature of system, and xai is the vibrational frequency.

A homogenous cubic crystal is characterized by elastic

constants, C11, C12, and C44. The presence of surface in a

nano-structure modifies these properties. For such a case, the

elastic constants are no longer constant but depend on the

position of atom. Using LQHM, we first determine these

constants for each atom. The properties are then averaged

over to determine the effective elastic modulus for bending

and stretching.

Using elasticity theory, the free energy change, DF, for

a crystal subjected to strain, �ij, is given as48

DF

V
¼ r0

ij�ij þ
1

2
Cijkl�ij�kl: (C2)

Here, V is the volume of the structure, r0
ij is the component

of residual stress tensor, Cijkl is the elastic constant, and �ij is

the components of strain tensor.

For a crystal with cubic symmetry and subjected to a

strain, �ij¼ �di1dj1, the above relation reduces to

DF

V
¼ r0

11�þ
1

2
C11�

2: (C3)

For an atom i with an effective volume Vi, we use the

above relation to get DFi

Vi
¼ ri0

11�þ 1
2

Ci
11�

2. Here, r0i
11 and Ci

11

are the residual stress and elastic constant associated with atom

i. DFi was obtained using Eq. (C1) for different values of �. A

second-order polynomial fit was performed to get r0i
11 and Ci

11.

Subjecting the crystal to a strain �ij ¼ �ðdi1dj1 � di2dj2Þ
gives DFi

Vi
¼ ðri0

11 � ri0
22Þ�þ Ci

11�
2 � Ci

12�
2. DFi was again

obtained using LQHM for different values of �. Using

second-order polynomial fit and predetermined values of ri0
11

and Ci
11; r0i

22 and Ci
12 were determined.

FIG. 10. The FFT of ycm for a beam that was given a velocity perturbation

along the y direction.

FIG. 11. The displacement profile for a beam under free vibration as

obtained using MD. Also, shown is the fundamental mode shape obtained

using Euler-Bernoulli beam theory.
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For a cubic crystal, the Young’s modulus along the

[1 0 0] direction, E[100], is given as48 E½100� ¼ C11 � 2
C2

12

C11þC12
.

Thus, the Young’s modulus, Ei, associated with atom posi-

tion i and along the [1 0 0] direction is obtained as

Ei ¼ Ci
11 � 2

ðCi
12
Þ2

Ci
11
þCi

12

. For stretching deformation, all the

atoms are subjected to the same strain. The effective

Young’s modulus, Estretch, is thus derived as

Estretch ¼

Xnatoms

i¼1

Ei

natoms
: (C4)

For the bending deformation, strain field varies linearly

along the lateral direction and the surface atoms experience

the maximum strain. The effective Young’s modulus in

bending, Ebend, is, thus, obtained by taking the second

moment of Ei along the y axis with the origin as the neutral

axis of beam. The neutral axis is defined as the line along

which the first moment of Young’s modulus vanishes. For a

symmetric structure, which is the case here, the neutral axis

passes through the beam geometric center in the y–z plane.

Let yi be the y co-ordinate for atoms i with the origin lying

on the neutral axis of beam. Ebend is then computed as

Ebend ¼

Xnatoms

i¼1

Eiy
2
i

Xnatoms

i¼1

y2
i

: (C5)

Tables I and II provide values of Estretch and Ebend for nickel

and copper, respectively.
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