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Charge inversion is a widely observed phenomenon. It is a result of the rich statistical mechanics of the
molecular interactions between ions, solvent, and charged surfaces near electric double layers (EDLs).
Electrostatic correlations between ions and hydration interactions between ions and water molecules
play a dominant role in determining the distribution of ions in EDLs. Due to highly polar nature
of water, near a surface, an inhomogeneous and anisotropic arrangement of water molecules gives
rise to pronounced variations in the electrostatic and hydration energies of ions. Classical continuum
theories fail to accurately describe electrostatic correlations and molecular effects of water in EDLs.
In this work, we present an empirical potential based quasi-continuum theory (EQT) to accurately
predict the molecular-level properties of aqueous electrolytes. In EQT, we employ rigorous statistical
mechanics tools to incorporate interatomic interactions, long-range electrostatics, correlations, and
orientation polarization effects at a continuum-level. Explicit consideration of atomic interactions of
water molecules is both theoretically and numerically challenging. We develop a systematic coarse-
graining approach to coarse-grain interactions of water molecules and electrolyte ions from a high-
resolution atomistic scale to the continuum scale. To demonstrate the ability of EQT to incorporate
the water orientation polarization, ion hydration, and electrostatic correlations effects, we simulate
confined KCl aqueous electrolyte and show that EQT can accurately predict the distribution of ions
in a thin EDL and also predict the complex phenomenon of charge inversion. Published by AIP
Publishing. https://doi.org/10.1063/1.5026975

I. INTRODUCTION

The charge inversion is a phenomenon in which the coion
charge density exceeds the counterion charge density in a cer-
tain region of the electric double layer (EDL). The presence
of counterions next to a charged surface reduces the apparent
surface charge of the EDL compared with the bare surface
charge. The apparent surface charge is the charge that ions
away from the surface see. The charge inversion occurs when
the apparent surface charge has an opposite sign than that of
the bare surface charge. The reversal of the apparent surface
charge is possible when the number of counterions next to
the surface exceeds the surface charge. In an EDL region that
experiences the reversal of the apparent charge, coions are
attracted and counterions are repelled, which causes the charge
inversion.

Charge inversion gives rise to several counterintuitive phe-
nomena, such as attraction between like-charged surfaces,1,2

reversal of mobility of charge colloids,3,4 and electro-osmotic
flow reversal phenomena.5 Furthermore, charge inversion phe-
nomena play a prominent role in biological processes and
micro/nano-fluidic applications, such as DNA uptake by the
cell for gene therapy,6 tunable ionic filters,7 desalination,8,9

energy storage devices,10,11 and many other industrial appli-
cations. Therefore, understanding the molecular origins of
the properties of EDLs and charge inversion phenomena is
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critical to devise mechanisms to control interfacial phenom-
ena and design novel fluidic functionalities. Variations in the
surface-fluid molecular interactions, packing and orientational
ordering, thermodynamic, and dynamical properties of fluid
molecules across multiple length scales ranging from a few
Angstroms to several nanometers govern the behavior of flu-
idic systems involving interfaces. For example, due to the
long-range nature of electrostatics, the local arrangement of
ions in the thin EDL near the interface region has strong effects
on the electrokinetics at nanometric, micrometric, and even
larger scales.12 Therefore, it is important to study interfacial
ionic systems at multiple length-scales.

Experimental investigation of the narrow interfacial
region, despite significant progress in new instruments and
tools over the past few decades, is still challenging.13–15

Direct measurements of chemical details in the interfacial
region is difficult because fluctuations hinder the ability to
separate signal from the interface region over those of the
adjacent bulk-like phases. Therefore, theory and computa-
tional tools are essential to obtain molecular-level insights of
interfaces.

Molecular simulation techniques, such as molecular
dynamics (MD) and Monte Carlo (MC) simulations, can be
used to study the microscopic properties of interfacial flu-
ids.16,17 However, it is computationally expensive to perform
atomistic simulations due to long equilibration times and
extensive phase-space sampling required to compute average
properties reliably, i.e., with low statistical noise. For exam-
ple, MD simulations of electrolyte systems require thousands
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of water molecules per ion and long simulations to achieve
reliable statistics. Therefore, the time scales and length-scales
accessible by molecular simulations are limited. On the other
hand, the classical continuum methods, such as Navier-Stokes
equations, are computationally efficient, but fail to accurately
describe the atomic-level structure and properties of confined
fluids.18,19 As a result, molecular simulations and classical
continuum methods are not applicable for applications that
involve multiple time and length scales ranging from the
atomic to continuum scales.20 To address these issues, we
need a multiscale method which is not only as accurate as
molecular simulations but also as fast as classical continuum
methods.

The Gouy-Chapman (GC) theory based on the Poisson-
Boltzmann (PB) equation is the most basic and popular theory
to study EDL.21 However, the accuracy of the Gouy-Chapman
theory is limited and it cannot predict the charge inversion
phenomena. There exist liquid state theories, such as the mod-
ified PB theory,22 integral equation theory,23 and classical
density functional theory (cDFT).24–29 These theories, in addi-
tion to the electrostatic interactions, mainly account for the
finite size effects of ions and van der Waals interactions among
them. However, they usually ignore molecular details of water
and variations in the dielectric permittivity. Interfacial water
around ions plays a dominant role in determining the distri-
bution of ions and electrochemical properties of EDLs near
charged surfaces.30 Distinct polar charge distribution of the
water molecule gives rise to highly directional intermolecu-
lar interactions, strong hydrogen bonding, polarization, and
orientational ordering. Near an interface, additional conflicts
between surface-water interactions, spatial constraints, and
water’s tendency to form hydrogen-bonded networks result
in microscopic variations in the density, orientation, polar-
ization, dielectric permittivity, and hydration of ions which
are widely different from its bulk properties.31 Therefore, an
explicit description of the molecular structure and dielectric
and hydration effects of interfacial water is important to study
EDLs.

There are some approaches which try to incorporate
molecular details of water explicitly. The simplest approach is
to model water molecules as hard spheres with uniform dielec-
tric permittivity. The hard sphere water model has been used
in various cDFT-based studies of EDL, which is also known
as the three-component model (3CM) or molecular solvent
model (MSM).32,33 Lee et al.26 have further incorporated the
Lennard-Jones (LJ) interactions among ions, water, and wall
particles in the 3CM cDFT. However, the hard sphere model is
a very crude approximation for a water molecule and it ignores
water-water electrostatic interactions, short-range electrostatic
correlations, and variations in the orientation and dielectric
permittivity of water. To include water orientation and polar-
ization effects, dipolar solvent-based approaches have been
proposed, such as the Langevin dipole model,34,35 “civilized”
solvent model-based cDFT,36 generic density functional,37

polar solvation cDFT,38 and dimer solvent-based cDFT.39

However, these approaches fail to predict the structural prop-
erties of EDLs, such as solvent and ion density profiles and
charge inversion phenomena, accurately as compared to fully
atomistic molecular simulations.

In Ref. 40, we presented a realistic explicit water based
theoretical framework for studying EDLs. The framework
is based on an empirical potential-based quasi-continuum
theory (EQT)41–48 and Langevin-Poisson (LP) approach for
the electrostatic interactions. In LP-EQT, water polarization
and dielectric permittivity variations are modeled using the
Langevin dipole approach. Finite size effects of water and
ions are modeled using hard sphere approximations. To accu-
rately capture hydration of ions, we systematically developed
water-water and ion-water coarse-grained (CG) potentials.
We showed that LP-EQT predictions of the water and ion
density profiles agree well with those of the reference MD
simulations. However, in the LP-EQT approach, we used a
mean-field approximation in determining electrostatic inter-
actions. The Langevin-Poisson approach for electrostatics
ignores ion-ion, ion-dipole, and dipole-dipole electrostatic
correlations.34

Electrostatic correlation effects are significant when the
ion concentration or the surface charge density or both are
high. In particular, the electrostatic correlations give rise to
excess interactions between ions which drive the charge inver-
sion.49,50 Therefore, the focus of this work is to incorporate
electrostatic correlation effects in the LP-EQT framework
such that LP-EQT can accurately predict the charge inversion
phenomena.

The remainder of the paper is organized as follows. In
Sec. II, we describe the LP-EQT framework and the model
to include electrostatic correlations. In Sec. III, we describe
the reference KCl aqueous electrolyte-based charge inver-
sion system. In Sec. IV, we provide the details of system-
atic coarse-graining to develop a coarse-grained water model
and ion-water coarse-grained potentials. In Sec. V A, we
discuss the results and limitations of the mean-field elec-
trostatic approach. In Secs. V B and V C, we compute the
electrostatic correlations and compare the predictions of den-
sities and charge inversion phenomena from EQT with the
reference MD simulations. Finally, we draw conclusions in
Sec. VI.

II. THEORY

Consider a mixture of cations (+), anions (−), and water
(w) molecules confined in a charged slit channel. At equilib-
rium, the distribution of the fluid molecules is given by the 1-D
Nernst-Planck (NP) equation,

d
dz

(
dρi

dz
+

ρi

kBT
dUi

dz

)
= 0 (1)

with boundary conditions

ρi(0) = 0, (2a)

ρi(L) = 0, (2b)

1
L

∫ L

0
ρi(z) dz = ρi,avg, (2c)

where ρi and U i are the density and total potential of the
molecule i (= +, −, w), respectively, T is the fluid temperature,
kB is the Boltzmann constant, L is the channel width, ρi ,avg is
the average density of the molecule i inside the channel, and
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the z-axis is normal to the wall. The solution of Eqs. (1) and
(2) is equivalent to the solution of the Boltzmann distribution
equation,

ρi(z) = ρi,ref exp

(
−

Ui(z) − Ui,ref

kBT

)
, (3)

where ρi ,ref and U i ,ref are the reference density and poten-
tial of the molecule i, respectively. For the electrolyte system,
the total potential energy can be split into the electrostat-
ics, U i ,elec, and van der Waals (vdW), U i ,vdw, contributions
as

Ui(z) = Ui,elec(z) + Ui,vdw(z). (4)

A. vdW potential

The vdW potential has two parts: the wall-fluid, Uwf
i,vdw,

and fluid-fluid, U ff
i,vdw,

Ui,vdw(z) = Uwf
i,vdw(z) + U ff

i,vdw(z). (5)

In the continuum approximation, we represent the wall as
a continuous medium with a uniform particle density, ρwall.
Then, the wall-fluid vdW potential is determined as

Uwf
i,vdw(r) = ρwall

∫
uwf

i (r)dr′, (6)

where uwf
i (r) is the effective vdW pair potential between the

wall atoms and molecule i, r and r′ are the position vectors,
and r = |r −r′|. A procedure to compute Uwf

i,vdw(r) for a slit-
channel system is described in Ref. 44. Note that in Eq. (6),
r = xi + yj + zk is a general position vector. In the case of a 1-D
slit channel, the system is periodic in x and y dimensions and
therefore, we consider only the z-variations of the properties,
i.e., Uwf

i,vdw(r) = Uwf
i,vdw(x, y, z) = Uwf

i,vdw(z)∀ x, y.
The fluid-fluid vdW potentials are more challenging to

compute than the wall-fluid potentials. They give rise to the
finite size, i.e., excluded volume effects, dispersion attrac-
tion, and particle-particle correlations in the fluid. The exact
theoretical framework, which accounts for all the fluid-fluid
interaction effects, is unknown. In this work, we split the
fluid-fluid vdW potential into purely repulsive and dispersion
components as

U ff
i,vdw(r) = U ff

i,hs(r) +
3∑

j=1

∫ Rff
ij,cut

Rff
ij,min

ρj(r′)uff
ij (r)dr′, (7)

where uff
ij (r) is the effective vdW pair potential between fluid

molecules i and j and Rff
ij,min and Rff

ij,cut are the inner and outer
cutoffs for the dispersion part of the pair potential, respec-
tively. In Eq. (7), U ff

i,hs(r) is the purely repulsive component
of the fluid-fluid interactions, which mainly accounts for the
excluded volume effects. We use the hard sphere fluid approx-
imation based on the White-Bear version of fundamental
measure theory (FMT) mark II51 to determine U ff

i,hs(r) as

U ff
i,hs(r) = kBT

∑
α

∫
dr′

∂Φ({nα})
∂nα

δnα(r′)
δρi(r)

, (8)

where Φ is the reduced free energy density and {nα} are the
set of weighted densities. The details about Φ and {nα} are

given in Ref. 40. The second term in Eq. (7) accounts for
the fluid-fluid vdW attractive interactions using a mean field
approximation.

B. Electrostatic potential

The electrostatic interactions, in addition to being long-
ranged, also give rise to the short-range electrostatic cor-
relations. The hard-sphere term, U ff

i,hs, in Eq. (7) only
accounts for the fluid-fluid short-range correlations due
to the repulsive component of the vdW interactions. The
short-range electrostatic correlations play an important role
in determining the structure and electrostatic properties of
EDLs. The short-range electrostatic correlation effects are
especially dominant when the surface charge and/or the
electrolyte concentration is high and the charge inversion
occurs.52

In this work, we account for both the long-range mean
electrostatic potential, U i ,elec-mf(z), and short-range electro-
static correlation potential, U i ,elec-corr(z), as

Ui,elec(z) = Ui,elec-mf(z) + Ui,elec-corr(z). (9)

In Ref. 40, we present a Langevin-Poisson (LP) approach to
compute the long-range electrostatic interactions. In the LP
approach, a Poisson equation with spatially varying dielec-
tric permittivity is solved to determine the mean electrostatic
potential, φ, as

d
dz

(
εr(z)

dφ
dz

)
= −

q+ρ+(z) + q−ρ−(z)
ε0

, (10)

with boundary conditions

dφ
dz

�����z=0
= −

σwall-L

ε0
, (11a)

dφ
dz

�����z=L
=
σwall-U

ε0
, (11b)

φ(z = L/2) = 0. (11c)

In Eqs. (10) and (11),σwall-L andσwall-U are the surface charge
densities of the lower (z = 0) and upper (z = L) walls, respec-
tively, q+ and q− are the charges on the cation and anion,
respectively, εr(z) is the spatially dependent dielectric per-
mittivity of water, and ε0 is the vacuum dielectric constant.
To obtain a non-trivial solution of the Poisson equation with
the constant surface charge boundary conditions [Eq. (11a)
and (11b)], we impose a zero potential condition at the mid-
point of the channel via Eq. (11c). Therefore, φ(z) is the
relative electrostatic potential with respect to the mid-point
of the channel. A common approach in the theoretical treat-
ment of the aqueous electrolytes is to assume εr(z) to be
constant and equivalent to the bulk dielectric permittivity of
water. In Ref. 40, we model water molecules as point-like
Langevin dipoles to include the effects of water orientation
polarization and dielectric permittivity variation. The details of
determining εr(z) using the Langevin dipole model are given in
Ref. 40.

The LP approach [Eq. (10)] is a mean-field approach,
i.e., it ignores the short-range electrostatic correlations.
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Therefore, φ(z) only accounts for the long-range mean elec-
trostatic interactions. The mean-field electrostatic potential
component, U i ,elec-mf(z), for the ions and water molecules is
determined as

U+/−,elec-mf(z) = q+/−φ(z), (12a)

Uw, elec-mf(z) = µ〈cos θ(z)〉φ′(z), (12b)

where φ′(z) = dφ(z)
dz , µ is the dipole moment of the water

molecule, θ is the angle between the water dipole vector and
the z-axis, and 〈cos θ(z)〉 is the average cosine of the dipole
orientation. The details of determining 〈cos θ(z)〉 are given in
Ref. 40.

In this work, we compute the electrostatic correlation
contribution, U i ,elec-corr, to the electrostatic potential as

Ui,elec-corr(r) =
3∑

j=1

∫ Rij,elec-corr

0
ρj(r′)uff

ij,elec-corr(r)dr′, (13)

where uff
ij,elec-corr(r) is the electrostatic correlation component

of the fluid-fluid interaction between the fluid molecules i and
j and Rij ,elec-corr defines the range for the electrostatic correla-
tions. We estimate the electrostatic correlation component of
the fluid-fluid interaction, uff

ij,elec-corr(r), from a bulk residual
direct correlation function, ∆cij(r), as

uff
ij,elec-corr(r) = −kBT∆cij(r). (14)

The residual direct correlation function is due to the short-
range component of the Coulombic interactions and is defined
as53,54

∆cij(r) = cij(r) − cij,hs(r) +
1

kBT
uij,vdw(r)H

(
r − dij,hs

)
+

1
kBT

qiqj

4πε0εrr
, (15)

where cij(r) is the direct correlation function and cij ,hs(r) is
the hard-sphere component of the direct correlation function
between fluid particles i and j in the bulk electrolyte system.
In Eq. (15), the third term is the component of the direct
correlation due to fluid-fluid vdW attractive interactions in
a mean field approximation, H is a Heaviside step function,

dij,hs =
di,hs+dj,hs

2 is the effective hard sphere diameter for the
fluid pair i − j, and the fourth term is due to the mean-field
Coulomb interaction. We obtain cij(r) from the solution of the
Ornstein-Zernike (OZ) equation with the hypernetted chain
(HNC) closure relation.55

III. CHARGE INVERSION SYSTEM

To demonstrate EQT for a charge inversion system, we
simulate a KCl aqueous electrolyte confined inside a slit-like
graphene channel. The electrolyte fluid is confined between
two parallel, uniformly, and negatively charged graphene walls
with −0.2265 C/m2 surface charge density and 3.804 nm
channel width. The confined electrolyte is assumed to be
in thermodynamic equilibrium with a reference bulk elec-
trolyte system with 1.0 M bulk ion concentration in water
at 1.0 g/cm3 density and 298 K temperature. To check the
accuracy of EQT, we compare the EQT results with MD
simulations.

The reference MD simulations are performed in the NV T
(canonical) ensemble by GROMACS.56 Two graphene walls
are placed along the xy plane and the lateral dimensions of
the walls are 3.834 × 3.68927 nm2. The wall atoms are kept
fixed. To achieve the surface charge density of −0.2265 C/m2,
a uniform partial charge of −0.037 e is assigned to the wall
atoms. Periodic boundary conditions are used in the x, y, and z
directions. Water is modeled using the SPC/E (extended simple
point charge model)57 force field and ions are modeled using
the force field of Joung and Cheatham.58 A spherical cutoff
of 0.9 nm is used for the LJ interactions, and electrostatic
interactions are computed by the particle-mesh Ewald (PME)
technique.59 The simulation box is padded with a vacuum layer
of 50σow in the z dimension along with a correction for the
slab geometry to exclude the interactions between the periodic
images in z. Temperature is maintained using the Nosé-Hoover
thermostat60 with 0.5 ps time constant. Equations of motion
are integrated with the leap-frog algorithm with a time step
of 1 fs. For a given bulk ion concentration and surface charge
density, the number of ions and water molecules is determined
by a trial-and-error approach such that the bulk fluid densi-
ties are achieved in the center of the channel. The number
of fluid molecules used in the AA-MD simulations is: 1640
water molecules, 77 K+ ions, and 37 Cl− ions. Equilibrium
properties are obtained by averaging the values from 10 ns
long trajectories.

Figure 1 shows the density profiles of K+, Cl−, and water
center of mass (COM) obtained from MD simulations. Since
the surface charge is negative, in this case, K+ ions are counte-
rions and Cl− are coions. As expected, water molecules arrange
in distinct layers near the channel walls. We observe that major-
ity of K+ ions accumulate within 0.4 nm distance from the

FIG. 1. Ion (a) and water COM (b) density profiles from the reference
AA-MD simulations of the charge inversion phenomenon in KCl aqueous
electrolyte confined inside a slit-like graphene channel.
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walls, Cl− ion density is very low within 0.4 nm distance from
the walls, and Cl− (coion) density is higher than the density
of K+ (counterion) between 0.6 and 1.4 nm distance from the
walls. Therefore, the charge inversion occurs at 0.6 nm distance
away from the walls.

IV. COARSE-GRAINED (CG) POTENTIALS

In EQT, to compute Uwf
i,vdw, U ff

i,vdw, and ∆cij(r), we need

to specify uwf
i (r) and uff

ij,vdw(r). In Eqs. (6), (7), and (15),

uwf
i (r) and uff

ij,vdw(r) are assumed to be spherically symmet-
ric isotropic pair potentials. Classical atomistic force fields,
which are used in MD simulations, provide vdW pair poten-
tials for wall-fluid and fluid-fluid interactions. In the atomistic
force fields, vdW interactions of ions are commonly modeled
with the pair additive potentials. For monoatomic ions, the
ion-ion and ion-wall potentials are spherically symmetric and,
hence, they are straightforward to use in Eqs. (6), (7), and
(15). However, in MD, the water molecule is modeled with
the three sites SPC/E model to represent hydrogen and oxy-
gen atoms and partial charge distribution. Due to multiple sites
per water molecule, the water-water and ion-water interactions
in an atomistic force field are anisotropic, i.e., they depend not
only on the separation distance between molecules but also on
the relative orientation. Therefore, it is more complex to use a
fully atomistic force field of water in a continuum framework.
Hence, we need a simple yet accurate potential model for water
which can incorporate the effects of water polarization and
ion-water interactions. Therefore, we first develop a coarse-
grained water force field and single site spherically symmet-
ric ion-water coarse-grained potentials as described in the
following.

We follow a systematic coarse-graining approach to
develop a CG model of the confined KCl electrolyte charge
inversion system. Systematic coarse-graining is a bottom-up
approach to devise CG models by systematically linking a low
resolution CG system to a reference high resolution all atom
(AA) system.61–63 In this work, we first obtain the CG poten-
tials in the particle based CG MD framework and use the same
CG interactions in EQT.

We explore two coarse-grained representations for the
water molecule: (i) single coarse-grained bead at the cen-
ter of mass (COM) with zero charge and no dipole moment,
denoted as (oW) CG water model, and (ii) point dipole model,
denoted as (µW) CG water model. oW CG water is a sin-
gle site isotropic model that is easy to incorporate accurately
in a continuum-based approach like EQT. However, the oW
CG model cannot explicitly model water polarization effects
and screening of electrostatic interactions in ionic systems.
On the other hand, µW CG water can model the effects of
water polarization and permittivity variation in EDL. How-
ever, due to orientation dependence and anisotropic nature of
dipole-dipole and ion-dipole electrostatic interactions, µW CG
water is challenging to model accurately in a continuum-based
approach.

We use the relative entropy minimization method64,65 to
coarse-grain the confined KCl system. Detailed description
of the relative entropy-based coarse-graining of the aqueous

electrolyte systems and point dipole water model is given in
Ref. 40. Relative entropy minimization is performed using the
versatile object-oriented toolkit for coarse-graining applica-
tions (VOTCA).66,67 In both, oW and µW, CG models, the
ion-ion vdW interactions are the same as the LJ interactions
in the atomistic force-field. The charges on the ions are also
kept the same as in the atomistic force field. As discussed
in Ref. 40, due to anisotropic and inhomogeneous interfacial
arrangement of the water molecules and ions, the bulk-based
water-water and ion-water CG potentials are not exact near the
surface. Therefore, as suggested in Refs. 44 and 45, we also
coarse-grain wall-water and wall-ion interactions to account
for the errors arising from the bulk-based CG potentials near
the interface.

A. oW CG water

In the oW water based CG representation of the KCl elec-
trolyte system, we assume a uniform permittivity of 78.5 to
incorporate screening effects of water. For the water-water
interaction, we use the water-water CG potential obtained from
bulk water in Ref. 67. K+-water and Cl−-water CG poten-
tials are determined from the bulk KCl electrolyte system
by relative entropy minimization. Wall-water and wall-ion
interactions are optimized by relative entropy based coarse-
graining of the confined KCl electrolyte system. Figure 2
shows the water-water, ion-water, wall-water, and wall-ion
CG potentials. From Fig. 3, we observe that the CG poten-
tials can accurately predict the water and ion density pro-
files by CG MD simulations. This suggests that, though
oW CG water representation assumes a uniform permittiv-
ity, the effects of water polarization and permittivity varia-
tions in the double layer region near the charged surface are
accurately incorporated in the wall-water and wall-ion CG
potentials.

FIG. 2. CG potentials in the oW water based CG representation of the KCl
electrolyte system: (a) Water-water, K+-water, and Cl−-water CG potentials
and (b) C-water, C–K+, and C–Cl− CG potentials.
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FIG. 3. Comparison of ion density profiles (a) and water COM density pro-
files (b) from AA-MD and CG-MD with oW water based CG potentials of the
confined KCl electrolyte system.

B. µW CG water

In the µW water based CG representation, we use the same
water-water CG potential obtained in Ref. 40 with µ = 2.88 D
which reproduces both the radial distribution function (RDF)
and permittivity of bulk water. K+-water and Cl−-water CG
potentials are determined from the bulk KCl electrolyte sys-
tem by relative entropy minimization. Wall-water and wall-ion

FIG. 4. CG potentials in the µW water based CG representation of the KCl
electrolyte system: (a) Water-water, K+-water, and Cl−-water CG potentials
and (b) C-water, C–K+, and C–Cl− CG potentials.

FIG. 5. Comparison of ion density profiles (a) and water COM density pro-
files (b) from AA-MD and CG-MD with µW water based CG potentials of
the confined KCl electrolyte system.

interactions are optimized by relative entropy based coarse-
graining of the confined KCl electrolyte system. Figure 4
shows the water-water, ion-water, wall-water, and wall-ion
CG potentials. From Fig. 5, we observe that the CG poten-
tials can accurately predict the water and ion density pro-
files by CG MD simulations. We note that, unlike in the oW
water based CG representation of the confined KCl electrolyte
system, in µW representation we do not assume a uniform
permittivity.

V. RESULTS
A. Limitations of Langevin-Poisson
mean-field electrostatics

First, we test the ability of the LP-EQT framework with
mean-field electrostatics, and no electrostatic correlations, to
predict the charge inversion phenomenon in the confined KCl
electrolyte system. For this test, we use the µW CG water
model. For LP-EQT simulations, we follow the same pro-
cedure as described in detail in Ref. 40. In EQT, we solve
Eqs. (3)–(7) self-consistently to determine density and poten-
tial profiles of ions and water. The reference densities and
potentials required in Eq. (3) are determined from the ref-
erence bulk system. The reference bulk potentials, U i ,ref, are
computed by substituting the bulk densities in Eq. (7). To com-
pute the attractive part of the vdW potential from Eq. (7), we
use the CG pair potentials, i.e.,

uff
ij (r) = uff

ij,cg(r), (16)

where uff
ij,cg is the CG interaction between the molecules i

and j. The ion-ion pairs, uff
ij,cg, are the same LJ potentials as
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in the reference MD simulations (see Sec. III), and for the
water-water and ion-water pairs, we use the CG pair poten-
tials obtained in Sec. IV. For all the pair potentials, we set
Rff

ij,cut = 0.9 nm. We set Rff
ij,min = σff

ij for the ion-ion LJ

pair potentials, where σff
ij is the usual LJ parameter. For the

water-water and ion-water CG potentials, we set Rff
ij,min to be

the location of the first minima of the corresponding CG pair
potential. Therefore, Rff

ww, min = 0.28 nm, Rff
+w, min = 0.263 nm,

and Rff
−w, min = 0.314 nm. To compute the wall-fluid potential

energies from Eq. (6), we use ρwall = 38.18 atoms/nm3 for
the graphene walls. For the wall-water and wall-ion interac-
tions, we use the same LJ pair potential as that in the reference
MD simulations. To determine the mean electrostatic poten-
tial, φ(z), we solve Eqs. (10) and (11) with q+ = +1.0 e and
q− = −1.0 e and µ = 2.88 D. Both the channel walls are neg-
atively charged such that σwall-L = σwall-U = −0.2265 C/m2.
To determine the hard-sphere energy component from FMT
[Eq. (8)], we use dhs,w = 0.28 nm, dhs,+ = 0.18 nm, and
dhs,− = 0.23 nm. The numerical solution approach to self-
consistently solve Eqs. (3)–(7) is described in Ref. 40.

Figure 6 shows the comparison of the water and ion den-
sity profiles for the confined KCl electrolyte system from
the LP-EQT and AA MD simulations. We observe that the
water density profile from the LP-EQT compares well with
reference MD simulations. However, the LP-EQT frame-
work fails to accurately predict ion density profiles and the
charge inversion phenomenon near the walls. The errors
in the LP-EQT results can be attributed to the simplifica-
tions and approximations made in the LP-EQT framework.
The Langevin-Poisson (LP) model is a mean-field approach
and, hence, it ignores ion-ion, ion-dipole, and dipole-dipole

FIG. 6. Comparison of ion density profiles (a) and water COM density pro-
files (b) from AA MD and LP-EQT for the charge inversion phenomenon in
the confined KCl electrolyte system.

short-range electrostatic correlations.34 In addition, the LP
model neglects higher electric moments of the water molecule,
such as a quadrupole moment, which also contribute to the
dielectric permittivity variation of confined water.68,69 Also,
for the water-water and ion-water interactions, we use the
CG potentials determined from the bulk systems. Since the
interfacial arrangement of the water molecules and ions is dif-
ferent from the bulk, the bulk-based CG potentials are not
exact near the surface. Therefore, as described in Secs. II and
IV, we extend the LP-EQT framework to include short-range
electrostatic correlations and accurate wall-water and wall-ion
CG potentials obtained in Sec. IV. The results of the mod-
ified LP-EQT framework with the electrostatic correlations
and wall-fluid CG potentials are presented in Subsections V B
and V C.

B. Electrostatic correlations

In this section, we determine the ion-ion short-range elec-
trostatic correlations for both the oW and µW CG water mod-
els. As described in Sec. II B, we model ion-ion short-range
electrostatic correlations as the residual direct correlation func-
tion, ∆cij(r), defined by Eq. (15). To compute ∆cij(r) from
Eq. (15), we need cij(r), cij ,hs(r), and uij ,vdw(r). For uij ,vdw(r),
we use the CG potentials. cij(r) is obtained from the solution of
the Ornstein-Zernike (OZ) equation with the hypernetted chain
(HNC) closure and CG potential model for the bulk electrolyte.
Similarly, cij ,hs(r) is determined from the HNC solution of the
OZ equation with the hard-sphere pair potentials. We note that,
in Eq. (15), the attractive part of the vdW pair potential and long
range electrostatics are treated in the mean-field sense and the
range, Rij ,elec-corr, of the residual correlations due to the short-
range electrostatic interactions is similar to the hard-sphere
diameter, dij ,hs.53,54

1. oW CG water

Figure 7 shows the ion-ion residual direct correlation
functions for the CG bulk 1 M KCl electrolyte system with the
oW CG water model and uniform permittivity of εr = 78.5.
To compute cij ,hs(r), we use the hard-sphere diameters of
0.28, 0.18, and 0.32 nm for the water CG bead, K+, and Cl−,
respectively. We also verify the ion-water RDFs computed
from the HNC-based solution of the OZ equation using oW
water CG potentials. Figure 8 shows that the RDFs from
HNC with the ion-water CG potentials compare well with the

FIG. 7. Residual direct correlations for the CG bulk 1M KCl electrolyte
system using the oW CG water model.



214102-8 S. Y. Mashayak and N. R. Aluru J. Chem. Phys. 148, 214102 (2018)

FIG. 8. Comparison of ion-water RDFs from CG-MD and HNC using oW
CG water potentials.

CG-MD RDFs. This suggests that HNC with the CG poten-
tials can reliably predict the correlations in the bulk electrolyte
system.

2. µW CG water

Equations (13) and (14) assume the fluid-fluid electro-
static correlations are spherically symmetric. However, in the
case of a point-dipole CG water model, µW, dipole-dipole,
and ion-dipole correlations are orientation dependent. Here,
for numerical simplicity, we ignore dipole-dipole electro-
static correlations and incorporate the effects of ion-dipole
correlations into an effective spherically symmetric ion-ion
correlations defined as70,71

ceff
ij (r) = c000

ij (r) + ρw

c000
i−w(r)c000

j−w(r)

1 − ρwc000
w-w(r)

−
1
3
ρw

c011
i−w(r)c011

j−w(r)

1 − ρw

(
c110

w-w(r) + 2c112
w-w(r)

) , (17)

where cmnl
αβ (r) are the projections of the direction correla-

tion between fluid particles α and β in the rotational invari-
ant based expansion.71 We obtain cmnl

αβ (r) from the linearized

hypernetted-chain (LHNC)71,72 approximation based solution
of the OZ equation in the bulk electrolyte system. To solve
the OZ equation with LHNC approximation, we follow the
numerical scheme of Levesque et al.71 Then, the effective cor-
relations, ceff

ij (r), can be substituted for cij(r) in Eq. (15) to
obtain the ion-ion residual correlation for the µW CG water
based electrolyte system.

Figure 9 shows the ion-ion residual direct correlation
functions for the CG bulk 1 M KCl electrolyte system with

FIG. 9. Ion-ion residual direct correlations for the CG bulk 1M KCl elec-
trolyte system using the µW CG water model.

the µW CG water model. To compute cij ,hs(r), we use the
hard-sphere diameters of 0.28, 0.18, and 0.32 nm for the water
CG bead, K+, and Cl−, respectively. We also verify projections
of the ion-water total correlations, hmnl

i−w(r), computed from the
LHNC-based solution of the OZ equation using µW water
CG potentials. Figure 10 shows that hmnl

i−w(r) from LHNC with
the ion-dipole CG potentials compare well with the CG-MD
results.

C. EQT with electrostatic correlations
1. oW CG water

First, we use the oW water based CG model of the con-
fined KCl electrolyte system in EQT to obtain ion and water
density profiles. For the ion-ion interactions, we use the same
LJ potentials that are used in the reference MD simulations.
For the water-water, ion-water, wall-water, and wall-ion pair
interactions, we use the systematically developed CG poten-
tials discussed in Sec. IV. For all the pair potentials, we set
Rff

ij,cut = 0.9 nm. Here, we set Rff
ij,min = σff

ij for the ion-ion

LJ pair potentials, where σff
ij is the usual LJ parameter. For

the water-water and ion-water CG potentials, we set Rff
ww, min

= 0.28 nm, Rff
+w, min = 0.262 nm, and Rff

−w, min = 0.314 nm. To
compute the wall-fluid potential energies from Eq. (6), we use
ρwall = 38.18 atoms/nm3 for the graphene walls. To determine
the mean electrostatic potential, φ(z), we solve Eqs. (10) and
(11) with q+ = + 1.0 e and q− =−1.0 e and a uniform permittiv-
ity of εr = 78.5. The walls are equally charged such thatσwall-L

= σwall-U = σwall, where σwall = −0.2265 C/m2. To determine
the hard-sphere energy component from FMT [Eq. (8)], we
use dhs,w = 0.28 nm, dhs,+ = 0.18 nm, and dhs,− = 0.32 nm.
In addition, here, we also include the electrostatic correlations
determined from Eq. (13) with the residual correlations shown
in Fig. 7.

FIG. 10. (a) Comparison of ion-water total correlation h011(r) projections
from CG-MD and LHNC for the CG bulk 1M KCl electrolyte using the µW
CG water model. (b) Ion-water direct correlation c011(r) projections.



214102-9 S. Y. Mashayak and N. R. Aluru J. Chem. Phys. 148, 214102 (2018)

Figure 11 shows the comparison of the density profiles
from EQT and MD for water and ions. It can be seen that
the water and ion density profiles from EQT compare well
with the reference MD simulations. We show that the system-
atically obtained CG potentials and inclusion of electrostatic
correlations improve the accuracy of EQT so that it can pre-
dict the charge inversion phenomenon well compared with the
reference AA MD simulations.

2. µW CG water

The main advantage of the µW CG water model is that
it can explicitly incorporate the spatially varying nature of
the dielectric permittivity and the orientation polarization of
water molecules near charged surfaces. Therefore, for µW CG
water based EQT simulations of the confined KCl electrolyte
system, we use the Langevin dipole based computation of the
mean-field electrostatic potential as described in Sec. II B. In
addition to the mean-field electrostatic potential, we include
the ion-ion electrostatic correlations determined from Eq. (13)
with the effective ion-ion residual correlations shown in
Fig. 9. The remaining EQT simulation parameters are as
follows.

For the ion-ion interactions, we use the same LJ poten-
tials that are used in the reference MD simulations. For the
water-water, ion-water, wall-water, and wall-ion pair inter-
actions, we use the systematically developed CG potentials
with the µW CG water model as discussed in Sec. IV. For
all the pair potentials, we set Rff

ij,cut = 0.9 nm. Here, we set

Rff
ij,min = σff

ij for the ion-ion LJ pair potentials, where σff
ij is

the usual LJ parameter. For the water-water and ion-water CG
potentials, we set Rff

ww, min = 0.28 nm, Rff
+w, min = 0.32 nm, and

FIG. 11. Comparison of ion density profiles (a) and water COM density pro-
files (b) from AA MD and EQT with oW water based CG potentials of the
confined KCl electrolyte system.

Rff
−w, min = 0.338 nm. To compute the wall-fluid potential ener-

gies from Eq. (6), we use ρwall = 38.18 atoms/nm3 for the
graphene walls. To determine the mean electrostatic poten-
tial, φ(z), we solve Eqs. (10) and (11) with q+ = + 1.0 e,
q− =−1.0 e, µ= 3.84 D, and spatially varying permittivity. The
walls are equally charged such that σwall-L = σwall-U = σwall,
where σwall = −0.2265 C/m2. To determine the hard-sphere
energy component from FMT [Eq. (8)], we use dhs,w = 0.28 nm,
dhs,+ = 0.18 nm, and dhs,− = 0.32 nm.

Figure 12 shows the density profiles from EQT with the
µW CG water model. We observe that the EQT with the
µW CG water model and ion-ion effective electrostatic cor-
relations fail to capture density profiles of ions accurately.
The errors in the predictions of EQT can be attributed to
the bulk-based approximation used to determine the ion-ion
effective correlations from Eq. (17). We note that the ion-ion
effective correlations depend on the ion-dipole correlations.
It is known that near an interface, the dipole orientation of
water is widely different from that of the bulk water.73 There-
fore, the bulk-based ion-dipole correlations, which are used
in Eq. (17), may not be accurate near the charged interface of
EDL.

One approach to account for the orientation polarization
effects of water dipoles on the ion densities near the inter-
face is to obtain an effective wall-ion CG potential in EQT.
We followed the similar approach for the NaCl electrolyte
confined inside capacitor channels as in Ref. 40. We note
that the wall-fluid CG potentials obtained in the CG-MD with
the oW CG water model account for the orientation polariza-
tion effects of SPC/E water on the ion densities. Therefore,
here, to incorporate the interfacial orientation polarization

FIG. 12. Comparison of ion density profiles (a) and water COM density pro-
files (b) from AA MD and EQT with µW water based CG potentials of the
confined KCl electrolyte system.
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FIG. 13. Comparison of ion density profiles (a) and water COM density pro-
files (b) from AA MD and EQT with the µW water model and modified
wall-water and wall-K+ CG potentials in EQT.

effects of water on K+ density, we use the same C-water
and C-K+ CG potentials obtained with the oW CG model
in CG-MD (see Fig. 2). For the wall-Cl−, water-water, K+-
water, and Cl−-water, we use the µW water model based
CG potentials. We also include the bulk-based ion-ion effec-
tive electrostatic residual correlations. Figure 13 shows the
comparison of the density profiles from EQT and MD for
water and ions. It can be seen that, with appropriate wall-
fluid CG potentials and ion-ion residual correlations from the
bulk, the water and ion density profiles from EQT with the
µW CG water model compare well with the reference MD
simulations.

VI. CONCLUSIONS

In this paper, we extended the LP-EQT framework to pre-
dict the charge inversion phenomenon in EDLs. We found that
the ion-ion and ion-dipole electrostatic correlations are impor-
tant for the charge inversion. We modeled the electrostatic cor-
relations using the residual direct correlation functions of the
bulk electrolyte. The bulk residual direct correlation functions
are determined from the HNC-based integral equation theory.
We explored two coarse-grained representations for the water
molecule: oW CG water with no dipole and µW CG water
with point dipole. We showed that, with the systematically
obtained CG potentials and the inclusion of electrostatic cor-
relations, EQT can predict the charge inversion phenomenon
well compared to MD simulations.
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