
THE JOURNAL OF CHEMICAL PHYSICS 148, 214105 (2018)

Integral equation theory based direct and accelerated systematic
coarse-graining approaches

S. Y. Mashayak,1,2 Linling Miao,2,3 and N. R. Aluru1,2
1Department of Mechanical Science and Engineering, University of Illinois at Urbana-Champaign,
Urbana, Illinois 61801, USA
2Beckman Institute for Advanced Science and Technology, University of Illinois at Urbana-Champaign,
Urbana, Illinois 61801, USA
3Department of Chemical and Biomolecular Engineering, University of Illinois at Urbana-Champaign,
Urbana, Illinois 61801, USA

(Received 22 December 2017; accepted 16 May 2018; published online 5 June 2018)

Coarse-grained (CG) molecular dynamics (MD) simulations have become popular for investigat-
ing systems on multiple length and time scales ranging from atomistic to mesoscales. In CGMD,
several atoms are mapped onto a single CG bead and the effective interactions between CG beads
are determined. Iterative coarse-graining methods, such as iterative Boltzmann inversion (IBI), are
computationally expensive and can have convergence issues. In this paper, we present a direct and
computationally efficient theoretical procedure for coarse-graining based on the Ornstein-Zernike
(OZ) and hypernetted chain (HNC) integral equation theory. We demonstrate the OZ-HNC-based CG
method by coarse-graining a bulk water system, a water-methanol mixture system, and an electrolyte
system. We show that the accuracy of the CG potentials obtained from the OZ-HNC-based coarse-
graining is comparable to iterative systematic coarse-graining methods. Furthermore, we show that
the CG potentials from OZ-HNC can be used to reduce the number of iterations and hence the com-
putational cost of the iterative systematic coarse-graining approaches, like IBI and relative entropy
minimization. Published by AIP Publishing. https://doi.org/10.1063/1.5020321

I. INTRODUCTION

In recent years, coarse-grained (CG) simulations have
become an important tool for investigating systems on larger
time and length scales.1–6 In coarse-grained simulations, sev-
eral atoms are grouped into a single CG site and effective
interaction potentials between CG sites are derived. Such
coarse-graining leads to a significant speed-up in the molec-
ular dynamics (MD) simulations due to (i) a reduced number
of degrees of freedom and hence the number of interac-
tions to compute, (ii) smoother interaction potentials among
CG particles that enable larger time steps, and most impor-
tantly, (iii) a speedup in the intrinsic dynamics of the system
which leads to faster diffusion and thus shorter equilibration
times.7 Determining accurate interaction potentials between
CG sites is the most challenging part of the coarse-grained
simulations.

Systematic coarse-graining offers a bottom-up approach
to optimize CG models by systematically linking a low-
resolution CG system to a reference high resolution all-atom
(AA) system. In systematic coarse-graining, there are three
main steps to construct a CG model. First, high quality AA
MD simulations of the target system are performed to use
as a reference. Then in the second step, a mapping scheme
is defined to decide which atoms are collected into one CG
bead and where the center of the bead is placed in relation
to the atomistic description. Finally, in the third step, effec-
tive interactions between CG beads are optimized. In this
work, we focus on the methods to determine accurate CG
interactions.

There exist several systematic coarse-graining techniques
of varying complexities and accuracies for optimizing CG
interactions. These range from structure-based methods, such
as the Boltzmann inversion, iterative Boltzmann inversion
(IBI),8 inverse Monte Carlo (IMC),9 and relative entropy,10 to
force-based methods like force matching (FM).11,12 Structure-
based methods target (multi-body) distribution functions and
use the relation between the distribution functions and the
many-body potential of mean force (PMF)8,12 to derive effec-
tive CG interactions. The force-matching method employs
a variational principle to optimize the CG potential such
that the many-body PMF field obtained from the reference
fully atomistic simulations is reproduced as closely as pos-
sible. Moreover, Rudzinski and Noid13 have shown that the
FM method is related to the generalized-Yvon-Born-Green
(g-YBG) integral equation (IE) framework. The g-YBG equa-
tion provides a relation between a given potential and the
equilibrium two- and three-body correlation functions. It has
been shown that, in the context of CG modeling, the g-YBG
equation provides a framework to determine a variationally
optimal CG potential to approximate the many-body PMF
from a given equilibrium correlation.13 Therefore, the g-YBG
equation framework allows us to do “force-matching” with-
out forces. Detailed descriptions about the various aspects and
methods for determining CG potentials can be found in Refs. 1,
3, and 12–15.

Most of the coarse-graining approaches such as iterative
Boltzmann inversion (IBI),8 inverse Monte Carlo (IMC),9 and
relative entropy10 are numerical and iterative methods. In these
iterative methods, a trial function is provided as a starting CG
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Algorithm 1. Workflow of an iterative coarse-graining method.

1: Initialize the CG potential u0
CG and set the relaxation factor, χ, and the tolerance, tol

2: repeat
3: Perform canonical ensemble sampling of the CG system using the CG potential uk

CG
4: Compute the ensemble averages and distribution functions from CG sampling, such as

gCG(r),
〈
∂2UCG
∂λi∂λj

〉
CG

, etc.

5: Determine uk+1
CG [Eq. (1) for IBI and Eq. (2) for the relative entropy]

6: until |uk+1
CG − uk

CG | < tol

potential which is then updated and optimized iteratively until
a given error metric is minimized. For example, in IBI, the CG
potential is refined iteratively as

uk+1
CG (r) = uk

CG(r) + kBT ln
gk

CG(r)

gtgt(r)
, (1)

where k is the iteration index, uCG(r) is the CG pair potential,
kB is the Boltzmann constant, T is the temperature, gk

CG(r) is
the radial distribution function (RDF) determined using the
CG potential uk

CG(r) at the iteration step k, and gtgt(r) is the
target RDF. In relative entropy-based coarse-graining, the CG
potential parameters, λ, are refined iteratively as14,16

λk+1 = λk − χH−1 · ∇λSrel, (2)

where Srel is the relative entropy,∇λSrel is the vector of the first
derivatives of Srel with respect to λ, H is the Hessian matrix
of Srel, and χ ∈ (0. . .1) is the relaxation parameter that can be
adjusted to ensure convergence.

Therefore, in iterative coarse-graining methods, each iter-
ative step requires canonical sampling of the coarse-grained
system to estimate distribution functions and ensemble aver-
ages. Algorithm 1 shows a typical workflow of the iterative
coarse-graining methods. In the iterative workflow, the canon-
ical sampling, Step 3, and ensemble averages, Step 4, are the
most computationally expensive parts of the iterative coarse-
graining methods. The canonical sampling at each iteration can
be done using either molecular dynamics, stochastic dynamics
(SD), or Monte Carlo (MC) techniques. To ensure the con-
vergence of the iterative coarse-graining schemes, statistically
reliable CG ensemble configurations are required. For exam-
ple, to ensure the convergence of IBI [Eq. (1)], the RDFs,
gCG(r), obtained from the CG ensemble average should con-
verge to unity for the large distances, i.e., r → ∞. To obtain
statistically reliable CG ensemble averages, such as gCG(r),
iterative coarse-graining methods need to use a sufficiently
large CG system and perform long CG simulations at each
iteration step. The cost associated with the coarse-grained
simulation and analysis of the CG ensemble configurations
increases with the size of the system, i.e., number of particles,
and the length of the simulation, i.e., number of time steps.
Therefore, sampling of the coarse-grained systems and anal-
ysis of the CG ensemble configurations at each iteration step
are computationally expensive and dominate the overall cost
of the iterative coarse-graining approaches. Moreover, special
care must be taken, such as smoothing of the potential updates,
to ensure the stability of the numerical iterative schemes.15

Computational cost and convergence issues of the iterative

coarse-graining methods become particularly prohibitive for
the systems involving macromolecules and mixtures of sev-
eral molecules that consist of several different CG beads. For
example, for dilute solutions, such as aqueous electrolytes and
biomolecular systems which have low solute concentrations in
aqueous environment, the solute-solute RDFs converge very
slowly and therefore the size of the CG system, the length
of the CG simulations per iteration, and the total number of
iterations to reach convergence become prohibitively expen-
sive.1,17 Furthermore, for the systems involving multiple CG
beads, due to a mutual dependence of the several CG potentials,
iterative methods, like IBI, have a convergence problem.18

On the other hand, FM and g-YBG methods are non-iterative
methods and, hence, computationally less demanding. But, the
pair CG potentials obtained from the FM and g-YBG meth-
ods do not ensure the accuracy of the target radial distribution
functions.13

In this work, we present a direct (non-iterative) and
computationally efficient theoretical procedure for coarse-
graining. The theoretical procedure is based on the Ornstein-
Zernike (OZ) and hypernetted chain (HNC) closure in the
integral equation (IE) theory. HNC closure provides a direct
approach to estimate an effective pair potential from a target
distribution function without performing atomistic simula-
tions. Therefore, OZ-HNC-based coarse-graining (OZ-HNC
CG) is a computationally efficient approach to obtain CG
potentials. In Sec. II, we provide theoretical and numeri-
cal details about the OZ-HNC-based coarse-graining proce-
dure. In Sec. III, we demonstrate the OZ-HNC-based coarse-
graining procedure by determining CG potentials for the bulk
SPC/E (extended simple point charge model) water, water-
methanol mixture, and potassium chloride solution systems.

II. METHOD

The goal for the coarse-grained model is to reproduce the
target radial distribution function (RDF) of the reference sys-
tem. The radial distribution function, g(r), where r = |r − r0 |,
is a conditional probability density, relative to the ideal gas
limit, of finding a particle at a distance r away from a given
reference particle at r0.19 In the integral equation theory, for a
uniform and isotropic system, the relation between an effective
pair potential, u(r), and RDF, g(r), is defined as20

g(r) = exp(−βu(r) + h(r) − c(r) + b(r)), (3)

where β = 1
kBT , h(r) is the total correlation function, c(r) is

the direct correlation function, and b(r) is the bridge function.
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The total correlation function, h(r), is the difference between
the radial distribution function and its random value of unity,

h(r) = g(r) − 1. (4)

The total correlation, h(r), can be defined as a sum of the direct
correlation part, c(r), and the indirect correlations due to the
propagation of the interactions via surrounding particles. This
relation between h(r) and c(r) is given by the Ornstein-Zernike
(OZ) equation21 as

h(r) = c(r) + ρ

∫
c
(��r − r′��

)
h(r ′)dr′, (5)

where ρ is the uniform density of the bulk system.
The exact expression for the bridge function, b(r), in

Eq. (3) is not known. There exist several approximations,
known as “closure approximations,” to solve Eq. (3), such as
the Percus-Yevick (PY) closure, mean spherical approxima-
tion (MSA) closure, and hyper-netted chain (HNC) approxi-
mation.20 Here, we use the HNC closure approximation which
ignores the bridge function and the expression for g(r) is given
by

g(r) = exp(−βu(r) + h(r) − c(r)). (6)

The HNC closure approximation maps three-body and
higher-order many-body contributions into an effective pair
potential. Therefore, it provides a direct, i.e., non-iterative,
and analytical route to estimate an effective CG potential from
a pair distribution. Given a target g(r) and the thermodynamic
state, i.e., ρ and T, of the reference system, the effective CG
potential between coarse-grained particles can be obtained by
inverting the HNC closure, Eq. (6), as

u(r) = kBT (h(r) − c(r) − ln(g(r))). (7)

We note that the g-YBG equation also provides an alterna-
tive framework to directly relate the equilibrium correlations
to the effective CG potentials. While the OZ-HNC-based
approach uses the OZ equation together with the HNC-closure
to relate g(r) and u(r), the g-YBG equation uses a target 3-
body correlation function to directly obtain u(r). However,
determining the pair CG potentials directly from the target 3-
body correlations is numerically challenging and may require
simplifications which do not ensure the accuracy of the pair
correlations13

The OZ equation, Eq. (5), and HNC closure, Eq. (7), are
in the form of a single fluid component. For a multicomponent
fluid mixture, the indirect correlation term in the OZ equation
consists of a sum over all the fluid components which can be
written in the Fourier space as

h̃ij(k) = c̃ij(k) +
∑

l

ρlh̃il(k)c̃lj(k), (8)

where h̃ij(k) and c̃ij(k) are the Fourier transform of the total
correlation function and direct correlation function between
species i and j, respectively. Equation (8) can be represented
in the matrix form22 as

H̃ = C̃ + C̃ · R · H̃, (9)

where H̃ and C̃ are the matrices of total and direct correlation
functions such that H̃(ij) and C̃(ij) correspond to the total and

direct correlation between species i and j. Therefore, H̃ and
C̃ are symmetric matrices. In Eq. (9), R is a diagonal matrix
with Rii = ρi. To solve for direct correlation functions, we use
the reference RDFs of all component pairs as an input and the
solution of C̃ is given as

C̃ = (I + H̃ · R)−1H̃, (10)

where I is an identity matrix.
The numerical procedure to obtain CG potentials from

Eq. (7) is as follows. For a target RDF, g(r), which can be
obtained from an all-atom simulation or experimental data,
h(r) is determined from Eq. (4). Then, the OZ equation
[Eq. (5)] is solved to obtain c(r). We follow the numerical
procedure described in Ref. 23 to solve the OZ equation.
Once c(r) is determined, the effective CG potential between
CG sites is determined from Eq. (7). Therefore, in the OZ-
HNC coarse-graining method, the CG potentials are obtained
directly from the target distribution, and it does not require
iteratively simulating the CG systems and analysis of the
CG ensemble configurations. We note that, for the short sep-
aration distances where g(r) → 0, u(r) values need to be
extrapolated.

III. RESULTS

To illustrate functionality of the OZ-HNC coarse-graining
method, we coarse-grain three systems: an SPC/E bulk water
system, a system consisting of a methanol-water mixture, and
a potassium chloride electrolyte system. For all the systems,
we first obtain the reference RDFs by performing the all-
atom molecular dynamic (AAMD) simulations. Then, we use
the reference RDFs in the OZ-HNC-based CG method, i.e.,
Eq. (7), to directly obtain the CG potentials. Then the OZ-
HNC-based CG potentials are used to perform coarse-grained
molecular dynamic (CGMD) simulations. We, then, compute
the RDFs from the CGMD simulations and compare them with
the reference RDFs from AAMD. In addition to RDF, we also
evaluate the accuracy of the thermodynamic properties, such
as pressure and chemical potential, from CGMD. Furthermore,
we also compare the CG potentials from the OZ-HNC-based
coarse-graining with the CG potentials from relative entropy
optimization, which is an iterative coarse-graining method.
All the AAMD and CGMD simulations are performed in the
canonical ensemble with the Nosé-Hoover thermostat using
GROMACS.24

A. Bulk water

For coarse-graining the bulk water, we consider bulk
SPC/E water at a thermodynamic state of 300 K temperature
and 1 bar pressure. In the coarse-grained model, we represent
one water molecule by one CG bead positioned at its center
of mass (COM) such that the CG beads solely interact via an
isotropic two-body potential. The target RDF is determined
from the reference all-atom NVT ensemble consisting of 2000
water molecules in a cubic box of volume 3.912 × 3.912 ×
3.912 nm3 which is obtained from an NPT ensemble simula-
tion of bulk water at T = 300 K and P = 1 bar. Then the target
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FIG. 1. Water-water CG potentials (a) and RDFs (b) for the bulk SPC/E
water system. CG potential from the OZ-HNC CG procedure is close to the
CG potential obtained from relative entropy minimization and can accurately
predict the water-water COM RDF.

water-water RDF from AA simulations is used in OZ-HNC-
based coarse-graining, i.e., Eq. (7), to obtain the water-water
coarse-grained interaction.

Figure 1 shows the CG potential determined from HNC
for bulk water. Figure 1 shows the water-water RDFs from the
CGMD simulation along with the reference RDF from the AA
simulation. We observe that the water-water RDF from the OZ-
HNC-based CG potential compares well with the reference
RDF from AA simulations. To have a better illustration of the
differences between RDFs, especially at large distance r, we
also compute the Kirkwood-Buff Integrals (KBIs)25 as defined
in the following equation:

G = 4π
∫ ∞

0

(
g(r ′) − 1

)
r ′2dr ′. (11)

Figure 2 compares the running KBIs, G(r) = 4π ∫
r

0 (g(r ′) − 1)
r ′2dr ′, computed from the RDF of the reference AA
simulation and the RDF from the OZ-HNC-based CG

FIG. 2. Kirkwood-Buff integrals computed from the water-water RDFs for
the bulk SPC/E water system. CG potentials from the OZ-HNC CG approach
predict the KBI of reference atomistic simulations accurately.

approach. The KBIs approach to a plateau within half the
simulation box size, which indicates that the system size we
used here is large enough to have RDF converge to unity. We
observe that the KBI from the OZ-HNC-based CG potential
compares well with the reference KBI from AA simulations.
Furthermore, the isothermal compressibility, κT , is related to
the water-water KBI as

κT =
1 + ρG
ρkBT

. (12)

We find that the isothermal compressibilities, κT , from the KBI
of the OZ-HNC-based CG potential (3.70 × 10−10 m2/N) and
the KBI of AA simulations (3.95 × 10−10 m2/N) also compare
well.

In Fig. 1, we also compare the OZ-HNC-based water-
water CG potential to that from the relative entropy minimiza-
tion obtained in Ref. 16. It can be seen that the CG potential
from OZ-HNC is very similar to the optimized CG poten-
tial from relative entropy minimization. The small differences
between the CG potentials from the OZ-HNC and relative
entropy minimization could be attributed to the bridge func-
tion approximation in the HNC closure. Most importantly,
as described in Sec. II, OZ-HNC-based coarse-graining is a
direct approach and the cost of solving Eq. (7) is negligible,
whereas relative entropy-based CG of bulk water (as described
in Ref. 16) takes about 34 min to run one iteration on an Intel
Xeon Processor E5-1630 with one thread. For each iteration,
the water-water RDF is averaged from a 200 ps CGMD sim-
ulation, and the water-water CG potential is represented by a
cubic B-spline function from 0 to the cutoff distance 0.9 nm
with 48 spline knots.

B. Water-methanol mixture

Iterative coarse-graining methods, such as IBI, can have
convergence problems for multicomponent systems.1,18 IBI
ignores the cross correlation terms, and hence, its conver-
gence can be slower and may require relaxation [i.e., mul-
tiplying factor χ ∈ (0. . .1)] of the update function. On the
other hand, IMC is more rigorous than IBI and accounts for
the cross correlations, but it is computationally costly and
requires large configurational sampling to achieve good accu-
racy. See Ref. 15 for detailed comparisons of IBI and IMC
methods.

The OZ-HNC-based CG approach is rigorously derived
from the statistical mechanics. As described in Sec. II, the
HNC closure along with the OZ equation maps three-body
and higher-order many-body contributions into an effec-
tive pair potential. Therefore, cross correlation terms are
explicitly considered in determining CG potentials from
OZ-HNC.

Here, to demonstrate robustness of the OZ-HNC-based
coarse-graining for multicomponent systems, we consider
an equimolar water-methanol mixture. In the CG model for
the water-methanol mixtures, water and methanol molecules
are represented by CG beads positioned at their COMs
and the interactions between CG beads are modeled via
isotropic two-body potentials. The reference water-water,
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methanol-methanol, and methanol-water RDFs are generated
from the AAMD simulations in an NVT ensemble of 2000
SPC/E water and 2000 methanol molecules described by the
OPLS-AA force field26 in a cubic box of length 5.727 nm
at 300 K temperature. First, we use water-water, methanol-
methanol, and methanol-water target RDFs from AAMD in the
multicomponent version of the OZ equation, Eq. (10), to obtain
the direct correlations between three different pairs. Then, we
solve Eq. (7) for all three pairs to obtain corresponding CG
potentials.

Figure 3 shows the CG potentials for the water-water,
methanol-methanol, and methanol-water pairs determined
from OZ-HNC. We then use the OZ-HNC-based CG potentials
to perform molecular simulations of the CG water-methanol
mixture system. Figure 3 shows that the RDFs from the
CG simulations compare well with the reference RDFs from
AA simulations. In Fig. 3, we also compare the OZ-HNC-
based water-water, methanol-methanol, and methanol-water
CG potentials to those from the relative entropy minimiza-
tion obtained in Ref. 16. It can be seen that the CG potentials
from OZ-HNC are very close to the optimized CG potentials
obtained from the relative entropy minimization. Moreover,
the computational cost of relative entropy-based CG for this
mixture system is around 103 min for one iteration on Intel
Xeon Processor E5-1630 with a single thread. For each itera-
tion, the RDFs are averaged from a 500 ps CGMD simulation.
The water-water CG potential is represented by a cubic B-
spline function from 0 to 0.9 nm with 48 spline knots, while
the water-methanol and methanol-methanol CG potentials are
from 0 to 1.2 nm with 63 spline knots.

C. Potassium chloride solution

Coarse-graining of ionic systems can be very costly due
to the long-range nature of the electrostatic Coulomb inter-
actions between charged particles. Furthermore, for dilute
electrolyte systems, though the number of ions is small, the
CG ensemble sampling requires a large number of solvent
molecules and long molecular simulations. For example, sim-
ulations of 10 mM ion concentration require thousands of
water molecules per ion, and due to low ion counts, long sim-
ulations are required to achieve reliable statistics. Therefore,
iterative coarse-graining techniques, which perform CG sam-
pling at each iteration step, can be prohibitively expensive for
electrolyte systems.

Here, we demonstrate a computationally efficient OZ-
HNC-based coarse-graining method for electrolyte systems.
We consider a bulk potassium chloride solution system at
300 K temperature and 1 M concentration. The reference all-
atom simulation consists of 40 Cl− ions and 40 K+ ions together
with 2180 solvent SPC/E water molecules in a cubic box of
length 4.024 nm. The ion-ion and water-ion interactions are
modeled by the force field of Joung and Cheatham.27 In the
coarse-grained electrolyte system, we coarse-grain each water
molecule into a single bead positioned at its COM and use the
same representation of ions as in AAMD. Therefore, for the
CG electrolyte system, we need to coarse-grain the ion-water
and water-water interactions.

An ion-water interaction has two parts: (i) the long-range
ion-water electrostatic interaction and (ii) the short-range
ion-water van der Waals (vdW) interaction. The ion-water

FIG. 3. CG potentials [(a)–(c)] and RDFs [(d)–(f)] of
the methanol-water mixture system. CG potentials from
the OZ-HNC CG procedure predict water-water and
methanol-water COM RDFs accurately. However small
errors are observed in the methanol-methanol COM
RDFs using the OZ-HNC CG procedure.
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electrostatic interaction causes screening of the ion-ion elec-
trostatic interactions. The effects of the ion-water electrostatic
interactions can be accounted via the dielectric permittivity
of water which scales down (i.e., screens) the ion-ion elec-
trostatic interactions. Therefore, here, we only determine the
coarse-grained ion-water short-range vdW interactions. The
ion-ion vdW interactions are the same as the Lennard-Jones
(LJ) interactions in the atomistic force field. The charges on
the ions are also kept the same as in the atomistic force field.
The long-range ion-ion electrostatics are screened using the
relative permittivity of 78.5. Similar to the methanol-water
system, first, we use target RDFs from AAMD in the multi-
component version of the OZ equation, Eq. (10), to obtain the
direct correlations between various ion and water pairs. Then,
we solve Eq. (7) for water-water, K+-water, and Cl−-water
pairs to obtain the corresponding CG potentials.

Figure 4 shows the water-water, K+-water, and Cl−-water
CG interactions obtained from the OZ-HNC CG approach.
We then use the OZ-HNC-based CG potentials to perform
the CGMD simulations of the bulk KCl system. From Fig. 4,
we observe that ion-water and water-water RDFs from the
OZ-HNC CG potential-based CG-MD compare well with the
reference AA-MD RDFs. Furthermore, Fig. 4 also shows that
ion-water and water-water CG potentials from OZ-HNC are
close to the CG potentials from the relative entropy minimiza-
tion. For relative entropy-based CG of the ionic system, to get
good averaged ion-water RDFs, the CGMD simulation in each
iteration is run for 1 ns. We use cubic B-spline functions from
0 to 0.9 nm with 48 spline knots for all pair CG potentials. It
takes approximately 90 min per iteration.

D. Thermodynamic representability problem

The above results show that the CG potentials from the
OZ-HNC CG approach are structurally consistent with the ref-
erence AAMD systems. However, CG models usually suffer
from representability and transferability issues; i.e., they can-
not simultaneously reproduce all of the properties of interest
and they may not be applicable for thermodynamic states far
away from the one at which the system was parametrized.28,29

CG models, by definition, lose some information from the
underlying reference system. For instance, when replacing a
water molecule by a single sphere, one loses information about
the molecule’s orientation. Here, we evaluate the ability of the
OZ-HNC-based CG potentials to resolve other thermodynamic
properties.

To check the thermodynamic consistency of the OZ-HNC-
based CG potentials, we compute the pressure and excess
chemical potential of the CG bulk water system. We follow
two approaches to compute the pressure and chemical poten-
tial using CG potentials: theoretical approach and CGMD
simulations. The theoretical approach is based on the statis-
tical mechanics relation between the pair potential, correla-
tion functions, and thermodynamic properties.19 The pressure,
P, of a system can be estimated from the virial equation
as

βP
ρ
= 1 −

2π
3

∑
i,j

ρxixj

∫ ∞
0

drr3 ∂(βuij)

∂r
gij(r), (13)

where xi is the composition of species i, uij is the pair poten-
tial between i and j fluid species, and gij(r) is the RDF

FIG. 4. CG potentials [(a)–(c)] and RDFs [(d)–(f)] of the
potassium chloride electrolyte. The ion-water and water-
water CG potentials from the OZ-HNC CG procedure are
close to the CG potentials obtained from relative entropy
minimization and can accurately predict the RDFs in the
reference AA simulations.
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between species i and j. In the HNC approximation, the excess
chemical potential µex

i of a given species i can be calculated
from30

µex
i = 4π β−1

∑
j

ρxj

∫ ∞
0

drr2[
1
2

hij(r)eij(r) − cij(r)], (14)

where eij is the indirect correlation function given by eij = hij

− cij. To compute the pressure and chemical potential of CG
bulk water from theory [Eqs. (13) and (14)], we use the water-
water CG potential from OZ-HNC (see Fig. 1). To compute
the pressure and chemical potential from MD simulations, we
use GROMACS analysis routines, in which the excess chemi-
cal potential is computed using the Bennett Acceptance Ratio
(BAR) method31 for AAMD and the test particle insertion
method32 for CGMD.

Table I shows the comparison of the pressure and chemi-
cal potentials from the reference AAMD, OZ-HNC-CG-based
CGMD, OZ-HNC-CG-based theory, and relative entropy-CG-
based CGMD. We observe that the pressure values from all
the CG-based approaches are approximately close (within
10%) to each other; however, they differ significantly (more
than 10 000 bars) from the reference AAMD pressure. Simi-
larly, the excess chemical potential from different CG-based
approaches are approximately similar (within 20%) but dif-
fer significantly (more than 50 kJ/mol) from the reference
AAMD chemical potential. Therefore, similar to the rela-
tive entropy minimization, the CG potential for bulk water
from OZ-HNC-based coarse-graining suffers from thermo-
dynamic consistency. We find similar thermodynamic con-
sistency issues for the OZ-HNC-based CG potentials for the
methanol-water and KCl electrolyte systems. Dinpajooh and
Guenza33 argue that the integral equation based CG poten-
tials are both structurally and thermodynamically consistent
for the melts of polymer chains. However, our results show
that, for the molecular liquids such as water and methanol,
whose properties are dictated by highly directional intermolec-
ular interactions, strong hydrogen bonding, and orientational
ordering, the spherically symmetric isotropic CG pair poten-
tials obtained from OZ-HNC-CG fail to predict the thermo-
dynamic properties, such as pressure and chemical potential,
accurately.

E. Accelerated HNC-based iterative coarse-graining

As discussed above, the RDFs from OZ-HNC-based CG
potentials compare well with the reference AAMD RDFs
and the CG potentials from HNC are very close to the CG
potentials from the relative entropy optimization. However,
HNC is an approximate theory, and it ignores the effects of

TABLE I. Comparison of thermodynamic properties of the bulk water
system.

OZ-HNC-CG
AAMD RE-CGMD OZ-HNC-CGMD theoretical

P (bar) 1.144 10218 11002 10680
µex (kJ/mol) �30.63 26.30 32.18 33.11

FIG. 5. Error in the water-water RDF of a bulk water system between an
inverse Boltzmann initial guess and an OZ-HNC CG potential initial guess of
relative entropy minimization. The number of iterations needed for the inverse
Boltzmann initial guess is around 20 iterations, and only about 5 iterations are
needed for the OZ-HNC CG potential initial guess.

the bridge function on the CG potential. Here, we propose
an approach to combine OZ-HNC with the iterative coarse-
graining approaches, such as IBI and relative entropy. The
hybrid OZ-HNC plus iterative coarse-graining offers two main
advantages: (i) it addresses the errors in the OZ-HNC-CG due
to the bridge function approximation, and (ii) it can reduce
the number of iterations (and hence the computational cost)
required to converge iterative CG methods. Usually the inverse
Boltzmann potential, uinit(r) = −kBT ln

(
gtgt(r)

)
, is used as an

initial guess for the iterative coarse-graining approach. In the
hybrid OZ-HNC-CG-based approach, the CG potential from
OZ-HNC is used as an initial guess for the iterative CG method.
Since, the CG potential from OZ-HNC is already very close
to the converged CG potential from iterative CG, starting with
the OZ-HNC CG potential is expected to reduce the number
of iterations required for convergence.

Figure 5 compares the convergence of the relative entropy
minimization of CG bulk water with the inverse Boltzmann ini-
tial guess and OZ-HNC-CG initial guess. The convergence is
measured as a function of the error between the target RDF
and CGMD RDF, defined as |gAA(r) − gCG(r)|, and the num-
ber of iteration steps. For both the initial guesses, we use the
same number of B-spline knots to represent the CG poten-
tial and the relaxation factor of χ = 0.5. Although the rate
of convergence is not affected by the initial guess, the use
of OZ-HNC-CG potential significantly decreases the error in
the initial step; hence, much fewer iterations are needed for
convergence.

IV. CONCLUSION

In this work, we demonstrated the OZ-HNC-based direct
and computationally efficient coarse-graining approach by
coarse-graining water, methanol-water mixture, and KCl elec-
trolyte bulk systems. We showed that the RDFs from the
CGMD with OZ-HNC-based CG potentials compare well with
the target RDF from AAMD. Also, the CG potentials from
OZ-HNC are very close to the iterative systematic coarse-
graining approaches like relative entropy minimization. We
also found that, although OZ-HNC-based CG potentials are
structurally consistent, they fail to accurately predict the pres-
sure and chemical potentials. Furthermore, we proposed and
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demonstrated a hybrid OZ-HNC plus iterative coarse-graining
approach which not only addresses the errors in the OZ-HNC-
CG due to the bridge function approximation but also acceler-
ates the iterative coarse-graining approaches such as relative
entropy minimization.
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