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Ion concentrations and velocity profiles in nanochannel
electroosmotic flows

R. Qiao and N. R. Alurua)

Beckman Institute for Advanced Science and Technology, University of Illinois at Urbana-Champaign,
Urbana, Illinois 61801

~Received 12 August 2002; accepted 11 December 2002!

Ion distributions and velocity profiles for electroosmotic flow in nanochannels of different widths
are studied in this paper using molecular dynamics and continuum theory. For the various channel
widths studied in this paper, the ion distribution near the channel wall is strongly influenced by the
finite size of the ions and the discreteness of the solvent molecules. The classical Poisson–
Boltzmann equation fails to predict the ion distribution near the channel wall as it does not account
for the molecular aspects of the ion–wall and ion–solvent interactions. A modified Poisson–
Boltzmann equation based on electrochemical potential correction is introduced to account for
ion–wall and ion–solvent interactions. The electrochemical potential correction term is extracted
from the ion distribution in a smaller channel using molecular dynamics. Using the electrochemical
potential correction term extracted from molecular dynamics~MD! simulation of electroosmotic
flow in a 2.22 nm channel, the modified Poisson–Boltzmann equation predicts the ion distribution
in larger channel widths~e.g., 3.49 and 10.00 nm! with good accuracy. Detailed studies on the
velocity profile in electro-osmotic flow indicate that the continuum flow theory can be used to
predict bulk fluid flow in channels as small as 2.22 nm provided that the viscosity variation near the
channel wall is taken into account. We propose a technique to embed the velocity near the channel
wall obtained from MD simulation of electroosmotic flow in a narrow channel~e.g., 2.22 nm wide
channel! into simulation of electroosmotic flow in larger channels. Simulation results indicate that
such an approach can predict the velocity profile in larger channels~e.g., 3.49 and 10.00 nm! very
well. Finally, simulation of electroosmotic flow in a 0.95 nm channel indicates that viscosity cannot
be described by a local, linear constitutive relationship that the continuum flow theory is built upon
and thus the continuum flow theory is not applicable for electroosmotic flow in such small channels.
© 2003 American Institute of Physics.@DOI: 10.1063/1.1543140#
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I. INTRODUCTION

With the growing interest in bio-MEMS~Micro-Electro-
Mechanical-Systems! and bio-NEMS ~Nano-Electro-
Mechanical-Systems! applications, as well as in fuel ce
technologies, electroosmotic transport has attracted cons
able attention in recent years.1–5 Electroosmotic transport6 is
easy to control and usually scales more favorably compa
to other fluidic transport methods~e.g., a pressure drive
flow! at micro- and nanoscales. Modeling and simulation
electroosmotic transport, based on the classical Poiss
Boltzmann equation and the Navier–Stokes equations,
explained many experimental observations and guided
design ofm-TAS ~micro-Total-Analysis-Systems!.7–10 There
is now a growing interest in developing nanoscale flui
systems that can be used to manipulate molecular level tr
port. For example, nanofluidic systems can enable the
lecular separation and identification of analytes at an unp
edented low level of sample volumes.3,11 Modeling and
simulation of electrically mediated fluid flow in nanomet
wide channels can address many of the fundamental is
currently facing the design of nanofluidic systems.11

aElectronic address: aluru@uiuc.edu;
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A fundamental issue that needs to be addressed
whether or not continuum theories based on the Poiss
Boltzmann and the Navier–Stokes equations—that h
been popularly used to understand electroosmotic flow
micron-scale channels—can be used to describe electr
motic flow in nanometer wide channels. In nanoscale s
tems, the surface-to-volume ratio is very high and the criti
dimension is comparable to the size of the molecules. T
influence of the surface and the finite-size effect of the m
ecule on ion distributions and fluid flow in nanoscale cha
nels needs to be understood in detail while such effects m
be largely neglected in microscale channels. For example
the derivation of the classical Poisson–Boltzmann equat
the ions are assumed to be infinitesimal, the interactions
tween the ions, ion–water and ion–wall are all considered
a mean-field fashion and the molecular aspects of these
teractions are neglected. Similarly, the continuum flo
theory based on Stokes or Navier–Stokes equations ass
that the state variables~e.g., density! do not vary signifi-
cantly over intermolecular distances and the shear stress
be related to the local strain rate by a linear constitut
relationship. However, significant fluctuations in fluid de
sity have been observed close to the surface in molec
dynamics simulations12 as well as in experiments.13 Earlier
2 © 2003 American Institute of Physics

AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



te
a

fo

t
D
n
he
h

am

th

te
m
i
b
u
a
la
re

th

in
nm
n
o
s
s
is
in
nc
te
e
ar
r
ro
m

em
u

so
d

ti

n
lly
in
th
on
s

he

the

-

nd
e

rst

is

r-
tric

n
m-
ive
his

two
ach

dots

l

4693J. Chem. Phys., Vol. 118, No. 10, 8 March 2003 Nanochannel electroosmotic flows
studies on Poiseuille flow of Lennard-Jones atoms indica
that the continuum theory breaks down for channels n
rower than four molecular diameters.12 Hence, it is important
to understand in detail the validity of continuum theories
electroosmotic fluid flow in nanometer wide channels.

Molecular dynamics~MD! simulation is an importan
tool to study fluid flow in nanometer wide channels. In a M
simulation, the molecular interactions between ion–ion, io
wall, and ion–water are calculated explicitly by using t
Coulomb potential and the Lennard-Jones potential. T
Lennard-Jones potential is an empirical potential that par
eterizes a number of different molecular interactions~e.g.,
the van der Waals interaction is mainly described by
attractive part of the Lennard-Jones potential!. Since the
ion–ion, ion–wall, and ion–water interactions are trea
only in a mean-field fashion in the classical continuu
theory, the significance of the molecular aspects of these
teractions can be understood by a detailed comparison
tween MD and continuum results. Molecular dynamics sim
lation of electroosmotic flow in a 6.53 nm wide channel h
been reported recently and ion distributions from molecu
dynamics have been found to be different from those p
dicted by the classical Poisson–Boltzmann theory.14 In addi-
tion, it was also reported that the shear viscosity near
channel wall increases dramatically.14

In this paper we study electroosmotic transport
nanochannels with widths ranging from 0.95 to 10.00
using molecular dynamics and continuum theory. Sectio
describes the continuum modeling approach for electro
motic flow, Sec. III describes the simulation of electroo
motic flow using nonequilibrium molecular dynamic
~NEMD! technique, and Sec. IV presents results on ion d
tributions in various nanometer wide channels by compar
continuum and molecular dynamics results. The significa
of molecular interactions between ion–wall and ion–wa
are discussed in detail for different cases. A modifi
Poisson–Boltzmann equation, which incorporates the v
ous molecular interactions in a lumped manner, is also p
sented in Sec. IV. Section V presents results on velocity p
files for various channel widths by comparing continuu
theory and molecular dynamics results. A technique that
beds MD velocity data from a smaller length scale into sim
lation of electroosmotic flow in larger width channels is al
presented in Sec. V. Finally, conclusions are presente
Sec. VI.

II. CONTINUUM MODELING OF ELECTROOSMOTIC
FLOW

In this paper, we focus on the study of electroosmo
transport in straight flat channels~the channel width is in the
z-direction, and the flow is along thex-direction, see Fig. 1!
where ~1! only counter-ions are present in the channel a
~2! the flow is fully-developed and there is no externa
applied pressure gradient. For electroosmotic transport
straight flat channel with uniform charge densities on
channel walls and filled with water and single mobile i
species, the continuum mathematical description is ba
on the Poisson–Boltzmann equation~1! and the Stokes
equation~2!
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]2c~z!

]z2 52
q

e
z̃c0e2qz̃c~z!/kBT, ~1!

d

dz S m
du~z!

dz D1qz̃c~z!Eext50, ~2!

wherec(z) is the potential induced by the charges on t
channel wall and ions in the channel,q is the electron charge
~i.e., 1.6310219C), z̃ is the valency of the counter-ion,c0 is
the counter-ion concentration at the channel center where
potential is assumed to be zero,e is the permittivity of the
fluid in the channel,kB is the Boltzmann constant,T is the
temperature,u(z) is the velocity of the fluid,m is the dy-
namic viscosity of the fluid,c(z) is the counter-ion concen
tration across the channel, andEext is the external electric
field applied along the channel.

The boundary conditions for Eqs.~1! and ~2! are

dc~z!

dz U
z56h/2

5
ss

e
, ~3!

u~z!uz56h/250, ~4!

wherez56h/2 corresponds to the location of the lower a
the upper channel wall andss is the charge density on th
channel walls. Analytical solutions for Eqs.~1! and ~2! are
available for the boundary conditions given in Eqs.~3! and
~4!.15,16 But to use the analytical solution, one needs to fi
solve a transcendental equation numerically, so Eqs.~1! and
~2! are solved numerically in this paper.

The relative permittivity of water is taken as 81, which
the reported value for SPC/E water at 300 K.17 We note that
relative permittivity of water in the channel could be diffe
ent from its bulk value due to confinement and high elec
field near the channel wall.18,19 However, it was recently
reported14 that the influence of relative permittivity variatio
in the channel on the ion distribution is less important co
pared to the ion–wall interactions. Therefore, the relat
permittivity is taken as a constant in the entire channel in t

FIG. 1. A schematic of the channel system under investigation. The
channel walls are symmetrical with respect to the channel center line. E
wall is made up of four layers of silicon atoms. The channel widthW is
defined as the distance between the two innermost wall layers. The dark
denote water molecules and the shaded circles denote either Cl2 or Na1

ions. For the coordinate system chosen,z50 corresponds to the centra
plane of the channel system.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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paper. The dynamic viscosity of water is taken as 0.7
mPa s in our continuum simulations because this gives
best match to the velocity profile in the central portion of t
channel. We have simulated Poiseuille flow of pure SPC
water at a peak strain rate of 4.731010s21, temperature of
300 K, and the dynamic viscosity of water was determined
be 0.683 mPa s, which is within 5% of the reported value
SPC/E water.20 For an ionic solution, using a viscosity highe
than that of pure water is in accordance with the experim
tal observations that the viscosity of an electrolyte solut
increases as the concentration of electrolyte increases.
example, the viscosity of 0.89 M NaCl solution at 293 K
about 8.5% higher than that of pure water at 293 K.21

III. MOLECULAR DYNAMICS SIMULATION DETAILS

A. Simulated system

NEMD simulations were performed for systems cons
ing of a slab of water molecules and ions sandwiched by
channel walls. Figure 1 shows a schematic diagram of
system under investigation. The two channel walls are s
metrical with respect to the channel center line. Each wa
made up of four layers of silicon atoms oriented in the^111&
direction. Typical lateral dimensions of the channel wall a
4.6634.43 nm which corresponds to 161 silicon atoms
each layer of the channel wall. The channel width is var
from 0.95 to 10.0 nm in the simulations.

For the simulation of electroosmotic flow, the outermo
wall layers ~i.e., layer I of the lower channel wall and it
counterpart in the upper channel wall! are partially charged
In this paper, we will assume that the charges are unifor
distributed among the wall atoms, i.e., wall atoms are p
tially charged. Previous results on MD simulation of ele
troosmotic flow show that the flow characteristics are
altered significantly whether the charge is uniformly distr
uted or discretely distributed.14 The wall atoms are fixed to
their original positions during the simulation. The water
modeled by using the SPC/E model,22 i.e., water molecule is
rigid, and hydrogen and oxygen atoms are modeled as p
charges. In the simulation, we consider two types of inter
tion potentials, i.e., Lennard-Jones and Coulomb poten
The Lennard-Jones potential is considered for every a
pair ~except the atom pairs that have hydrogen atom and
Si–Si pair!. The parameters for the Lennard-Jones poten
are taken from the Gromacs force field23 and are summarized
in Table I. The Coulomb potential is considered for eve
charged atom pair. In our simulation, the total charge fr
the counter-ions matches the wall charge exactly, i.e.,
system is electrically neutral. Loet al.has shown that for slit
pores as small as two ion diameters, the system’s devia
from electroneutrality is negligible.24

B. NEMD technique

NEMD simulations were performed using a molecu
dynamics package Gromacs.25,26 The equations of motion
were integrated using a leap-frog algorithm with a time s
ranging from 1.0 to 2.0 fs. A cutoff radius of 1.1 nm wa
used to compute the Lennard-Jones potential. The elec
static interactions were computed using the particle m
Downloaded 20 Feb 2003 to 130.126.121.204. Redistribution subject to 
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Ewald ~PME! method27 with no truncation for the Coulomb
interactions. The original PME technique assumes perio
ity in all three directions. However, there is no periodicity
the channel width direction~z-direction, see Fig. 1! in our
channel system. To compute the electrostatic interaction
our system with reduced periodicity, we have~i! modified the
original PME algorithm by adding a correction term to th
standard Ewald summation formula,28 and ~ii ! elongated the
simulation box in thez-direction to be three times larger tha
the channel width. A cutoff distance of 1.10 nm was used
the calculation of electrostatic interactions in the real spa
An FFT grid spacing of 0.11 nm and cubic interpolation f
charge distribution were chosen to compute the electros
interactions in the reciprocal space. ALINCS algorithm29 was
used to maintain the water geometry specified by the SP
model. The temperature of fluid is regulated to 300 K
using a Berendsen thermostat with a time constant of 0.1
Applying the thermostat to our system was difficult becau
of a nonzero streaming velocity along the channel. In a r
orous sense, one should distinguish the streaming kinetic
ergy from the thermal kinetic energy in applying the therm
stat. However, the kinetic energy associated with
streaming velocity is only a very small fraction of the the
mal kinetic energy~e.g., for a water molecule with a stream
ing velocity of 25 m/s, the associated kinetic energy is o
0.15% of its thermal kinetic energy at 300 K!. Hence, we did
not distinguish the thermal kinetic energy from the stream
kinetic energy when applying the thermostat.

When setting up the simulation, the molecules were r
domly positioned. An energy minimization was performed
remove the local contacts. To start the simulation, an ini
velocity sampled from a Maxwellian distribution at 300
was assigned to each molecule in the system. The sys
was simulated for a time period of 1–2 ns so that the sys
has reached steady state. A production run of 1 to 7 ns~de-
pending on the system to be simulated! was performed to
gather the statistics of various quantities, e.g., streaming
locity. The density and velocity profile across the chan
were computed by using the binning method.30 The flow is
driven by an external electric field,Eext, applied along the
channel in thex-direction. Because of the extremely hig
thermal noise, a strong electric field was applied in our sim
lations so that the fluid velocity can be retrieved with reas
able accuracy. The external electric field strength used in

TABLE I. Parameters for the Lennard-Jones potentialU(r )5C12 /r 12

2C6 /r 6.

Interaction C6 (kJ nm6/mol)) C12 (kJ nm12/mol) s~nm!a

O–O 0.26173 1022 0.26333 1025 0.317
O–Si 0.62113 1022 0.76443 1025 0.327
O–Cl 0.60113 1022 0.16783 1024 0.375
O–Na 0.43433 1023 0.23523 1026 0.286
Cl–Cl 0.13803 1021 0.10693 1023 0.445
Cl–Si 0.14263 1021 0.48713 1024 0.388
Cl–Na 0.99743 1023 0.14993 1025 0.339
Na–Na 0.72063 1024 0.21013 1027 0.257
Na–Si 0.10313 1022 0.68293 1026 0.295

as is the separation distance between atoms where the potential ener
zero.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Downloaded 20 Fe
TABLE II. Summary of the simulations performed.

Case #
Channel width

~nm!
ss

~C/m2!
# Water

molecules # Ions
Eext

~V/nm!
Simulation time

~ns!

1 3.49 10.120 2246 32 (Cl2) 20.55 5.1
2 3.49 10.320 2075 85 (Cl2) 20.55 2.5
3 3.49 20.120 2246 32 (Na1) 10.55 2.8
4 2.22 10.120 1288 32 (Cl2) 20.46 6.3
5 0.95 10.120 405 32 (Cl2) 20.55 9.4
6 10.00 10.124 6606 32 (Cl2) 20.38 4.8
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simulations ranges from 0.38 to 0.55 V/nm. Table II summ
rizes the various simulations performed in this paper.

IV. ION DISTRIBUTIONS IN ELECTROOSMOTIC FLOW

A. Comparison of continuum and MD simulation
results

Figure 2~a! shows the concentration profile of Cl2 ion
and water across the channel for case 1, where the cha
width is 3.49 nm and the wall charge density is10.120
C/m2. The ion distribution obtained from the Poisson
Boltzmann equation is also shown for comparison. To co
pute the ion distribution using the Poisson–Boltzmann eq
tion, we have assumed that the position of the wall coinci
with the position of the first peak of Cl2 ion concentration
obtained from MD simulation. The MD simulation result d
viates from the Poisson–Boltzmann equation prediction
several aspects:~1! There is no Cl2 ion within 0.24 nm from
the channel wall,~2! the peak concentration of Cl2 ion oc-
curs at a position of about 0.35 nm away from the chan
wall and the peak value is about 88% higher compared to
P–B equation prediction, and~3! the ion concentration from
MD does not decrease monotonically to its value in the ch
nel center. In particular, there is a plateau located at ab
0.49–0.60 nm away from the channel wall.

FIG. 2. ~a! Cl2 ion and water concentration across the channel for cas
(W53.49 nm, ss510.120 C/m2). The channel center is located atz
50 nm and the position of water molecule is computed as the cente
mass position.~b! Potential energy of Cl2 ion over the channel wall com-
puted using Lennard-Jones potential. It is assumed that the ion can a
any position in thexy-plane with equal probability.
b 2003 to 130.126.121.204. Redistribution subject to 
-

nel

-
a-
s

n

el
e

-
ut

These deviations can be understood by looking at
molecular aspects of the ions, wall atoms and the water m
ecules. First, since a bare Cl2 ion has an effective radius o
about 0.18 nm,15 a Cl2 ion cannot approach too close to th
channel wall. Second, the ion and the wall interact with ea
other via the Lennard-Jones potential in the MD simulatio
Such an interaction can contribute to the attraction of io
towards the wall. Figure 2~b! shows the potential energy of
Cl2 ion due to the Lennard-Jones potential between the2

ion and the channel wall. In this calculation, we have
sumed that the ion can access any position in thexy-plane
with equal probability. Figure 2~b! indicates that the potentia
energy due to the ion–wall Lennard-Jones interaction
about21.8kBT (T5300 K) at a position of about 0.39 nm
away from the channel wall. Since a location with low
potential energy is more favorable for the ions, the poten
energy valley can attract more ions towards it. The sec
deviation is primarily caused by this effect. Third, the m
lecular interaction between the ion and the water molecu
also plays an important role in determining the ion conc
tration. Figure 2~a! shows that the water concentration is n
uniform across the channel and a significant layering of w
ter is observed near the channel wall. Such a layering ef
is well-known and several papers have addressed
issue.14,15 Since the water molecules are less closely pac
near the density ‘‘valley’’ than in the bulk, the energy r
quired to insert a finite-sized ion into the density ‘‘valley’’ i
lower compared to inserting an ion in the bulk. Hence, m
ions are attracted towards the density ‘‘valley’’ of water.
fact, a very weak peak of Cl2 ion is observed near the sec
ond density valley of water. From these results we can in

1

f-

essFIG. 3. Cl2 ion and water concentration profile across the channel for c
2 (W53.49 nm,ss510.320 C/m2).
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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that the molecular interactions between ion–wall and io
water play an important role in determining the distributi
of ions near the channel wall.

Figure 3 shows the concentration profile of Cl2 ion
across the channel for case 2, where the channel widt
3.49 nm and the charge density on the channel wal
10.320 C/m2. Compared to the previous case, the cha
density on the channel wall is very high~such a high charge
density is realistic in practical systems31!. The Poisson–
Boltzmann equation again underestimates the ion conce
tion near the channel wall. A clear second peak of Cl2 con-
centration is observed at a position of about 0.45 nm aw
from the channel wall, whereas such a peak was very w
in case 1. The second peak is primarily caused by the
that the ions are very densely packed~as indicated by the
high concentration! near the channel wall and the stron
electrostatic repulsion between the ions makes it difficul
accommodate more ions in the region within 0.41 nm fro
the channel wall. As a result, a second peak is obser
Since the ions are more densely packed in the near
region in this case compared to case 1~in fact, the average
shortest distance between two Cl2 ions within 0.41 nm from
the channel wall is found to be 0.54 nm for this case, a
0.69 nm for case 1!, the electrostatic repulsion between io
is much stronger compared to case 1—hence, the se
concentration peak is more distinct in this case.

The water concentration profile in Fig. 3 shows two i
teresting features. First, compared to the previous case@see
Fig. 2~a!#, the first concentration peak of water is about 33
higher. Second, there is an additional water concentra
peak located at about 0.44 nm away from the channel w
and the second concentration peak is very close to the se
peak of the Cl2 concentration. This result indicates that u
der high surface charge density, the high concentration
ions near the channel wall can change the concentratio
water significantly. Such a change can be partly explained
the hydration of the ions. Typically there will be several w
ter molecules bound to each ion due to the strong cha
dipole interaction between the ion and water.15 Therefore, a
region with very high ion concentration tends to have a h
water concentration region near it.

Figure 4 shows the Na1 ion concentration profile acros

FIG. 4. Na1 ion and water concentration across the channel for cas
(W53.49 nm,ss520.120 C/m2).
Downloaded 20 Feb 2003 to 130.126.121.204. Redistribution subject to 
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the channel for case 3, where the channel width is 3.49
and the charge density on the channel wall is20.120 C/m2.
The only difference from the first case is that the wall
oppositely charged and the Cl2 ions are replaced by Na1

ions. We observe that~1! the first Na1 concentration peak
near the wall is about 37% lower compared to the Cl2 con-
centration peak in the first case,~2! the position of the first
peak is located at about 0.42 nm away from the channel w
i.e., about 0.07 nm farther away from the channel wall co
pared to the first case where the first Cl2 ion peak is located
at 0.35 nm away from the channel wall and~3! the second
Na1 ion concentration peak is much more distinct compa
to case 1. The first ion concentration peak is lower in t
case because the attractive interaction between the Na1 ion
and the Si wall atoms—which contributes significantly to t
high ion concentration near the channel wall—is mu
weaker compared to the Cl2 ion with the Si wall atoms~see
Table I!. The second observation can be explained by the
that though Na1 ion ~bare radius about 0.095 nm! is smaller
compared to the Cl2 ion, its hydrated radius~0.36 nm! is
bigger compared to the Cl2 ion ~0.33 nm! as Na1 ion can
attract more water molecules around it~the hydration num-
ber of Na1 ion is about 4–5 while the hydration number
Cl2 ion is about 1!.15

The second Na1 concentration peak is primarily cause
by the ion–water interactions. Figure 4 indicates that
second ion concentration peak is close to the second con
tration valley of water. As explained in case 1, such a wa
concentration valley is energetically more favorable than
bulk for ions. Since the bare ion radius of Na1 is much
smaller compared to the Cl2 ion, the Na1 ion can fit into the
water concentration valley more easily compared to the C2

ion. Therefore, the second concentration peak of Na1 ion is
more distinct compared to the Cl2 ion case. One conse
quence of the higher second peak of Na1 ion is that the
water concentration valley near the second Na1 peak is shal-
lower compared to that observed in the Cl2 ion case~case 1!.
This is because the Na1 ion has a higher hydration numbe
Thus, it can bring more water molecules towards the wa
concentration valley than the Cl2 ion.

B. Modified Poisson–Boltzmann equation

In Sec. IV A we have shown that the wall–ion, water
ion, and ion–ion interactions are important factors influen
ing the ion distribution in the channel and the ion distributi
can significantly influence the water concentration in t
channel. The classical Poisson–Boltzmann equation con
ers these interactions only in a mean-field fashion and fail
account for the molecular nature of the ion, water and
wall ~e.g., water is modeled as a continuum with a const
permittivity!. In this section, we propose a modifie
Poisson–Boltzmann equation that takes into account
wall–ion, water–ion, and ion–ion interactions in a lump
manner. The Poisson–Boltzmann equation has been mod
previously to incorporate various effects that were neglec
in the classical Poisson–Boltzmann equation, e.g., the fi
ion size effects,32 nonelectrostatic interactions,33 dependence
of the permittivity of the solution on the field strength,34 wall
effects,35 and more recently discrete solvent effects36 have

3
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been incorporated into the classical Poisson–Boltzm
equation. Many of these modifications were based on sta
tical mechanics principles, and by incorporating all these
fects into the Poisson–Boltzmann equation, it is possible
predict the ion distribution in the channel with good acc
racy. However, due to the extremely complicated nature
the ion–wall, ion–water, and ion–ion interactions, a num
of simplifications need to be made in the derivation of t
modified Poisson–Boltzmann equation and the calculatio
the new terms can still be very difficult in many cases. F
example, though the wall–ion interaction is considered
Ref. 35, it was not discussed how such a term can be c
puted in practice~in fact, this term is usually neglected i
numerical simulations37!. Thus, though these existing mod
fications to the Poisson–Boltzmann equation can aid in
interpretation of various experimental observations, the
velopment of a comprehensive, easy-to-calibrate and a
rate model is still an active area of research.

In this paper, we employ the concept of electrochemi
potential correction to account for the interactions neglec
in the classical Poisson–Boltzmann equation. At thermo
namic equilibrium, the electrochemical potential of an i
should be constant in the entire system, i.e.,

m i5 z̃iqc1kBT logci1fex,i5kBT logc0,i , ~5!

wherez̃i is the valency of ioni, c is the electric potential in
the system,ci is the ion concentration,fex,i is the electro-
chemical potential correction of ioni, andc0,i is the concen-
tration of ion i when the electric potential and the electr
chemical potential correction term are zero. Based on
~5!, the ion concentration can be expressed as

ci5c0,ie
2 z̃iqc/kBTe2fex,i /kBT. ~6!

Substituting Eq.~6! into the Poisson equation~7!, we have

¹2c52
q

e (
i 51

N

z̃ici , ~7!

¹2c52
q

e (
i 51

N

z̃ic0,ie
2 z̃iqc/kBTe2fex,i /kBT, ~8!

whereN is the total number of ionic species and is equal
1 in all our simulations.

The electrochemical potential correction term accou
for the deviation of the ion–water and ion–wall molecu
interactions from their values at the channel center. Since
wall–ion interaction via the Lennard-Jones potential is sh
ranged, and the water–ion interaction would not deviate
nificantly in the entire system except at positions very clo
to the channel wall where the water concentration is not c
stant, the electrochemical potential correction term is n
zero only at positions close to the channel wall. The prec
contribution of ion–water and ion–wall molecular intera
tions to the electrochemical potential correction term
pends on the specific case under study. For example, for
1, where the ion–wall (Cl2 – Si) interaction is strong, the
contribution of the ion–wall molecular interactions to th
electrochemical potential correction term is significa
whereas for case 3 the contribution of ion–wall (Na1 – Si)
molecular interactions will be minor.
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In principle, one can calculatefex provided the wall–
ion, water–ion, and ion–ion interactions can be compu
explicitly. However, such a calculation, if possible, is ve
difficult. For example, to account for the molecular nature
water, the charge–dipole interaction between water and
ion as well as other molecular interactions~e.g., the van der
Waals interaction as included in the Lennard-Jones poten!
will need to be considered explicitly. In addition, since t
water concentration profile in the channel is related to the
concentration profile@as demonstrated by the correlation b
tween the second peak of the ion concentration with the
ter concentration valley in Figs. 2~a!, 3, and 4#, the concen-
tration profiles of water and the ion must be computed s
consistently.

In this paper, we extract the electrochemical poten
correction, term from the ion concentration profile obtain
from MD simulation of a smaller width channel using E
~6!. Once the electrochemical potential correction term
obtained, one can use it in the modified Poisson–Boltzm
equation~8! to simulate the ion distribution in a bigger cha
nel with the same wall structure and similar surface cha
density. In such an approach, one circumvents the difficu
of obtaining a closed form expression for the electrochem
potential correction term by utilizing the MD simulation re
sults.

The accuracy of this approach depends on how sign
cantly the wall–ion and water–ion interactions near the w
change when the channel size and the operating condit
are different~e.g., wall charge density and the wall stru
ture!. In fact, if the operating conditions are similar, the i
teractions will not change significantly. This is because~1!
the wall–ion interaction included in the electrochemical p
tential correction term is the Lennard-Jones potential wh
depends only on the wall structure and the Lennard-Jo
parameters and thus will not change when the channel w
is increased;~2! the water–ion interactions depend primari
on the water concentration~i.e., how closely the water mol
ecules are packed!. MD simulation results of water concen
tration profile in channels of different width but with th
same surface charge density indicate that the water con
tration profile near the channel wall is independent of
channel width. In summary, the electrochemical poten
correction term is primarily due to the wall effects~e.g.,
ion–wall interactions and wall-induced water layering!. As
these interactions are short-ranged, further addition of w
layers in the bulk~corresponding to a wider channel! would
not affect the electrochemical potential correction term s
nificantly. Hence, the use of the same electrochemical po
tial correction term for wider channels can produce reas
ably accurate results.

The efficiency of this approach depends on how the M
simulation cost scales when the system size increases,
the approach is only useful when the MD simulation of
smaller channel system can be carried out easily and
computational cost for MD simulation of a larger system
very expensive. This is indeed true since the MD simulat
for a smaller channel system~e.g., a 2-nm-wide channel! can
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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be done fairly quickly, while the MD simulation of large
system~e.g., a 6 nmwide channel! is much more expensive
Another good example for such a scenario is the nanoflu
system studied by Kemeryet al.3,11 where nanochannels ar
connected by microchannels. In this case, the MD simula
of the nanochannels is possible, but the MD simulation
the entire system is impossible.

Figure 5~a! shows the MD concentration profile of Cl2

ion across the channel for case 4, where the channel wid
2.22 nm and the surface charge density on the channel w
0.120 C/m2. Figure 5~b! shows the electrochemical potenti
correction term extracted by using Eq.~6!. Note that the
electrochemical potential correction term is close to zero
about 0.8 nm away from the channel wall.fex reaches a
minima at about 0.34 nm away from the channel wall, a
this roughly corresponds to the position of the minima of
potential energy due to the Lennard-Jones potential betw
the wall and the Cl2 ion @see Fig. 2~b!#. This indicates that
the electrochemical potential correction term at this posit
is primarily due to the Lennard-Jones potential between
wall and the Cl2 ion. Using the electrochemical potenti
correction term shown in Fig. 5~b!, the ion distribution in
various channels with different widths and similar surfa
charge density were calculated. Figure 5~c! shows the com-
parison of Cl2 concentration in a 3.49 nm channel~case 1,
charge density: 0.120 C/m2! predicted by MD simulation and
by the modified Poisson–Boltzmann equation. Figure 5~d!
shows the comparison of Cl2 concentration in a 10.0 nm
channel~case 6, charge density: 0.124 C/m2! predicted by
MD simulation and by the modified Poisson–Boltzma
equation. The results in Figs. 5~c! and 5~d! suggest that the
modified Poisson–Boltzmann equation predicts the varia
of the ion concentration near the channel wall very well in
the cases.

FIG. 5. ~a! Cl2 ion concentration across the channel for case 4W
52.22 nm,ss510.120 C/m2). ~b! The electrochemical potential correctio
term extracted from the ion distribution shown in~a!. ~c! Comparison of Cl2

ion concentration across the channel for case 1 (W53.49 nm, ss

510.120 C/m2) as predicted by the MD simulation and modified P–
equation.~d! Comparison of Cl2 ion concentration across the channel f
case 6 (W510.0 nm,ss510.124 C/m2) as predicted by the MD simulation
and modified P–B equation.
Downloaded 20 Feb 2003 to 130.126.121.204. Redistribution subject to 
ic

n
r

is
is

t

d
e
en

n
e

n
l

V. VELOCITY PROFILES IN ELECTROOSMOTIC FLOW

A. Comparison of continuum and MD simulation
results

Figure 6 shows the velocity profile across the chan
for case 1, where the channel width is 3.49 nm. The veloc
profile based on the continuum flow theory, calculated
substituting the ion concentration obtained from the M
simulation into Eq.~2! and using the boundary conditio
specified by Eq.~4!, is also shown for comparison.

Figure 6 shows that the continuum flow theory pred
tion using a constant viscosity of 0.743 mPa s overestima
the velocity in the entire channel. This is because the c
tinuum calculation fails to take into account the fact that t
viscosity near the channel wall is much higher compared
its bulk value. As has been reported earlier,14 the viscosity of
water increases dramatically in the near wall region wh
the ion concentration is high. Such a dramatic increase
viscosity seems to be related to the high electric fi
strength,19 layering of the fluid molecules38 and the high con-
centration of ions near the channel wall. However, a comp
hensive theory accounting for all the effects is not yet av
able. The question of whether the continuum flow theo
based on a constant viscosity can predict the flow behavio
the central part of the channel is an interesting one. We
serve that, if the predicted velocity is shifted down by abo
22.4 m/s, the continuum prediction matches the MD veloc
at a distance ofd away from the channel wall, i.e., the con
tinuum prediction matches the MD simulation result ve
well in the central portion of the channel. This is equivale
to saying that if the velocity at a positiond away from the
channel wall is given as the boundary condition to the Sto
equation ~2!, then the continuum flow theory based on
constant viscosity can still be used to predict the velocity
the central part of the channel. Figure 6 also indicates
the nonslip boundary condition is applicable to the case s
ied. However, the nonslip plane is not located at the cen
of-mass of the innermost layer of the channel walls~i.e.,
layer I in Fig. 1!, but is located at approximately 0.14 n
from the channel wall where the water concentration is
most zero.

FIG. 6. Comparison of water velocity profile across the channel for cas
(W53.49 nm,ss510.120 C/m2) as predicted by the MD simulation an
by the continuum flow theory.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Comparison of velocity obtained from MD simulatio
and continuum flow theory for case 4, where the chan
width is 2.22 nm, also indicates that though the continu
flow theory based on a constant viscosity overestimates
velocity in the entire channel, it can be used to study the fl
behavior in the central part of the channel provided that
velocity at a positiond away from the channel wall is given
It is also observed that the nonslip plane is located at
proximately 0.14 nm from the channel wall. This is similar
what Travis et al.12 had observed for Poiseuille flow o
Lennard-Jones atoms in various channel widths where
nonslip plane is located at the position closest to the cha
wall that a fluid atom can approach and is independent of
channel width.

Figure 7 shows the velocity profile of water across t
channel for case 5, where the channel width is 0.95 nm
the surface charge density is 0.124 C/m2. The characteristics
of the velocity profile are significantly different from that o
case 1~channel width: 3.49 nm! and case 4~channel width:
2.22 nm!. Specifically,~1! the strain ratedu/dy goes to zero
at uzu'0.09 nm anduzu'0.14 nm and~2! the velocity atuzu
'0.14 nm is higher compared to the velocity atuzu
'0.09 nm and the velocity decreases fromuzu'0.14 nm to
uzu'0.09 nm. Similar behavior was also observed by Tra
et al.12,39 for Poiseuille flow of Lennard-Jones atoms wh
the channel width approaches 4 to 5.1 times the diamete
the fluid molecules. This behavior suggests that the c
tinuum flow theory is not valid for fluid flow in such narrow
channels. Specifically, the velocity profile shown in Fig.
indicates that the shear stress cannot be related to the s
rate by a local, linear constitutive relationship. The sh
stress across the channel can be computed by

tzx~z!5E
0

z

c~z!z̃qEext,x dz, ~9!

wherez50 is the middle plane of the channel,c(z) is the
ion concentration andEext,x is the external electric field
along the channel length~x-direction!. Figure 8 is a plot of
the shear viscosity calculated by

FIG. 7. Velocity profile across the channel for case 5 (W50.95 nm, ss

510.124 C/m2). The negative velocity close to the channel wall is stat
tical noise.
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m~z!5
tzx~z!

du/dzuz
. ~10!

Figure 8 indicates that the shear viscosity, computed
assuming a local, linear constitutive relationship betwe
shear stress and strain rate, diverges atz'60.14 nm and
z'60.09 nm, and becomes negative in the region 0.09
,uzu,0.14 nm. These unphysical results indicate that
continuum flow theory, which assumes that the shear st
can be related to the strain rate by a local constitutive re
tionship, is not valid for electroosmotic flow in a 0.95 n
wide channel.

B. Embedding MD velocity into continuum modeling

The results in Sec. V A indicate that the continuum flo
theory is not valid for electroosmotic flow in a 0.95 nm wid
channel. However, continuum theory can be used to desc
flow in channels wider than 2.22 nm, provided that viscos
variation near the channel wall is taken into account. It
however, very difficult to obtain a closed form expression
viscosity variation near the channel wall. To simulate ele
troosmotic flow in wide channels, where MD simulation c
be very expensive, one possible way is to first do an M
simulation in a smaller channel under similar conditio
~e.g., using the same wall structure and charge density
wider channel! and then extract the viscosity from the M
data by using Eqs.~9! and ~10!. The extracted viscosity can
then be used in continuum theory to model flow in a wid
channel. In this approach, one assumes that the viscosity
the channel wall would not change appreciably when
channel width increases. This assumption typically ho
since viscosity depends on the fluid properties and ion c
centrations near the channel wall, and these parame
would not change significantly when the channel wid
changes provided that other operating conditions~e.g., wall
structure and wall charge density! do not change significantly
or remain the same. The extraction of viscosity from mole
lar dynamics data using Eq.~10! can be difficult as one need
to compute the derivative of the velocity obtained from M
data. Since the velocity obtained from the MD simulation

FIG. 8. Shear viscosity across the channel for case 5 (W50.95 nm, ss

510.124 C/m2). Note that the shear viscosity, computed by using a line
local constitutive relationship diverges atuzu'0.14 nm and becomes nega
tive in the region 0.09 nm,uzu,0.14 nm.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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usually very noisy, unless the simulation is carried out fo
relatively long period~e.g., case 4 has been simulated for 6
ns using about 200 CPU hours, but the statistical noise in
velocity profile near the channel wall is still observable!, the
derivative of the velocity would be even noisier leading to
significant noise in the extracted viscosity. It is possible
smooth the velocity data using a filter, but this may introdu
additional errors into the viscosity estimation. An alternat
approach is to embed the near wall velocity obtained from
MD simulation of a smaller channel into the continuum mo
eling of a larger channel. This approach is described bel

Figure 9 presents details on the simulation of electro
motic flow in a large channel using the velocity obtain
from MD simulation of electroosmotic flow in a small cha
nel. For any position withind 8 from the nonslip plane, the
velocity in the large channel is obtained by embedding
MD velocity obtained for the electroosmotic flow in a sma
channel. Once the velocity atz5d8 is obtained, it is used a
the boundary condition for the continuum flow modeling
the central portion of the large channel using a constant
cosity. To embed the small channel MD velocityu within d8
from the nonslip plane into the simulation of flow in a larg
channel, we first integrate the momentum equation~2! from
the channel center (c9 is the center of small channel andc8
is the center of the large channel! to a positionz

m
du

dzU
s5c9

z

5E
c9

z

2 z̃qc~s!Eextds, ~11!

m
dū

dzU
s5c8

z

5E
c8

z

2 z̃qc̄~s!Ēextds, ~12!

whereu, c, and Eext are the velocity, the ion concentratio
and the external electric field at any positionz in the small
channel, respectively.ū, c̄, andĒext are the velocity, the ion
concentration and the external electric field at any positioz

FIG. 9. Continuum simulation of electroosmotic flow in a large channel
using the velocity embedding technique. The channel is partitioned into
regions—a near wall region and a channel center region. The velocity
the wall is computed by embedding the velocity obtained from MD simu
tion of electroosmotic flow in a smaller channel. The velocity in the chan
center region is computed by using the continuum flow theory based
constant viscosity.
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in the big channel, respectively. Using the symmetry of
velocity profile with respect to the channel center

du

dzU
s5c9

5
dū

dzU
s5c8

50. ~13!

Dividing Eq. ~12! by Eq. ~11! and applying Eq.~13! gives

dū

dzU
z

5
*c8

z
2 z̃qc̄~s!Ēextds

*c9
z

2 z̃qc~s!Eextds

du

dzU
z

5F~z!
du

dzU
z

, ~14!

whereF(z) is defined by

F~z!5
*c8

z
2 z̃qc̄~s!Ēextds

*c9
z

2 z̃qc~s!Eextds
. ~15!

Integrating Eq.~14! from the nonslip plane~i.e.,z50) to any
positionz, and using the fact that the velocity is zero at t
nonslip plane, we obtain

ū~z!5E
s50

z

F~s!
du

ds
ds5F~z!u~z!2E

0

z dF~s!

ds
u~s!ds.

~16!

Equation~16! can be used to compute the velocity near t
channel wall in large channels. Note that no derivatives
the MD velocity in the small channel are needed. Inste
one needs to calculate the derivative of the functionF(z).
F(z) is obtained by integrating the ion concentration and i
much easier to obtain good statistics for ion concentration
MD simulations. In principle, Eq.~16! can be applied in the
region from the nonslip plane to the center of the small ch
nel ~i.e., pointc9 in Fig. 9!. However, Eq.~16! is used only
in the region withind8 from the channel wall. There are tw
reasons for this: First, evaluation of the functionF(z) is
difficult as we approach the center of the small channel
cause the integration term in the denominator is close
zero. Second, since the viscosity variation is important o
near the channel wall, we can use a constant viscosity in
regiond8 away from the nonslip plane instead of embeddi
the MD velocity. In our simulations,d8 is taken to be 0.64
nm since MD simulations indicate that the viscosity variati
beyond this length scale is small. As mentioned earlier,
nonslip plane is typically located at 0.14 nm from the cha
nel wall. Hence, the region in which the velocity is obtain
from the embedding technique isd50.78 nm from the chan-
nel wall for the larger channel.

Figure 10 shows the velocity profile across a 10.0 n
channel~case 6! obtained by using the approach just d
scribed. The velocity within thed distance from the channe
wall is embedded using Eq.~16! and the MD velocity of a
2.22 nm channel. The velocity in the central portion of t
channel is computed by using a constant viscosity of 0.7
mPa s. Though there is considerable noise in the MD velo
profile for case 4~i.e., in the MD velocity of a 2.22 nm
channel!, the velocity obtained by using Eq.~16! matches the
MD simulation results quite well.
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VI. CONCLUSIONS

Electroosmotic flow in nanochannels with widths ran
ing from 0.95 to 10.00 nm has been investigated by MD a
continuum simulations. Our results indicate that:

~1! For the various cases studied in this paper, the finite
of the ions and the discreteness of the solvent molec
have been found to significantly influence the ion dis
bution in the channel. Since the classical Poisso
Boltzmann equation neglects these effects, it fails to p
dict the ion distribution near the channel wall accurate
A modified Poisson–Boltzmann equation is proposed
account for the molecular aspects of the ion–wall, io
fluid, and ion–ion interactions by introducing an electr
chemical potential correction term into the formulatio
of the Poisson–Boltzmann equation. The electroche
cal potential correction term is extracted from the i
distribution in a smaller channel obtained from M
simulations. Using the electrochemical potential corr
tion term, the modified Poisson–Boltzmann equation
been shown to predict the ion distribution in nanome
wide channels with good accuracy.

~2! The continuum flow theory can be used to analyze e
troosmotic flow in channels as small as 2.22 nm p
vided that the viscosity variation near the channel wal
taken into account. Instead of extracting viscosity n
the channel wall from MD simulations, we have deve
oped a technique where MD velocity from a smal
length scale channel is embedded into a larger len
scale channel to compute velocity near the channel w
We have shown that this technique gives good res
when MD velocity from a 2.22 nm channel is embedd
into simulation of larger channels with widths of 3.4
and 10 nm.

~3! The continuum flow theory breaks down in the ent
channel for electroosmotic flow in a 0.95 nm chann
~this channel width is about 3.4 times the size of t
water molecule!.

FIG. 10. Velocity profile across the channel for case 6 (W510.00 nm,ss

510.124 C/m2). The velocity in the region withind from the channel wall
is obtained using Eq.~16! and the MD velocity within the same region from
case 4 (W52.22 nm,ss510.120 C/m2). The velocity in the central por-
tion of the channel is computed by using a constant viscosity of 0.
mPa s.
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