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Meshless Analysis of Steady-State Electro-Osmotic
Transport

M. J. Mitchell, R. Qiao, and N. R. Aluru

Abstract—An emerging technology in the area of microsystems
is micro-total analysis systems ( TAS) for biological sample
analysis. We have simulated electro-osmosis—a common trans-
port mechanism within these devices—by developing meshless
techniques. Numerical simulation of electro-osmotic transport
requires the solution of the Laplace equation, the Poisson–Boltz-
mann equation and the incompressible Stokes or Navier–Stokes
equations. We describe the development and implementation of
meshless techniques for all the governing equations. In particular,
we introduce a stabilized Stokes solver for very-low Reynolds
number flows and a multistep Navier–Stokes solver for a wide
range of Reynolds number flows. We have analyzed electro-os-
motic transport in three geometries typically encountered in
biological devices: a straight channel, a cross-shaped intersection,
and a T-shaped intersection. [545]

Index Terms—E, Electro-kinetics, electro-osmosis, finite cloud
method, meshless method, microfluidics.

I. INTRODUCTION

W ITHIN the rapidly growing realm of microelectrome-
chanical systems (MEMS), biological systems such as

micro-total analysis systems (TAS) have received a lot of at-
tention in recent years ([1]–[9]). Samples can be analyzed in
much less time and with much less wasted material using these
micro-channel based devices. Electro-kinetic transport is typ-
ically utilized both to drive fluids through these systems and
to separate different components of a sample. One advantage
of using these electro-kinetic phenomena is that the same volt-
ages applied at reservoirs both control the bulk fluidic transport
(electro-osmosis) and result in the separation of different com-
ponents of a sample due to differing electrophoretic mobilities.
Applied pressures may be used to control flow characteristics at
critical points in a device but are typically not used as the pri-
mary means of fluidic transport.

The present approach to modeling and design of microsys-
tems is to generate a geometric model for the complicated two-
or three-dimensional (2-D or 3-D) microdevice, to generate
a mesh for the geometric model, to perform a self-consistent
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mesh-based numerical analysis of the mixed-energy domains,
and, finally, to perform post-processing steps such as visualiza-
tion. Computer-aided design (CAD) systems for microsystems
based on such an approach were presented in, e.g., [10].

A popular research topic in numerical methods recently has
been the development of meshless methods as alternatives to the
traditional finite element, finite volume, and finite-difference
methods. The traditional methods all require some connectivity
knowledgea priori, such as the generation of a mesh, whereas
the aim of the meshless methods is to sprinkle only a set of points
or nodes covering the computational domain, with no connec-
tivity information required among the set of points. Multiphysics
and multiscale analysis, which is a common requirement for
MEMS and Bio-MEMS, is radically simplified by meshless
techniques as we deal with only nodes or points instead of a
mesh. Meshless techniques are also appealing because of their
potential in adaptive techniques, where a user can simply add
more points in a particular region to obtain more accurate results.
An overview of the many meshless techniques that have been
developed recently can be found in [11]. Some of the proposed
meshless techniques require a background cell or a grid structure
for numerical integration. We have recently developed two
meshless methods that do not require a background grid: a point
collocation method based on reproducing kernel approximations
[12] and a finite cloud method [13] that also uses point colloca-
tion for discretization but employs a fixed kernel technique for
construction of interpolation functions. The finite cloud method
is more attractive compared to the point collocation approach
based on reproducing kernels as it is a faster approach.

In this paper, we focus on simulating electro-osmosis, which
is the means for bulk transport for manyTAS, using the finite
cloud method. In particular, we develop new meshless formula-
tions for analysis of the nonlinear Poisson–Boltzmann equation,
the Stokes equations governing the transport of low Reynolds
number fluidic flows, and the incompressible Navier–Stokes
equations governing the transport of fluidic flows for a range of
Reynolds numbers. By analyzing the simulations for straight
channels and the two typesof intersections that are used inTAS,
we provide some insight into the design of microfluidic systems.
We investigate the significance of nonlinear Poisson–Boltzmann
equation and the use of Navier–Stokes equations, as opposed
to the use of Stokes equations, for electro-osmotic transport.
Specifically, our results indicate that i) for a large-potential, the
use of nonlinear Poisson–Boltzmann equation is required, and ii)
at turns and intersections, Stokes approximation may not be valid
when a large -potential and applied potential are considered.

The rest of the paper is organized as follows. After presenting
the mathematical model for electro-osmotic transport in Section

1057–7157/00$10.00 © 2000 IEEE
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Fig. 1. Immobile negative charge on a capillary surface attracts mobile positive
charges out of the solution. This accumulated charge moves when acted on by
an electric field and drags the fluid bulk in a plug-like flow.

II and the finite cloud method in Section III, we will explain
how the method has been employed to solve the governing
equations in Sections IV and V. Finally, numerical results are
presented in Section VI for the three fundamental electro-ki-
netic geometries:

1) the straight channel;
2) the cross-shaped intersection;
3) T-shaped intersection.

II. M ATHEMATICAL FORMULATION OF ELECTRO-OSMOSIS

A. Theory

Electro-osmotic transport is depicted in Fig. 1 and has been
presented by Probstein [14] among others [15], [16]. When a
polar or ionic solution comes into contact with most materials,
including glass and silicon capillary walls, a small immobile
charge appears on the surface of the walls. Ionization, adsorp-
tion, and dissociation of ions in the capillary material lead to this
charge buildup, which is counteracted by charge being drawn
out of the solution toward the interface. The charge on the so-
lution side of the interface, unlike that on the capillary surface,
is mobile and moves parallel to an applied electric field. Due to
viscous forces, this thin layer of mobile charge drags the neutral
bulk of the solution along the channel in a plug-like manner.

A common and valid assumption that is made with electro-ki-
netic migration problems is that the two potentials in the system
are independent, and thus, the equations governing them can be
decoupled [17]. As a result, we solve a Poisson problem for po-
tential in the system due to the-potential at the solution-wall
interface and a Laplacian problem for potential in the system
due to the externally applied potentials that generate an electric
field. The product of the charge density in the solution and the
electric field intensity is then incorporated into the equations for
fluidic transport as an external force term.

B. Mathematical Model

1) Poisson–Boltzmann Equation:The Poisson–Boltzmann
equation is derived by first expressing a local charge density
in terms of a nonzero potential existing at that point in the do-
main. If we let denote the potential in the solution due to the
existence of the-potential, then we can express the local con-
centration of charge due to a given ion as

(1)

where
ionic charge;
Faraday’s constant;
gas constant;
temperature;
intrinsic ionic concentration in the absence of a poten-
tial.

An expression of this form exists for each species of ion so that
the net charge due to a nonzero potential repelling like charges
and attracting opposite charges is expressed as

(2)

This expression for local charge distribution is then combined
with the Poisson equation relating potential to charge as

(3)

where is the permittivity of the solution. The resulting form
(the Poisson–Boltzmann equation) is nonlinear and has only one
variable .

(4)

In this work only symmetric, binary, single-charged ions are
considered. The simplified version of the previous equation is

(5)

Equation (5) is then expressed in dimensionless quantities by
making the substitutions and , where

is typically the channel width. The new form of the equation
is

(6)

where a represents a dimensionless quantity. By introducing
the Debye length given by

(7)

and its dimensionless counterpart , we obtain

(8)

which is the dimensionless Poisson–Boltzmann equation for po-
tential in the system due to the-potential that appears at the
solution–capillary interface.

2) Laplace’s Equation:In order to utilize the mobile layer
of charge that appears at the interface, which is commonly re-
ferred to as the electric double layer, an electric field must be ap-
plied. The resulting force on the ions in the double layer drives
the fluid within that layer and drags the remaining fluid in the
capillary along with it. In order to determine the magnitude of
the force driving the fluid, the value of the electric field must be
determined numerically throughout the computational domain.
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Because the applied potentials have been assumed to be inde-
pendent of the potentials in the system due to the-potential,
we can solve a Laplacian for the potentialdue to the poten-
tials applied at the reservoirs.

(9)

with the electric field intensity given by

(10)

In this work, all vector quantities are represented by a bold type-
face. We have assumed, as in [17], that charge redistribution
is negligible at the small velocities we are simulating and that
the only electric field in the system is due to the potentials ap-
plied at the reservoirs. Again, we obtain a dimensionless form
of these equations by making the substitutions
and , resulting in the following modified equations:

(11)

(12)

The product of the charge density and the electric field intensity
is then introduced into the equations governing fluidic transport
to simulate electro-osmosis. Fluid flow has been modeled using
both steady and unsteady formulations as presented below.

3) Stokes Equation:Assuming that our problems of interest
lie within the Stokes limit and the convective terms of the
Navier–Stokes equations are negligible, fluidic transport is
modeled using the Stokes equation and the continuity con-
straint, with the effect of the electric field on the ions in the
double layer being represented by a per-unit volume force
vector .

(13)

(14)

In (13) and (14)
fluid viscosity coefficient;
velocity vector (e.g. in 2-D flows);
pressure.

The forcing term is defined as

(15)

We nondimensionalize the Stokes equation by substituting
, , and with given by

(16)

We solve the following version of the Stokes equation:

(17)

along with the modified continuity constraint

(18)

4) Navier–Stokes Equation:We want to determine which
situations that we wish to simulate fall within the Stokes limit,

thereby justifying the assumptions leading to (13). For prob-
lems where the nonlinear convective terms become significant,
we cannot use the Stokes formulation and must solve the full
Navier–Stokes equations instead. In addition, we wish to use
the unsteady formulation to extend our simulations into tran-
sient problems. The transient Navier–Stokes equations with the
electric force term are given as

(19)

(20)

where and are the solution’s kinematic viscosity and density,
respectively. is still given by (15), although the electric field
intensity may vary with time to control flow rates and directions.
By substituting , , ,

, and with given by

(21)

we obtain the dimensionless Navier–Stokes equation that will
be used hereforth. is the Reynolds number.

(22)
Equations (8), (11), (17), and (22), along with the appropriate
continuity constraints, are the only equations solved in this
work, and all are solved in the dimensionless form; therefore,
all s have been omitted for the remainder of this paper.

III. FINITE CLOUD METHOD

The meshless method employed here is the finite cloud
method (FCM) based on a fixed kernel approximation [13].
In the FCM, we use a fixed kernel technique to compute the
interpolation functions and a point collocation method to
discretize the governing equations. In a fixed kernel technique,
an approximation (which is denoted) to a function is given
by

(23)

where is the correction function and is given by

(24)

is the vector of basis func-
tions, and is the vector
of correction function coefficients. A linear basis in two dimen-
sions is given by

(25)

and a quadratic basis is given by

(26)

The kernel function is centered at the point
. The unknown correction function coefficients can be



438 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 9, NO. 4, DECEMBER 2000

determined by satisfying the reproducing or consistency condi-
tions, i.e.,

(27)

A discrete approximation of the above consistency conditions is
written as

(28)

where is the total number of points covering the domain,
and is the nodal volume associated with node. The con-
sistency conditions summarized in (28) can be written in a ma-
trix form as

(29)

where is the moment matrix and is a constant, i.e., it
is not a function of and . The entries in the moment matrix
are given by

(30)

In discrete form, the components of the moment matrix are de-
fined as

(31)
The moment matrix can also be written as

(32)

where is an matrix defined as

...
...

.. .
...

(33)
and is an diagonal matrix shown in (34) at the bottom
of the page. From (29), the unknown correction function coef-
ficients are computed as

(35)

Substituting the correction function coefficients into equation
(23), we obtain

(36)

The approximation in (36) can be rewritten as

(37)

where is a nodal unknown for node, and is the
fixed kernel interpolation function defined as

(38)
Defining (39), shown at the bottom of the page, the interpolation
function can be rewritten as

(40)

where

(41)

and denotes theth column of matrix .

...
...

. . .
...

(34)

...
...

...
(39)
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Since the moment matrix is constant, the derivatives of the in-
terpolation functions can be computed simply by differentiating
the polynomial basis vector in (38). For example, the first and
second derivatives are computed as

(42)

(43)

As a kernel function is placed at each node in the domain, and
the above calculations are performed treating each node in turn
as a star node, we assemble global basis function matrices that
take the form

...
...

...
...

...
. . .

...

(44)

where the index represents the node at which a given basis
function is centered and the indexrepresents the node at which
that basis function is being evaluated. Thus, at each star node,
we calculate the nonzero values that fill in one row of the above
matrix. The vector of nodal approximations to the function

can now be expressed as

(45)

where , , and are vectors, and is a sparse
matrix. In subsequent discussion, is the th

row and th column entry of the matrix. Similar expressions
for all approximations to derivatives of the unknown function
are given by

(46)

(47)

(48)

(49)

(50)

where , , , , and are
matrices containing the, , second , , and second deriva-
tives of the interpolation functions, respectively. We can now
use the interpolation functions and their derivatives to imple-
ment our mathematical model for electro-osmotic transport.

The kernel functions used in defining clouds provide some
versatility in the formulation. For a uniform point distribution
with equal internodal spacing in each dimension, we can use a
circular cloud with the value of the kernel function determined
only by Euclidean distance from the star node. For a uniform
point distribution with unequal spacing in the two dimensions,

Fig. 2. Each cloud may be a different size and shape, as long as it contains
enough nodes. Here, we see two such clouds: an offset rectangular cloud and
a centered circular cloud. The star node for a particular cloud is the reference
node, which is not necessarily the center node.

we would prefer to use rectangular shaped clouds with the value
of the 2-D kernel function given by the product of two 1-D
kernel functions aligned with the coordinate axes. For random
point distributions, we would like the freedom to change the size
and shape of each cloud independent of each other. The domains
of influence for the two most common shapes of 2-D clouds are
shown in Fig. 2. The two most popular kernel functions used are
a modified Gaussian and a cubic spline. All results presented
here use the modified Gaussian, the 1-D form being

(51)

where
distance from the star node of the cloud;
half-support of the function;
shaping parameter that defines the steepness of the
curve.

Typical values for a three point cloud with equispaced points
at an interval are h and h. For the same
point distribution with five point clouds, we use h and

h. These kernel functions are shown in Fig. 3 for equal
internodal spacing of 1. Notice thatequals zero at a distance
of from the star node. For all nodes farther from the star node
than this half-support, is assumed to be zero, and the node is
not considered a member of that particular cloud.

For 2-D domains, (51) can also be used to define a circular
cloud if is treated as the Euclidean distance from the star node.
A rectangular cloud is formed by treating the two dimensions
independently and then using the product of the two 1-D kernel
functions as the value of the 2-D function. For nonuniform and
random point distributions, we can also treat each side of the
1-D kernel function separately, dividing a 2-D function into four
half-dimensional functions. This approach provides additional
flexibility in expanding or reducing the cloud size in a given
direction in order to include more or less points.

The number of points falling within a cloud is a very impor-
tant parameter in creating the basis functions. The only strict re-
quirement is that at least as many points must fall within a cloud
as there are terms in the vector of monomials. If the two quan-
tities are equal, the interpolation is able to exactly match each
nodal value. Including fewer terms in the cloud will result in a
singular matrix that cannot be inverted. Including more terms
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Fig. 3. Typical modified Gaussian kernel functions for a (a) three point cloud usingx = 1:4 andc = 0:5 and for a (b) five point cloud usingx = 2:5 and
c = 1:0.

increases the stability of the method by making thematrix
less singular; however, accuracy is lost as you attempt to inter-
polate more nodal values with the same number of terms.

IV. FCM APPLIED TOPOTENTIAL PROBLEMS

A. Laplacian

In order to solve the Laplacian given by (11) with “insula-
tion”-type boundary conditions at capillary walls and prescribed
potentials at all reservoirs, we set up a matrix problem of the
form

(52)

where
matrix;

vector of nodal parameters;
vector of forces.

The contents of each row of are determined by the equation
that needs to be satisfied at a particular node. If theth node has
a prescribed potential , the equation

(53)

is satisfied at that node by filling theth row of and with
the values

(54)

(55)

Similarly, an interior node satisfying the Laplacian would be
represented by the equation

(56)

with the appropriate entries in and being

(57)

(58)

Similar expressions can be derived for Neumann boundary con-
ditions. In this way, is constructed a row at a time, according
to the equation that needs to be satisfied at each node. By solving
for the vector of unknown parameters, we can obtain any set
of nodal quantities from (45) to (50).

B. Poisson–Boltzmann

Due to the nonlinear nature of (8), we must use a Newton it-
eration algorithm to obtain a numerical solution. We first define
a residual function as

(59)

In order to obtain an expression forat each node, we express
the nodal potential as a linear combination of nodal param-
eters similar to (37). Furthermore, we take a Taylor series
expansion of the function about a test solution giving

(60)

with the residual function being expanded at each nodeas

(61)

If we are able to obtain a vector of parameters such that
at each node, the vector of nodal potentialswill

approximately satisfy (8) within an arbitrarily small tolerance.
The procedure for obtaining this desired set of parameters is
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as follows. We start by setting (60) equal to zero at each node,
resulting in

(62)

where the vector represents an increment in the
nodal parameters . The right-hand side is obtained by substi-
tuting the test parameters into (61). By satisfying this equa-
tion at each node, we construct a matrix problem of the form

(63)

The right-hand side vector is evaluated element-wise as men-
tioned previously, and the matrix has elements

(64)

Algorithm 1 Newton iteration for
Poisson–Boltzmann equation
Initialize
repeat

Set as current iteration level
until

The iterative procedure for obtaining a solution is outlined in
Algorithm 1. Starting from an initial guess , we construct the
Jacobian and the right-hand side vector as explained above.
We then solve for the increment in parameters, , add this
vector of values to the previous guess, resulting in a new vector

that becomes for the next iteration. We continue this
process until the solution has converged to a desired tolerance.
The only remaining issue is the imposition of boundary con-
ditions, which is not as simple here as it is for the Laplacian
problem because we are solving for an update in the nodal pa-
rameters rather than the parameters themselves. A Dirichlet
condition at node

(65)

can be imposed by constructing a similar residual function and
setting it to zero.

(66)

As this is an iterative process, we express the nodal parameters
as a sum of the current guess and an increment

(67)

so that from (66), we get

(68)

We enforce the condition by replacing theth row of and
in (63) with

(69)

(70)

In order to implement the Neumann condition

(71)

at node , we again create a residual function given by

(72)

We then substitute (67) into the expression for a function gra-
dient, resulting in

(73)

By separating known and unknown quantities, we obtain

(74)

so that we enforce this condition by replacing theth row of
and with

(75)

(76)

Similar calculations can be carried out for any other Neumann
or mixed boundary condition.

V. FCM APPLIED TOFLUIDS PROBLEMS

A. Stabilized Stokes

Whereas the potential problems we have just discussed each
have only one unknown variable, the extension of the FCM
to simulate fluidic transport is more difficult because we must
solve for velocities and pressures simultaneously. Furthermore,
(17) and (18) are numerically unstable due to the pressure being
absent from (18). The numerical instabilities can be avoided
by implementing stabilization techniques (see, e.g., Brooks and
Hughes [18]). The approach we have developed in this paper is
to modify the continuity equation. The new continuity equation
appears as

(77)

and has been obtained by adding a scaled version of the diver-
gence of (17) to (18). The motivation behind this idea is as fol-
lows: If we develop a classical Galerkin finite element formu-
lation [19] to the stabilized Stokes equations given by (17) and
(77), the formulation would be equivalent to the stabilized finite
element formulation (referred to as the SUPG method) for the
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original Stokes equations given by (17) and (18). In (77),is
the scaling factor (which is set to 1 for the results presented in
this paper), and is the cloud size. The FCM is implemented
for the stabilized Stokes equations given by (17) and (77). For
2-D flows, , and this formulation results in a matrix
problem of the following block format:

(78)

Each submatrix is of size with the entries given by

(79)

and the contents of the force vectors for simulating electro-os-
motic transport are

(80)

with the appropriate rows being replaced to satisfy boundary
conditions and the forcing vectors being filled with the proper
nodal values, as we have seen in previous sections.

B. Navier–Stokes

We have implemented a semi-implicit method for solving the
Navier–Stokes equations in which the current velocity values
are used to linearize the convective terms. Simo and Armero
[20] have presented a general class of algorithms for solving
these equations. Our method is one instance of this general
method and is equivalent to a method presented originally by
Chorin [21]. The method involves splitting the momentum
equation into two separate steps, as well as solving an auxiliary
Poisson equation for the pressure. The method is described
by Algorithm 2, where is an intermediate velocity field
and is the time step. The second step in Algorithm 2 has
been obtained by taking the divergence of the third step and
enforcing the continuity constraint on .

Algorithm 2 Semi-implicit implementation
of Navier–Stokes equations
Initialize ,

[ from Equation
(87)]

repeat
(1)
(2)
(3)
Set as current time level

until , ,

To iterate toward a steady-state solution, we first obtain the
intermediate velocity field given the current time level’s velocity
field via step 1. Then, we obtain the pressure field to offset any
divergence present in the intermediate velocity field in step 2.
Finally, we update the velocity field via step 3.

Having linearized (22) using the current time level’s velocity
field, we must reform the matrices for the first step at each
time level. The two velocity components can be decoupled,
however, and therefore, we only need to work with matrices of
size . The two components of the momentum equation
in step 1 are enforced at each interior node as

Re
(81)

Re
(82)

which results in two matrix problems of the form

(83)

(84)

with the th rows of and given by

Re
(85)

Re
(86)

Step 2 is a simple Poisson problem whose matrix formulation
is similar to that of the potential problems discussed earlier,
treating the divergence of the intermediate velocity field as a
forcing term. Step 3 is a simple update, but it is worth men-
tioning here that each step produces nodal parameters, rather
than nodal values. Step 1 produces and , step 2 pro-
duces , and step 3 produces and . The vec-
tors of nodal velocities and pressures can be obtained at any time
from the relations

(87)
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Fig. 4. Straight channel used to simulate electroosmotic flow from reservoir 1
to reservoir 2.

All values have been initialized to zero to start the simula-
tions, and the three steps are repeated until a steady-state flow
characteristic has been reached. Implementation of boundary
conditions is straightforward because we are calculating new
quantities at each step, and no increments in parameters are in-
volved. Conditions on final velocities and pressures are dictated
by the problem being solved, but there is some question as to
the correct conditions to impose on the intermediate velocity
field. However, Temam [22] has shown that the best choice is
to enforce the same conditions on the intermediate field as are
enforced on the final velocity field. Therefore, all conditions im-
posed on velocities have been imposed in the first and third steps
of Algorithm 2, and pressure conditions have been imposed in
the second step. The method outlined in Algorithm 2 will be re-
ferred to as the semi-implicit multistep (SIMS) method.

VI. NUMERICAL RESULTS

A. Straight Channel

The first test problem for simulating electro-osmotic transport
is the straight channel shown in Fig. 4. We apply a constant
-potential on the top and bottom walls, a potential at reservoir

1, and hold reservoir 2 at ground. We have prescribed no-slip
velocity conditions at the top and bottom walls, as well as
at the two reservoirs. This problem has a 1-D solution given by
Patankar and Hu [17] in dimensionless spatial variables for the
special case of small-potential.

(88)

with the corresponding axial velocity given by

(89)

If we take the bottom left corner to be the origin and specify
, , m, mV, and

V, we are able to match the analytical result using both steady
and unsteady formulations, as shown in Fig. 5. We have taken

in order to be able to capture the behavior near the
walls without prohibitively dense node placement (this will be

Fig. 5. Both numerical methods presented herein match Equation (89) for
small�.

Fig. 6. For large� = �150 mV, linear theory yields accurate plug velocity
but fails to predict the velocity profile near the wall.

justified later). We have also assumed an aqueous solution and
thus have used the parameters

C J m
N s/m

kg/m
(90)

For larger -potentials, for which the linearity assumption
no longer holds, our two methods agree, and the

plug velocity (which is defined as the velocity at the center of the
channel) matches the plug velocity obtained from (89). How-
ever, the velocity variation close to the wall differs from (89). In
Fig. 6, there is a comparison of the velocity profile obtained by
solving linear and nonlinear Poisson–Boltzmann equation for

mV. This result indicates that for a larger-potential,
the use of linear Poisson–Boltzmann equation is not justified.
Defining the boundary layer thickness to be the distance from
the wall to a position where the velocity is 90% of the plug ve-
locity, Fig. 7 shows the variation of the boundary layer thickness
obtained with linear and nonlinear Poisson–Boltzmann equa-
tion. For a given Debye length, the linear theory indicates that
the boundary layer thickness is fixed, whereas the nonlinear
theory indicates that the boundary layer thickness decreases. A
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Fig. 7. Variation of boundary layer thickness with�-potential magnitude.�
is fixed at 5�m.

decreasing boundary layer thickness indicates a more rapid vari-
ation of velocity very close to the wall. In summary, the use of
a linear Poisson–Boltzmann equation for large-potential can
predict the plug velocity accurately but fails to accurately pre-
dict the velocity variation close to the walls.

1) Discussion on the Choice of Debye Length:Debye length
is an important parameter in the simulation and is in the order
of a few nanometers. The use of a realistic Debye length for
microfluidic channel simulation, where the characteristic length
is tens of m, can be very expensive. To overcome this problem,
the Debye length is typically chosen to be a few micrometers
to qualitatively understand the flow characteristics [7], [17]. In
this section, we address the issue of how the velocity profile and
flow rate change as we approach the realistic Debye length.

First, from (89), it is clear that for a small-potential, the plug
velocity is not influenced by the Debye length. The Debye length
only influences the boundary layer thickness (and thus the flow
rate), as defined in the previous section. In Fig. 8, calculations are
shown for a straight channel example using a Debye length of 5

m and 0.25 m. The plug velocity for different Debye lengths
is the same and only the boundary layer thickness changes (9.15

m for m and 0.49 m for m). Assuming
that the real Debye length is 5 nm, the relative error in flow rate is
7.5% when is set as 5 m, whereas the error is 0.5% when
is set as 0.25m. Thus, for a straight channel example, the choice
of Debye length can be a compromise between accuracy of flow
rate and computation cost.

In the case of a cross or a T channel, the situation is much
more complex. Hydrodynamic effect can have a strong influ-
ence over the flow through the side channel [7]. To understand
the flow characteristics precisely at the intersection, it is im-
portant to use real Debye length. However, assuming an artifi-
cial but computationally affordable Debye length can provide a
quick qualitative analysis of the flow.

B. Cross Channel

The next example we investigate is a cross-shaped intersec-
tion that is a common component of electrophoretic separation
systems. This geometry allows us to analyze the global flow be-
havior in the channel as well as the local behavior in the intersec-

Fig. 8. Velocity profile for� = 5 �m and� = 0:25 �m (�-potential is
set as�150 mV).

Fig. 9. Cross channel geometry used for more complex analysis of
electroosmotic flow characteristics.

tion. We compare the results of our two methods not only with
previously published results [17] but with each other as well in
order to determine the validity of using the Stokes approxima-
tion as compared with the Navier–Stokes equations. We present
the general flow characteristics, as well as analyze the signifi-
cance of the convective terms contained in (22), for a small and
large -potential (fixing the applied potentials). For the cross
channel geometry shown in Fig. 9, we have taken the origin to be
the center of the intersection and set the dimensions as
mm, mm, and m. Our computational do-
main is equivalent to that of Patankar and Hu [17], except that
our simulations are carried out in only two dimensions.

Fig. 10 shows the general velocity characteristic for electro-
osmotic flow from reservoir 1 to reservoir 2. This symmetric
flow is obtained by again taking , prescribing a con-
stant on all walls, grounding reservoir 2, applying 1500 V at
reservoir 1, and applying 750 V at reservoirs 3 and 4. As in the
straight channel case, has been prescribed at all reser-
voirs. We have examined velocity profiles in the main channel
far downstream of the intersection. The cross-sectional velocity
profile far downstream of the intersection is shown in Fig. 11
for mV. Again, we expect no significant difference in
the solutions produced by the two methods as the flow is purely
axial. Just as in the straight channel example, the usage of linear
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Fig. 10. Velocity vectors near the intersection of a cross channel.

Fig. 11. Velocity profile far downstream of the intersection. Comparison
of velocity profile obtained by Stabilized Stokes, SIMS using nonlinear
Poisson–Boltzmann equation and SIMS using linear Poisson–Boltzmann
equation, for� = �150 mV.

Fig. 12. Streamlines near the intersection.� = 1500 V, � = � = 750 V
and� = 0 V.

Poisson–Boltzmann equation yields accurate plug velocity but
fails to accurately predict the velocity profile.

Fig. 12 shows the streamlines near the intersection. The
streamlines indicate that there is a flow through the side channel
and the streamlines are symmetric about the horizontal and

Fig. 13. Potential contours (in volts) near the intersection.

vertical axes. This result is very similar to the result obtained
by Patankar and Hu (see [17, Fig. 8(a)]—the Reynolds number
for our case is 3.1). As shown in Fig. 13, there is a gradient
of potential in the vertical direction close to the intersection.
The force due to this potential gradient in combination with the
forces due to inertia and pressure gradient cause the flow into
the side channel.

The streamlines in Fig. 12 indicate that the flow in the inter-
section is no longer axial. Since the electro-osmotic force within
the intersection is negligible, flow within this region is primarily
due to viscous and inertia forces as well as due to a small pres-
sure gradient. By investigating the role of each of these terms
in the momentum equation, we found that the convective terms
are negligible for the case of a small-potential (for an applied
potential of 1500 V at reservoir 1, 750 V at reservoirs 3 and
4, and 0 V at reservoirs 2) but significantly alter the character
of flow within the intersection for mV. Within the
main channel, the traditional Reynolds number, which is given
by Re , for the small is 0.021 and for the large

is 3.204. Details surrounding this analysis can be found in
Mitchell’s thesis [23]. Although these Reynolds numbers are
slightly smaller within the intersection, the effect of the convec-
tive terms at the higher Reynolds number is seen in the pressure
contours in Figs. 14 and 15. For the smallpotential and cor-
responding low Reynolds number case, we see a symmetry in
the pressure contours with both the Stokes and Navier–Stokes
formulations. These results compare well with the same result
published by Patankar and Hu (see [17, Fig. 12(a)]), which is
obtained using a different nondimensionalization scheme. For
the larger , however, the pressure contours are no longer sym-
metric using the Navier–Stokes formulation because the con-
vective terms have changed the flow characteristic within the
intersection. We conclude that in addition to being in the non-
linear flow regime with respect to the-potential, as shown in
the previous section, we are also at the point where the Stokes
equation is no longer valid to simulate fluidic transport within
the intersection.

C. T-Channel

The final example we analyze is a T-shaped intersection com-
monly used for mixing. The geometry for this problem is de-
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Fig. 14. Pressure contours (in pascals) for� = �1 mV using (a) stabilized Stokes and (b) SIMS.

Fig. 15. Pressure contours (in pascals) for� = �150 mV using (a) stabilized Stokes and (b) SIMS.

Fig. 16. Illustration of the T-shaped geometry (a) and a vector plot (b) for symmetric applied potentials.

fined in Fig. 16(a), where we have set mm and
m. The value of has been varied in the experiments.

Once again, we have used a nondimensional Debye length of
and the fluidic properties of water from (90). We
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Fig. 17. Streamlines near intersection when� = 128:5 V.

Fig. 18. Streamlines near intersection when� = 86 V.

have used a value of 25.7 mV on all walls. The same
geometry was considered by Huet al. [7], but the governing
equations and the boundary conditions considered in [7] are dif-
ferent from those presented in this paper. Specifically, the work
in [7] assumed that the electro-osmotic force is proportional to
the gradient of both the applied and the-potential, whereas in
this paper, we assumed that the electro-osmotic force is propor-
tional to the gradient of the applied potential alone.

A general flow characteristic is shown in Fig. 16(b) for the
case of balanced applied potentials ( ), and
mm. Fig. 17 shows the streamlines near the intersection for
the balanced applied potential case. It can be seen that for the
balanced applied potential case, the net flow out of the side
channel is negligible. However, as the potential applied at the
side channel is varied from the balanced case, a net flow enters
or exits the side channel. Figs. 18 and 19 show the streamlines
near the intersection when V and V, respec-
tively. These results indicate that there is a net flow into and out
of the side channel when the applied potential at reservoir 3 is
shifted from the balanced case. Such flow is mainly caused by
the force due to electrical field in the side channel but is also
influenced by the pressure gradient near the intersection.

The flow into and out of the side channel is an important issue
in practice since the flow will either contaminate the fluid in the

Fig. 19. Streamlines near intersection when� = 180 V.

main channel or in the side channel, and it is generally desirable
to limit the flow to a very small value. The flow through the side
channel can be altered by either adjusting the voltage applied to
the side channel or by adjusting the length of side channel or by
adjusting both. The average velocity of fluid entering the inter-
section from the main channel (which is defined as), the av-
erage velocity of fluid entering the intersection from side channel
(which is defined as ), and the average velocity of fluid en-
tering the main channel (which is defined as ) from the inter-
section are summarized in Fig. 20. In all cases, we have applied
257 V at reservoir 1 and held reservoir 2 at ground.( is
negative if there is net flow into the side channel) is shown as a
function of the potential applied at reservoir 3 for three different
side channel lengths in Fig. 20: (a) mm, (b)
mm, and (c) mm. In Fig. 20(d), we have summarized the
general behavior of the flow rate in the side channel. For a fixed
potential at reservoir 3, the flow rate in the side channel tends to-
ward zero as the length of the side channel is increased. This re-
sult is expected because the potential at reservoir 3 has less effect
on the flow characteristic at the intersection as the distance be-
tween the reservoir and the intersection is increased. As the side
channel length is made smaller, however, the potential applied
at reservoir 3 influences the flow at the intersection greatly and
must be controlled more precisely in order to obtain the desired
flow characteristic within the intersection.

Fig. 21 shows pressure contours near the intersection for the
case of balanced applied potentials (128.5 V at reservoir 3) using
both formulations for fluidic transport. The pressure values are
small, and they do not significantly affect the flow character-
istic, except within the intersection where a pressure gradient is
necessary to maintain the flow rate. Due to the presence of the
side channel, no electro-osmotic force exists along the top of the
intersection. Thus, we expect to see a pressure gradient within
the intersection that sustains the flow in the absence of some of
the electroosmotic force. Past the intersection, electro-osmotic
forces exist near both the walls, and we expect pressure to be
negligible for the remainder of the channel. As shown in Fig.
21, no significant difference is seen in the pressure contours be-
tween the SIMS and stabilized Stokes methods’ results because
the convective terms are negligible at these small velocities.
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Fig. 20. Studies of flow rate for three different side channel lengths (a), (b), and (c) and a summary plot (d), where each curve represents the effect ofvarying the
length of the side channel for a fixed potential applied at reservoir 3.

Fig. 21. Pressure contours (in millipascals) near the intersection of the T geometry obtained using (a) stabilized Stokes and (b) SIMS.
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VII. CONCLUSION

In this paper, we have introduced meshless CAD for mi-
crosystems as an alternative to conventional CAD based on
mesh-based approaches. The development and implementation
of meshless algorithms for the simulation of electro-osmotic
transport is presented. In particular, we have developed a non-
linear Poisson–Boltzmann solver, a stabilized Stokes solver,
and a multistep Navier–Stokes solver. We have simulated
electro-osmotic transport in three geometries and identified the
range of over which the linear approximation commonly used
in literature is valid. Specifically, we have shown that for a large

potential, the use of nonlinear Poisson–Boltzmann equation
is required to predict the flow rate accurately. For fluidic trans-
port, we have investigated the validity of the Stokes equations
for modeling electro-osmotic flows by comparing results to
those obtained using more general unsteady Navier–Stokes
equations. Our results indicate that at the turns and intersections
encountered in microfluidic devices, the Stokes approximation
can break down for a large and applied potential. Finally,
meshless techniques are promising computational methods for
MEMS and Bio-MEMS applications as they radically simplify
the analysis of complex devices and geometries.
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