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Full-Lagrangian Schemes for Dynamic Analysis of
Electrostatic MEMS
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Abstract—Dynamic analysis of microelectromechanical systems
(MEMS) is characterized by the nonlinear coupling of electrical
and mechanical domains. The nonlinear coupling between the
two domains gives rise to several interesting dynamic phenomena
besides the well established pull-in phenomenon in electrostatic
MEMS. For proper understanding and detailed exploration of
MEMS dynamics, it is important to have a reliable and effi-
cient physical level simulation method. In this paper, we develop
relaxation and Newton schemes based on a Lagrangian descrip-
tion of both the mechanical and the electrical domains for the
analysis of MEMS dynamics. The application of a Lagrangian
description for both mechanical and electrostatic analysis makes
this method far more efficient than standard semi-Lagrangian
scheme-based analysis of MEMS dynamics. A major advantage
of the full-Lagrangian scheme is in the accurate computation of
the interdomain coupling term (mechanical to electrical) in the
Jacobian matrix of the Newton scheme which is not possible with
a semi-Lagrangian scheme. The full-Lagrangian based relaxation
and Newton schemes have been validated by comparing simu-
lation results with published data for cantilever and fixed-fixed
MEM beams. The Newton scheme has been used for the dynamic
analysis of two classes of comb-drives widely used in MEMS,
namely, transverse and lateral comb-drives. Several interesting
MEM dynamic phenomena and their possible applications have
been presented. Spring-hardening and softening of MEM devices
has been shown. The existence of multiple resonant peaks in MEM
devices has been analyzed under different electrical signals and
their possible applications in multiband/passband MEM filters/os-
cillators is discussed. Switching speed is a serious constraint for
capacitive based RF-MEM switches. We have shown that a dc bias
along with an ac bias at the resonant frequency can give very fast
switching at a considerably less peak power requirement. [1203]

Index Terms—Dynamics, Lagrangian electrostatics, microelec-
tromechanical (MEM) filters/oscillators, microelectromechanical
systems (MEMS), Newton method, resonant frequency, second
super harmonic resonance, switching speed and power.

I. INTRODUCTION

THE coupled electrical–mechanical nature of electrostatic
MEMS [1]–[3] gives rise to interesting dynamic charac-

teristics which can have significant impact in many applica-
tions such as capacitive switches, resonators, tunable capaci-
tors, inductors and filters [4]. To date, approximate analytical
expressions specific to given problems have been used mainly
to study various interesting dynamic phenomena in MEMS like
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spring hardening/softening and jump phenomenon in beams [5],
[6], hysteresis and nonlinearity in resonant strain gauges [7].
However, these methods lack the robustness and generality of
a full physical level simulation method based on coupled elec-
trical and mechanical analysis and, hence, can not be used for
general purpose design, analysis and optimization of arbitrary
MEM devices. Generalized FEM/BEM-based methods for the
analysis of MEMS dynamics have been developed as well [8],
[9]. For example, MEMCAD [9], uses ABAQUS, a commercial
FEM package for the mechanical analysis and a BEM-based
program FASTCAP [10] for the electrostatic analysis. These
FEM/BEM based schemes perform a mechanical analysis on
the undeformed geometry of the device using a Lagrangian ap-
proach and the electrostatic analysis is performed on the de-
formed geometry—such an approach is defined as a semi-La-
grangian scheme in this paper. A relaxation method is used for
self-consistency between the two domains. Consequently, there
is a need to update the geometry of the structure before an elec-
trostatic analysis is performed during each relaxation iteration
in each time step. This in turn requires remeshing of the sur-
face (when the deformation is large) and recomputation of the
interpolation functions used in BEM during each relaxation it-
eration in each time step. This significantly increases the com-
putational effort making the self-consistent analysis of electro-
static MEMS an extremely complex and challenging task espe-
cially for dynamic analysis, where the simulations have to be
carried out several order of times more than that for the static
case. Besides, the nonlinearity between the mechanical and the
electrical domains significantly reduces the convergence rate of
the relaxation scheme near pull-in regions thereby indicating the
need for Newton based methods for such tightly coupled cases
[2], [11]. The accurate computation of the interdomain coupling
term (mechanical to electrical) in the Jacobian matrix of the
Newton method would be a very difficult task (see [1], [2], [11]
for details) for the conventional approach due to the use of the
original geometry for mechanics and the updated geometry for
electrostatic analysis.

A Lagrangian description of both the mechanical and the
electrical domains [12], [13] (defined as a full-Lagrangian
scheme) for the static analysis of electrostatic MEMS based on
a relaxation scheme has been developed in [3]. In this paper,
a full-Lagrangian scheme has been developed for the dynamic
analysis of electrostatic MEMS. Surface remeshing and recom-
putation of interpolation functions before each electrostatic
analysis is eliminated due to the Lagrangian formulation of the
electrostatic analysis thereby making the method very efficient
and fast. The inherent drawback of the relaxation method
is observed for highly nonlinear near-pull-in simulations. A
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Fig. 1. Illustration of coupling in electrostatic MEMS through an example—a cantilever beam over a ground plane (a) applied voltage causes a charge distribution
at t = 0 (b) the deformed structure with charge redistribution and various forces acting on the structure for t > 0.

Newton method with accurate computation of the interdomain
coupling term (made possible by the full-Lagrangian scheme)
has been developed and compared with the relaxation method.
Accurate computation of the mechanical to electrical coupling
makes this method more robust and efficient as compared to
the previous work [1], [2], where this term has been computed
approximately. Dynamic analysis of several classes of MEM
devices (beams, comb-drives) is then performed using the newly
developed Newton scheme. The full-Lagrangian scheme-based
Newton method has also been used to analyze several important
MEM dynamic properties, like resonant frequency, frequency
response and switching speed. Resonant frequency of the MEM
device is an important parameter as it indirectly affects design
parameters like Q-factor, the switching speed of the device and
effects of external noise. Frequency response curves are very
important for the resonant mode applications of these devices
in filters/switches/mixers/resonators [14]. Switching speed is
a major limitation of capacitive switches with respect to their
applications in radar systems and wireless communications.
Experimental [15] and analytical works [7] have shown the
bending of the frequency response curve of MEM devices with
increasing/decreasing voltages in the context of resonant fre-
quency studies. We show the variation of the resonant frequency
of MEM devices with increasing/decreasing voltages and that
resonant frequency can both decrease as well as increase with
increasing applied voltage, depending on the geometry of
the device. The existence of multiple resonant peaks in the
frequency response curves of MEM devices under different
electrical signals has been observed, which can have potential
applications in areas like reduction of electrical crosstalk,
multiband/passband filters/oscillators. It has been shown that
faster switching can be achieved for capacitive MEM switches
at a considerably less peak power requirement by using an ac
signal at the resonant frequency along with a dc bias.

The rest of the paper is outlined as follows: Section II presents
the basic governing equations for nonlinear mechanical and
electrostatic analysis and describes the semi-Lagrangian
schemes for MEM dynamic analysis, Section III introduces
the full-Lagrangian schemes-based on relaxation and Newton
method for MEM dynamic analysis, Section IV presents nu-

merical results, Section V presents some interesting dynamic
characteristics of MEM devices and conclusions are presented
in Section VI.

II. THEORY OF MEMS DYNAMICS

Physical level analysis of electrostatic MEMS dynamics
requires a self-consistent solution of the coupled mechanical
and electrical equations at each time step. Fig. 1 shows a typical
MEM device—a deformable cantilever beam over a fixed
ground plane. At , a potential difference is applied
between the two conductors. The applied voltage induces
electrostatic charges on the surface of the conductors as shown
in Fig. 1(a). The distribution of electrostatic charges on the
surface of the conductors depends on the relative position of
the two conductors. These electrostatic charges give rise to
electrostatic pressure, which acts normal to the surface of the
conductors and deforms the cantilever beam from its initial
position. An external acceleration (the acceleration to be sensed
in the case of an accelerometer) can also be present. When the
beam deforms, the charge redistributes on the surface of the
conductors and, consequently, the resultant electrostatic forces
and the deformation of the beam also change. Fig. 1(b) shows
the deformation of the cantilever at any given time step and the
forces acting on it. The mechanical restoring force arises due to
the stiffness of the structure and it depends on the displacement
of the beam at that time instant. The inertial forces depend
on the acceleration of the beam at that time instant and the
material damping force depends on the velocity of the beam at
that time instant. All these forces counter-balance the external
electrostatic pressure (which depends on the displacement
of the beam) and the external acceleration (which acts like a
body force on the beam). The external acceleration can be in
the upward direction (as shown in Fig. 1) or in the downward
direction. A self-consistent final state is reached for that time
step. The process is repeated for each time step.

A. Governing Equations

The mechanical deformation of the MEM structure due to
the electrostatic forces is obtained by performing 2-D geomet-
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Fig. 2. Two conductor electrostatic system.

rically nonlinear analysis of the micro-structure. The transient
governing equations for an elastic body using a Lagrangian de-
scription are given by [16]

(1)

(2)

(3)

(4)

(5)

where and are the material density and material damping
factor in the undeformed (initial) configuration. is the de-
formation gradient, , and are the displacement, velocity
and acceleration vectors, respectively. is the body force term
which is given by where is the external acceleration
vector. is the unit outward normal vector in the initial con-
figuration, is the second Piola-Kirchhoff stress, is the pre-
scribed displacement, and are the initial displacement
and velocity, respectively, is the electrostatic pressure acting
on the surface of the structures and is the first Piola-Kirchhoff
stress tensor. A Newmark scheme with an implicit trapezoidal
rule is used to solve the nonlinear dynamical system posed in
(1)–(5). In this scheme [23], during the time step to ,
(1) is solved for the final time instant and the unknowns

and are expressed in terms of the unknown
as shown in (6)–(8)

(6)

(7)

(8)

is a function of and hence (6) reduces to a
nonlinear equation with the only unknown as all values at
time instant are known from the previous time step. Numerical
discretization is done using FCM (see [17], [18], and [19] for
details on FCM).

The 2D governing equation for electrostatic analysis can be
written in a boundary integral form as [20]

(9)

(10)

where is the dielectric constant of the medium, is the source
point, is the field point which moves along the boundary of the
conductors, and is the Green’s function. In two dimensions,

, where is the distance between
the source point and the field point . is the total charge
of the system and is an unknown variable which can be used
to compute the potential at infinity. Equations (9) and (10) are
defined in the deformed configuration of the conductors, i.e.,
the surface charge density is computed by solving the boundary
integral equations on the deformed geometry of the conductors.
Equations (9)–(10) are solved by using BCM (see [21] and [22]
for details on BCM). The electrostatic pressure can be computed
from the surface charge density by the relation

(11)

where is the electrostatic pressure normal to the surface given
by and . Equation (11) is the non-
linear connectivity between the mechanical and the electrical
domains. A relaxation or a Newton scheme can be applied to
incorporate this coupling and obtain self-consistent solutions.

B. Implementation Procedure and Algorithms

In the conventional deformed configuration approach, the
electrostatic analysis is done on the deformed geometry [con-
figuration shown in Fig. 1(b)] of the device and the computed
electrostatic pressure is mapped back to the original unde-
formed geometry [configuration shown in Fig. 1(a)] for doing
the mechanical analysis. In this section, algorithms for the
implementation of the relaxation based and Newton based
semi-Lagrangian schemes are discussed with reference to the
two conductor system shown in Fig. 2. and denote the
original geometry of conductor 1 and conductor 2, respectively,
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and denote the surface or boundary of conductor 1
and conductor 2, respectively, denotes the deformed shape
of conductor 1, denotes the deformed shape of conductor
2, and denote the deformed surfaces of conductor
1 and conductor 2, respectively. A potential difference is
applied between conductors 1 and 2. The applied potential
does not change as the conductors undergo deformation or
shape changes. The semi-Lagrangian scheme-based algorithms
presented here will help in better and clear understanding of
the full-Lagrangian schemes and their advantages discussed in
the next section.

1) Relaxation Method Using the Semi-Lagrangian
Scheme: In the relaxation approach, at any time step, the
electrostatic analysis is done first to compute the surface charge
density and the electrostatic pressure, which is then used to
compute the deformation of the device in the mechanical anal-
ysis. The process is repeated until convergence before going
to the next time step. Algorithm 1 shows the various steps for
solving the governing equations to do a dynamic analysis of the
system using the relaxation method and the semi-Lagrangian
scheme. Since the mechanical analysis is done on the unde-
formed geometry, numerical discretization and computation
of the FCM interpolation functions is done only once at the
beginning of the method as shown in Algorithm 1. The index

stands for time instant whereas the index denotes the th
relaxation iteration within the time step . Tolerance is some
specified for checking convergence of the relaxation scheme
in Algorithm 1. Once the FCM interpolation functions are
computed, the displacement, velocity and acceleration of the
structure are initialized (set to zero for our case). In each time
step, a relaxation approach is followed to obtain a self-consis-
tent displacement, velocity and acceleration of the structure for
that time step. The initial guesses for the relaxation process are
generally taken to be the final solutions of the previous time
step. Since the electrostatic analysis using BCM is done on the
deformed surfaces, before each electrostatic analysis is done,
the new deformed surfaces have to be updated, discretized
and new BCM interpolation functions computed as shown in
Algorithm 1.

Algorithm 1 Relaxation algorithm for self-consistent dynamic analysis of MEM devices

using the semi-Lagrangian scheme

1. Define

2. Discretize for FCM analysis

3. Compute FCM interpolation functions for

4. Initialization:

4(a). Set

4(b).

4(c). Compute from (1)

4(d). Define

5. For :

5(a). Set

5(b).

5(c). Define

repeat

i. Discretize for BCM analysis

ii. Compute BCM interpolation functions for

iii. Compute by solving electrostatic equations on

—(i.e., solve (9)–(10) using BCM)

iv. Compute using (11)

v. Compute by solving mechanical equations on —(i.e., solve

(1)–(5) using (6)–(8) by FCM)

vi. Update and

vii. Update

until a self-consistent final stage is reached (i.e., and

)

5(d). Update:

i.

ii. Compute and from using (7)–(8)

iii.

End of for loop for .

Even though FCM and BCM have been used for analysis
of elastic and electrostatic domains, respectively, the semi-La-
grangian scheme can also be implemented by using FEM in-
stead of FCM and BEM instead of BCM. The nonlinear cou-
pling between the elastic and electrostatic domains makes the
relaxation method converge slowly or not converge at all if the
structure is very flexible or the electrostatic fields are large [1],
[2] indicating the need for Newton-based methods, which is dis-
cussed next.

2) Newton Method Using the Semi-Lagrangian
Scheme: The need for a Newton based method has already
been emphasized earlier. In this section, the implementation of
the Newton method for dynamic analysis of MEMS based on
the semi-Lagrangian scheme is discussed. The main step in the
Newton (or Newton–Raphson) method is the computation of
the Jacobian matrix, , which for the coupled domain
MEM problem is

(12)

and the residual (right-handside), , is given by

(13)

From (1)–(5), the nonlinear mechanical residual equation
can be written as

(14)

(15)

(16)

and the electrical residual equations ( and ) from
(9)–(10) are

(17)

(18)
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From (14)–(18), it can be seen that computing
and is straightforward. The terms

, and . The
electrical to mechanical coupling term is nonzero
only for (16) (electrostatic pressure acting at prescribed
boundary points of the domain) and can be computed directly

(19)

The terms and are difficult to compute di-
rectly as the domain of integration (17) is in the deformed con-
figuration which is itself a function of . A matrix free approach
[1] has been employed in the past to compute these terms. The
matrix free approach can be sensitive to perturbation parame-
ters affecting the convergence rate (see [1], [11] for details). The
complete algorithm for the dynamic analysis using this Newton
scheme is given in Algorithm 2. The basic approach is same
as that in Algorithm 1 but with the relaxation scheme being re-
placed by the Newton scheme. In each Newton iteration step,
the Jacobian matrix and the residuals are computed and solved
to get the increments , and and the process is re-
peated until convergence. However, the deformed surfaces have
to be updated, rediscretized and the BCM interpolation func-
tions recomputed before computing the Jacobian matrix and the
right hand side during each Newton iteration in the semi-La-
grangian scheme. This has to be repeated at each time step.

Algorithm 2 Newton algorithm for self-consistent dynamic analysis of MEM devices using

the semi-Lagrangian scheme

1. Define

2. Discretize for FCM analysis

3. Compute FCM interpolation functions for

4. Initialization:

4(a). Set

4(b).

4(c). Compute from (1)

4(d). Define

5. For :

5(a). Set

5(b).

5(c). define

repeat

i. Discretize for BCM analysis

ii. Compute BCM interpolation functions for

iii. Compute and

on for and on

for using (14)–(18)

iv. Solve:

v. Update

and

vi. Update and

vii. Update

until a self-consistent final stage is reached (i.e., and

and )

5(d). Update:

i.

ii. Compute and from using (7)–(8)

iii.

End of for loop for .

III. FULL-LAGRANGIAN-SCHEMES FOR MEMS DYNAMICS

A major difficulty with the approaches described in Algo-
rithm 1 and Algorithm 2 is the need to update the geometry
of the structures before an electrostatic analysis is performed
during each iteration. This presents several problems—first, flat
surfaces of the structures in the initial configuration can be-
come curved due to deformation. This requires the development
of complex integration schemes on curved panels [24] to per-
form electrostatic analysis. Second, when the structure under-
goes very large deformation, re-meshing the surface may be-
come necessary before an electrostatic analysis is performed.
Third, interpolation functions need to be recomputed whenever
the geometry changes. A Lagrangian form of the boundary in-
tegral Equations (9)–(10) eliminates all these difficulties and is
given by (see [12] for more details)

(20)

(21)

(22)

where and are the source and field points in the initial con-
figuration corresponding to the source and field points and

in the deformed configuration, is the tangential unit
vector at field point and is the Green deforma-
tion tensor. A major advantage of the full-Lagrangian scheme
is that since the domain of integration for electrostatics is the
undeformed geometry of the conductor, the mechanical to elec-
trical coupling term can also be found directly for the Newton
scheme, thereby making the scheme robust and efficient. Be-
sides, the simulation of MEMS dynamics using full-Lagrangian
scheme instead of the conventional semi-Lagrangian scheme is
expected to be significantly faster. This is due to the elimina-
tion of geometry update/re-discretization and recomputation of
BCM interpolation functions several times, in each time step of
dynamics for the full-Lagrangian scheme. This makes physical
level simulation and analysis of complex MEM devices faster
and efficient.

A. Relaxation Method Using the Full-Lagrangian Scheme

In the full-Lagrangian scheme, the deformed domains and
their boundaries are never actually updated or stored as all
the governing equations are defined on the undeformed config-
urations. Algorithm 3 shows the steps used in the implementa-
tion of the relaxation method for the full-Lagrangian scheme.
The notation and basic procedures like initialization are same
as that in Algorithm 1. However, the BCM interpolations func-
tions are calculated only once at the beginning on the unde-
formed geometry. The FCM/BCM based discretization method



742 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 13, NO. 5, OCTOBER 2004

can be replaced by a FEM/BEM based method without any
loss of generality. Comparing Algorithm 1 and Algorithm 3, it
can be clearly seen that several computationally intensive steps
are eliminated in the full-Lagrangian scheme-based relaxation
method. Discretization of complex surfaces (this is required sev-
eral times in Algorithm 1 and only once in Algorithm 3) can be
very time consuming and make a dynamic analysis practically
impossible. Recomputation of interpolation functions is also a
cpu time intensive step which has been eliminated. The new step
(the only trade-off) added in the full-Lagrangian scheme-based
relaxation method is the computation of the terms , and

from which is trivial (see the discussion in [12], [13]). In
summary, Algorithm 3 is an efficient implementation of the re-
laxation method for dynamic analysis of MEMS.

Algorithm 3 Relaxation algorithm for self-consistent dynamic analysis of mem devices

using the full-Lagrangian scheme

1. Define

2. Discretize for FCM analysis

3. Compute FCM interpolation functions for

4. Discretize for BCM analysis

5. Compute BCM interpolation functions for

6. Initialization:

6(a). Set

6(b).

6(c). Compute from (1)

7. For :

7(a). Set

7(b).

repeat

i. Compute and from

ii. Compute by solving electrostatic equations on —(i.e.,

solve (20)–(22) using BCM)

iii. Compute using (11)

iv. Compute by solving mechanical equations on —(i.e., solve

(1)–(5) using (6)–(8) by FCM)

v. Update

until a self-consistent final stage is reached (i.e., and

)

7(c). Update:

i.

ii. Compute and from using (7)–(8)

End of for loop for .

B. Newton Method Using the Full-Lagrangian Scheme

One major advantage of using a full-Lagrangian scheme is
that since both the mechanical and the electrical analyzes are
done on the same original geometry, the inter-domain coupling
term, , can be computed directly and efficiently (i.e.,
it can be expressed mathematically in a closed form) and hence
a Newton method that can exhibit higher convergence rate and
robustness can be developed. The electrical residual equations
for the full-Lagrangian scheme are given by

(23)

(24)

Since the domain of integration is constant (not a function of the
displacement as in the semi-Lagrangian scheme), the integra-
tion operator can be taken out of the differentiation operator and
the derivatives can be computed directly.

(25)

(26)

, and are simple functions of and their
derivatives can be computed in a straight-forward manner.
The potential is a constant and hence vanishes in
(25) while and are independent variables. Algo-
rithm 4 describes the implementation of the full-Lagrangian
scheme-based Newton method. In addition to the elimination of
steps stated in the relaxation based full-Lagrangian scheme, the
Jacobian computed in the full-Lagrangian scheme is
exact unlike the semi-Lagrangian scheme, and hence can give
higher convergence rate and robustness.

Algorithm 4 Newton algorithm for self-consistent dynamic analysis of MEM devices using

the full-Lagrangian scheme

1. Define

2. Discretize for FCM analysis

3. Compute FCM interpolation functions for

4. Discretize for BCM analysis

5. Compute BCM interpolation functions for

6. Initialization:

6(a). Set

6(b).

6(c). Compute from (1)

7. For :

7(a). Set

7(b).

repeat

i. Compute and from

ii. Compute , and

on for and on for

using (14)–(16) and (23)–(26)

iii. Solve:

iv. Update

and

v. Update

until a self-consistent final stage is reached (i.e., and

and )

7(c). Update:

i.

ii. Compute and from using (7)–(8)

End of for loop for .

The Jacobian matrix computed in the Newton
method has well defined sparse and dense regions, enabling
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Fig. 3. Dynamic analysis of a cantilever beam, for an applied step voltage of 0.5 V (nonpull-in).

efficient storage of the matrix. The sub-matrix formed by
the terms , and
form a dense matrix where as the remaining Jacobian ma-
trix is sparse. This dense sub-matrix is needed even in the
relaxation method and hence the only additional memory re-
quirement for the Newton method is in storing the sparse
matrices containing the cross-derivative terms. This additional
storage in nominal due to the sparsity. The computation time
and storage for the mechanical part of the Jacobian matrix
scales as , where is the size of the matrix, due to
its sparsity. The computation time as well as storage for the
electrical part of the Jacobian matrix would normally scale as

. However, we have used an SVD-based accelerated
boundary cloud method (see [25] for details) for computation
and storage of the dense electrical part of the Jacobian ma-
trix. The assembly and the dense matrix-vector product for
the electrical part (needed in the GMRES solver) scales as

. The storage for this method also scales as

.

IV. RESULTS

In this section we first compare the two proposed methods, the
full-Lagrangian scheme-based relaxation and Newton methods,
with published data to validate the models and then compare
the two methods in terms of the number of iterations and CPU
time needed for convergence. The Newton method is then fur-
ther applied for the dynamic analysis of complex MEM devices.
Several interesting dynamic characteristics and their potential
applications are then explored using the Newton scheme. Mul-
tiple resonant peaks under different types of electrical signals
have been investigated for MEM filter/oscillator applications.
Switching speed versus peak power optimization is then done
for a capacitive based cantilever MEM switch.

A. Model Validation

The first example is a cantilever beam over a ground plane.
The beam is 80 m long, 0.5 m thick and 10 m wide. The ini-
tial gap between the beam and the bottom electrode is 0.7 m.
A Young’s modulus of 169 GPa, a mass density of 2231 kg/m
and a Poisson’s ratio of 0.3 are employed in the simulations. The
damping factor is taken to be zero. Fig. 3 shows the cantilever
beam dynamics for an applied step voltage of 0.5 V. The peak dis-
placement occurs at the tip of the cantilever beam. A time step of
0.1 s was used. The resonant frequency of the cantilever beam
at 0.5 V can be found from the time period to be 109 KHz which
is very close to its natural frequency of 110 KHz (obtained by
standard mechanical analysis) as the spring softening effect is
negligible at this voltage. Fig. 4 shows the dynamic pull-in of
the cantilever beam at an applied step voltage of 2.12 V. The re-
sults match very well with the data reported in [26].

The second example is a fixed-fixed beam with the same
dimensions and material properties as the first cantilever beam.
Fig. 5 shows the fixed-fixed beam dynamics for an applied
step voltage of 2 V (spring softening effect is negligible at
this voltage). The peak displacement occurs at the center of
the fixed-fixed beam. A time step of 0.04 s was used. The
resonant frequency of the fixed-fixed beam at 2 V can be found
from the time period to be 694 KHz which is very close to its
natural frequency of 695 KHz (obtained by standard mechan-
ical analysis) as the spring softening effect is negligible at this
voltage. Fig. 6 shows the dynamic pull-in of the fixed-fixed
beam for an applied step voltage of 15.7 V. The reported data in
[27] is 15.17 V for the dynamic pull-in. The difference can be
attributed to the fact that the model in [27] used linear elasticity
for mechanics, whereas the present model is based on elasticity
with geometrical nonlinearity, which is more accurate. Both
the relaxation and the Newton schemes give exactly the same
results for both the beams, as shown in Figs. 3–6.
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Fig. 4. Dynamic analysis of a cantilever beam, for an applied step voltage of 2.12 V (pull-in).

Fig. 5. Dynamic analysis of a fixed-fixed beam, for an applied step voltage of 2 V (nonpull-in).

B. Comparison of the Two Schemes

The major drawback of the relaxation method is its very
slow convergence (or fails to converge) for highly nonlinear
problems involving large displacements or large electrostatic
forces [1]. In such cases, a Newton method can be an effi-
cient approach. Fig. 7 shows the variation in the number of
iterations needed by the relaxation approach and the Newton
method to reach a steady static state for the cantilever beam
case for different applied voltages. It can be seen that as the
beam approaches its pull-in state (around 2.3 V), where the

electrostatic force is very large, the number of iterations needed
by the relaxation method increase drastically as compared to
the iterations needed by the Newton method. Fig. 8 compares
the convergence rate of the Newton and the relaxation methods
(based on the full-Lagrangian scheme) for the static analysis at
an applied voltage of 2.3 V for the cantilever beam. The relax-
ation method converges very slowly compared to the Newton
method. The average computation time for one relaxation
iteration was found to be around 1.135 s and that of a Newton
iteration was 3.02 s, so initially the relaxation method performs
better whereas near pull-in the Newton method becomes faster
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Fig. 6. Dynamic analysis of a fixed-fixed beam, for an applied step voltage of 15.7 V (pull-in).

Fig. 7. Number of iterations needed for convergence by the full-Lagrangian scheme-based Relaxation and Newton methods.

and more efficient. Similar observations were made for the
fixed-fixed beam and also in the dynamic analysis indicating
that the relaxation method can be used for voltages smaller than
the pull-in voltage while the Newton method can be used for
near pull-in simulations.

The cputime for the dynamic simulation of the cantilever
beam presented in Section IV-A for to with

was found to be 1500.5 s using the full-Lagrangian
scheme based on relaxation compared to 2023.3 s using the
semi-Lagrangian scheme based on relaxation. Thus, a speed-up

of 35% was achieved. The static analysis of the same beam at
2.13 V (close to pull-in) required 76.85 s for the full-Lagrangian
scheme based on relaxation while the semi-Lagrangian scheme
based on relaxation took 92.3 s. A speed-up of 21% was
observed. The speed-up in dynamics is more than in statics,
as expected. Hence, a full-Lagrangian scheme-based Newton
method would be the most efficient approach for dynamic
analysis of MEMS as it has already been shown that a full-
Lagrangian scheme-based Newton method is faster than a
full-Lagrangian scheme-based relaxation method.
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Fig. 8. Convergence of the full-Lagrangian scheme-based Relaxation and Newton methods.

Fig. 9. Transverse comb drive: Displacement changes dominant electrostatic gap.

C. Comb Drives

Comb drives belong to an important class of MEMS structures
which have numerous applications from micro-accelerometers,
position controllers to hard disk drive actuators [28]–[30]. Con-
sequently, static and dynamic characterization of these devices
is very important for efficient design and development. In this
section, we simulate two different comb drives (a transverse and
a lateral comb drive) and look at their dynamic responses. The
first comb microactuator [29], shown in Fig. 9, is a transverse
comb drive. The system consists of a movable center stage, 24

pairs of interdigitated teeth and four spring beams. The center
stage is supported by four folded spring beams anchored at the
ends. Electrostatic forces are generated when a voltage is applied
between the fixed and movable structures. The movable center
stage is long, wide and thick. The small
and the large gaps between the electrodes are and

. The overlap length and finger width

. The beam width is , the lengths of the
short and long parts of the folded beam are and

, respectively. The Young’s modulus of the
comb structure (nickel) is 200 GPa, the Poisson’s ratio is 0.31
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Fig. 10. Center stage displacement as a function of the applied voltage.

and the density 8908 kg/m . No material damping has been con-
sidered . Due to symmetry, it is sufficient to consider just
the lower right quadrant of the device for coupled electromechan-
ical simulation. For small displacements, the displacement of
the movable stage can be obtained from analytical analysis [29]

(27)

where is the number of the teeth pair, is the thickness of the
structure, is the permittivity of the free space, is the trans-
verse displacement of the moving stage and is the applied
voltage. is the mechanical spring constant.

Fig. 10 shows the displacement of the center stage as a func-
tion of the applied voltage simulated using the full-Lagrangian
scheme-based Newton method. The computed pull-in voltage
of the microactuator is 49.0 V. The analytical pull-in voltage
is 47.8 V. Fig. 10 shows that the simulation results agree quite
well with the analytical solution. The experimental result given
in [29] shows a lateral displacement of 0.55 m at an applied
voltage of 50 V. The experimental result is fairly close to the
simulation and analytical results. Fig. 11 shows the sensitivity
of the comb in terms of the percentage change in capacitance
to external acceleration applied in the positive y-direction. Re-
sults indicate that the comb is almost insensitive to external ac-
celerations and hence is suitable for applications like position
controller and hard disk drive actuators. The sensitivity is found
to increase with the applied voltage. Fig. 12 shows the varia-
tion of the resonant frequency of the comb drive with the ap-
plied dc bias. The resonant frequency was obtained from the
time-displacement curve of the device for various applied volt-
ages. The device exhibits spring-softening phenomena due to

the electrical forces and it also indicates that mechanical non-
linearity which gives rise to spring-hardening is absent. The ex-
perimentally measured resonant frequency of the structure was
found to be 34 KHz while simulations indicate 33.4 KHz. It was
observed experimentally that at about half of the stroke length
( ) which occurs at 40 V, the resonant frequency
decreased to 28.2 KHz. Our simulations indicate a resonant fre-
quency of 27.5 KHz at that point, which is very close to the ex-
perimental observation. Analytical expression for the resonant
frequency of the actuator is given by [29]

(28)

(29)

where is the total mass of the movable structure
and is the electrostatic spring constant. From the analytical
expression, the resonant frequency is a function of both applied
dc bias and the displacement . Fig. 12 shows three analytical
plots corresponding to the displacements and

, respectively, where is the static displacement at
the corresponding applied dc bias. The simulated results match
with the case, which is the mean displacement
in the simulated time-displacement plot and also the static dis-
placement. However, dynamic pull-in is governed by the peak
displacement , as a result of which the analytical re-
sult for matches with the simulated dynamic pull-in
voltage (resonant frequency drops to zero at pull-in).

Fig. 13 shows the frequency response curve of the device for a
2.5-V dc bias and a 5-V p-p ac bias at various frequencies. Inter-
estingly, two resonant peaks are observed instead of the conven-
tional single peak at the resonant frequency. The second peak,
observed at half of the natural frequency is due to the nature
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Fig. 11. Sensitivity of the transverse comb to external acceleration.

Fig. 12. Variation of resonant frequency with applied dc bias.

of the electrostatic force. Experimentally, only a single peak was
observed. This is due to the fact that the second peak can be to-
tally suppressed at low ac voltage (5 V p-p in this case) in the
presence of damping (the simulations have no damping terms)
as discussed in detail in Section V-B. The second resonant peak
or the second super harmonic resonance is an interesting phe-
nomena and has been observed experimentally in [32].

A lateral comb drive [30] actuator is also simulated with the
Newton method. As shown in Fig. 14 the comb drive has 9

interdigited fingers on either side of a center plate. Two fixed
electrodes are present—one of them is the drive port, where a
voltage is applied to move the comb structure, and the other is
the sense port, where the change in capacitance of the device can
be sensed. However, another mode of operation applies voltages
at both electrodes to drive the comb which has been simulated
here. The electrostatic gap between the finger sides and the elec-
trodes is . The entire structure is 2 thick . The
overlap length is and the finger length and width
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Fig. 13. Frequency response of the transverse comb drive.

Fig. 14. Lateral comb drive: Displacement does not affect dominant electrostatic gap.

are and , respectively. There are 2
pairs of folded beams each of width , the length of
the folded beams is . The Young’s modulus of the
comb structure is 140 GPa, the Poisson’s ratio is 0.30 and the
density is 2231 kg/m . No material damping has been consid-
ered . Due to symmetry, it is sufficient to consider just
the left half of the device for coupled electromechanical simula-

tion. For small displacements, the displacement of the movable
stage can be obtained from analytical analysis [30], [31]

(30)

where is the number of air gaps between the overlapping
sections. Fig. 15 shows the displacement of the center plate as a
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Fig. 15. Center plate displacement as a function of the applied voltage.

Fig. 16. Sensitivity of the device to external acceleration.

function of the applied voltage with the bottom port maintained
at a constant voltage of 200 V and the voltage of the upper port
varied. The simulation results match very well with the analytical
solutions. Fig. 16 shows the sensitivity of the comb in terms of
the percentage change in capacitance to external acceleration
applied in the positive y-direction. Results indicate that the comb
is sensitive to external accelerations and hence is suitable for
applications like microaccelerometers. The sensitivity is found
to decrease with the applied voltage unlike the transverse comb
where it increased with the applied voltage. These results can
be explained from the expressions for the capacitance of these
combs. For the transverse comb, the analytical expression for

the overall capacitance and its sensitivity to (obtained by
taking logarithm on both sides anddifferentiating (31) is givenby

(31)

(32)

The displacement depends on both the external acceleration
and the applied voltage. However, for a given external accelera-
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Fig. 17. Variation of resonant frequency with applied dc bias.

tion, as is increased, also increases and hence the function
increases as well thereby increasing the sensitivity of

from (32). The small sensitivity of the transverse comb drive can
be expected from (31), where, while increases with

decreases with (although to a smaller extent)
thereby decreasing the overall change in capacitance.

For the lateral comb, the analytical expression for the overall
capacitance and its sensitivity to is given by

(33)

(34)

For a given external acceleration, as is increased, also in-
creases but the function decreases thereby decreasing the
sensitivity of from (34). From (33), the right-hand side in-
creases with and hence the comb is sensitive to external accel-
eration. Fig. 17 shows that the resonant frequency of the comb
drive remains constant with the applied dc bias. The constant
resonant frequency obtained from simulation is 74 KHz which
is very close to the experimentally measured value of 75 KHz
[30]. The constant resonant frequency (independent of applied
voltage) is due to the fact that the electrostatic force is not a
function of the displacement and hence there is no spring-soft-
ening effect. Besides, as the structure is linear, there is no spring
hardening as well due to the deformation. Constant resonant fre-
quency is desirable for applications like microresonators and
microfilters. Fig. 18 shows the frequency response curve of the
device for a 200 V dc bias and a 200 V p-p ac bias at various
frequencies. Two resonant peaks are observed again, one at the
resonant frequency of 74 KHz and the other at 34 KHz, which
is approximately half of the first resonant frequency.

V. DYNAMIC CHARACTERISTICS AND ANALYSIS

Several interesting characteristics arise in MEMS dynamics
due to the coupled nonlinear electromechanical coupling of
the system. It is difficult to capture all the dynamic phenomena
through experiments as they are time consuming and it is also
not easy to control various parameters like damping, ambient
pressure, etc., in experiments. Accurate and robust physical level
simulation tools can be used efficiently to do numerical experi-
ments to explore MEMS dynamics in detail. Important dynamic
characteristics of MEMS devices include resonant frequency,
frequency response curves and switching speed (pull-in time)
which affect the performance of the device and are critical from
the point of view of applications. In this section, we look into
these dynamic characteristics of MEM devices through numer-
ical experiments using the Newton method. A Young’s modulus
of 169 GPa, a mass density of 2231 kg/m and a Poisson’s ratio
of 0.3 are employed in all the simulations in this section.

A. Resonant Frequency

The resonant frequency of a MEM structure is a very important
parameter as it determines the amount of force the structure can
exert. In addition, the resonant frequency indirectly affects de-
sign parameters like Q-factor, the switching speed of the device
and effects of external noise. The resonant frequency of a MEM
structure depends on both the electrostatic force (the applied
voltage) and its deformation and may accordingly demon-
strate “spring-softening” (decrease in resonant frequency)
or “spring-hardening” (increase in resonant frequency). The
“spring-softening” effect of the electrostatic force can be
explained by the analytical expression for a parallel plate system

(35)
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Fig. 18. Frequency response of the lateral comb drive.

Fig. 19. Resonant frequency versus Voltage for 80 �m by 0:5 �m by 10 �m cantilever beam for different gaps.

where and are the overlap area and gap between the plates.
It can be seen that for small displacements (hence small ),
is a function of only, but as is increased, increases
and hence depends on as well and thus acts like a negative
spring. This gives rise to “spring-softening.”

The resonant frequencies of two different MEM structures,
namely a cantilever beam and a fixed-fixed beam, have been
computed and their variation with the applied voltage plotted
for the different gaps between the beams and the ground
electrode in Figs. 19–20. “Spring-softening” is observed for

the cantilever beam for all gaps, indicating that mechanical
nonlinearity (due to large deformation) is absent in Fig. 19.
For the fixed-fixed beam, “spring-softening” is observed for
the smallest gap, but as the gap is increased, mechanical
nonlinearity due to large deformation occurs giving rise
to “spring-hardening.” However, just before pull-in, the
“spring-softening” effect of the electrostatic force overcomes
the mechanical hardening and the resonant frequency is found
to decrease again and finally the structure collapses and pull-in
occurs as seen in Fig. 20.



DE AND ALURU: FULL-LAGRANGIAN SCHEMES FOR DYNAMIC ANALYSIS OF ELECTROSTATIC MEMS 753

Fig. 20. Resonant frequency versus Voltage for 80 �m by 0:5 �m by 10 �m fixed-fixed beam for different gaps.

Fig. 21. Fixed-fixed beam: Frequency response curves for a dc bias of 30 V.

B. Frequency Response Curves

The frequency response curve of a MEM device is an impor-
tant characteristic for its resonant mode operations in RF-MEM
filters/oscillators/mixers. In this section, frequency response
curves of MEM devices under different electrical signals is
investigated and their potential applications suggested. The
dynamics of fixed-fixed MEM beam under an ac signal with a
dc bias is studied first. We have added some material damping
to the system (which is a more realistic case than the undamped
cases) as a result of which the oscillations due to the dc bias die
out after some time and a steady oscillation due to the ac signal

is observed. The dimensions of the fixed-fixed beam are
by by with a gap of from the ground
electrode. A material damping factor of is used. A large

is taken to qualitatively include the surrounding air damping
in the analysis and explain the experimental nonobservation
of the second super-harmonic resonance in the transverse
comb drive frequency response curve. Figs. 21–22 show the
frequency response curves of the fixed-fixed MEM structure
for different ac peak voltages for a dc bias of 30 V and 10 V,
respectively. From Figs. 21–22 it can be seen that as the ac
peak voltage is increased, the nature of frequency response
curve changes. Two peaks in the amplitude are observed instead
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Fig. 22. Fixed-fixed beam: Frequency response curves for a dc bias of 10 V.

of a single peak. The primary peak occurs near the resonant
frequency of the beam which is around 1300 KHz. This is
the first superharmonic resonance. A second peak is observed
roughly at 650 KHz . This can be explained from the
expression of the electrostatic force in (35) which can be
written as

(36)

where is the angular frequency of the ac signal. Thus, the elec-
trostatic force is composed of a static, a first harmonic and a
second harmonic part. The primary and the secondary super-
harmonic resonances are caused by the first harmonic and the
second harmonic part of the electrostatic force, respectively. The
secondary peak is comparable with the primary peak for large
ac voltages as shown in Fig. 22. Due to damping (which could
be either material and/or external fluid damping) or small ac
voltages, the secondary peak can be completely suppressed as
seen in Fig. 21. This explains the observation of a single reso-
nant peak experimentally and two peaks in the simulation for
the transverse comb drive.

The dynamics of a cantilever beam (same geometry as
the fixed-fixed beam) under a dc bias and a square wave has
been simulated and its frequency response curves plotted in
Figs. 23–24 for two different applied voltages and values.
Single crystalline Silicon, the base material for most mi-
crostructures, has no hysteresis in its stress-strain curve (
is very small), giving high Q-factors in evacuated systems.
The cantilever beam is found to give pull-in when reso-
nance occurs for small damping or high voltages and the

at those points are plotted in Figs. 23–24 as

. Several resonant peaks are observed
in the frequency curves (Figs. 23–24). The notable peaks in
Fig. 23 are at and and in Fig. 24 the notable peaks
are at and . The
above observations can be explained by the Fourier expansion
of a square wave [33]. A signal consisting of a dc bias and
a square wave of amplitude and angular frequency can
be written as

(37)

and the corresponding electrostatic force is given by

(38)
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Fig. 23. Cantilever beam: Frequency response curves for a 1-V dc and 2-V p-p Square signal.

Fig. 24. Cantilever Beam: Frequency response curves for a 2-V dc and 3-V p-p Square signal.

It can be seen that all the observed harmonic resonances are due
to the various harmonic components of the electrostatic force.
However, the resonance at is not explained by (38). From
(35), at large voltages, acts like a spring. For a square signal,

will act like a discontinuous spring which may be the prob-
able reason for the subharmonic resonance at [34].

The presence of multiple resonant peaks in MEMS can
have several potential applications. The second superharmonic
resonance can be used as a driving signal, thereby decoupling
the drive and the sense signals (at ) and reducing electrical

crosstalk [35]. The multiple peaks observed under a square
signal can be used for MEM multiple band filters or passband
filters (along with a passband correction circuit). Generally,
a massive parallel bank of MEM filters would be used for
constructing a multiband or passband filter [14], but with the
above response, the number of filters can be reduced several
times as each MEM filter has multiple resonant modes. Besides,
a single MEM filter can give different resonant modes for
different electrical signals, and can be used as reconfigurable
filter.
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Fig. 25. Variation of switching time with various signals.

C. Switching Speed

The pull-in phenomena in electrostatic MEMS can be utilized
for switching purposes in RF applications [4]. When the applied
electrical voltage is increased beyond a certain extent, the elastic
restoring force can not balance the attractive electrostatic force
and the switch touches the ground plane causing pull-in/switch
down. The time taken by the switch to pull-in under an applied
voltage is called the switching time. Switching time is an impor-
tant parameter in microwave communication systems and is also
a main limitation of capacitive micromachined switches. Mi-
crosecond switching precludes the use of the capacitive switch
in high-speed applications, such as transmit/receive switching.
In this section we utilize resonance for increasing the switching
speed without increasing the peak power requirement of the de-
vice (which is definitely a major limitation for small portable
MEMS devices).

From the frequency response curves (see Figs. 21–22, the
amplitude of the response increases significantly at and

for the same ac voltage, indicating that faster switching
can be achieved in these regions due to resonance. In order to
study that, three different signals are considered and varied as
shown in Fig. 25 for an undamped by by
fixed-fixed beam with a gap of 0.7 . Signal 1 is a pure dc bias
which is varied from 50 V to 67 V and the switching time de-
creases from to . Signal 2 is a 30 V dc bias with
an ac signal at 650 KHz and the amplitude of the ac
signal varied from 40 V to 100 V. The switching time decreases
from to . Signal 3 is a 30-V dc bias with an ac
signal at 1300 KHz and the amplitude of the ac signal
varied from 30 V to 60 V to get a decrease in switching time
from to . Fig. 26 shows the peak power con-
sumptions for the three signals at the various switching times.
The generalized circuit of the MEM beam consists of a power

source, the capacitive switch/MEM device and also a resis-
tance (due to the Silicon beam acting as the capacitive switch)
in series. The capacitance and the resistance of the beam
can be easily calculated for both deformed/undeformed states.
The governing equation for the MEM circuit is [35]

(39)

where or is the voltage drop across the capacitive switch
and is the voltage drop across the resistance. is the current,

is the charge on the capacitor and is time. The power
consumed at any instant of time is given by . Equation
(39) is solved numerically at each time instant and the instanta-
neous power computed during the dynamic simulations. It can
be seen that Signal 3 requires the least peak power while Signal
1 requires the most peak power for the same switching speed
while Signal 2 is in between. Thus the switching speed can be
increased for a given peak power requirement by applying a dc
bias with an ac bias at the resonant frequency. However, a dc
bias with an ac bias at half of the resonant frequency can also be
used when electrical crosstalk due to resonant mode operation
becomes significant for reducing peak power consumption.

VI. CONCLUSION

Full-Lagrangian scheme-based relaxation and Newton
schemes have been developed in this paper for the dynamic
analysis of MEMS. The full-Lagrangian scheme greatly im-
proves the performance of the dynamic analysis by eliminating
time consuming steps like recomputing the interpolation func-
tions and re-discretization of the surfaces. For tightly coupled
cases, relaxation gives very slow convergence and often fails to
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Fig. 26. Peak power requirement for various signals.

converge. Newton method becomes important for such cases.
The Lagrangian description of both the mechanical and the
electrostatic equations enables the efficient and accurate com-
putation of the Jacobian matrix and thereby gives excellent
convergence rates. The Newton method has been successfully
applied for the dynamic analysis of complex comb-drive MEM
structures. Several important design issues in MEMS dynamics,
namely, resonant frequency, frequency response and switching
speed have been analyzed and interesting results and potential
applications have been presented.
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