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Combined Circuit/Device Modeling and Simulation
of Integrated Microfluidic Systems
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Abstract—A combined circuit/device model for the analysis of
integrated microfluidic systems is presented. The complete model
of an integrated microfluidic device incorporates modeling of flu-
idic transport, chemical reaction, reagent mixing, and separation.
The fluidic flow is generated by an applied electrical field or by a
combined electrical field and pressure gradient. In the proposed
circuit/device model, the fluidic network has been represented by
a circuit model and the functional units of the -TAS (micro Total
Analysis System) have been represented by appropriate device
models. We demonstrate the integration of the circuit and the
device models by using an example, where the output from the
fluidic transport module serves as the input for the other modules
such as mixing, chemical reaction and separation. The combined
circuit/device model can be used for analysis and design of entire
microfluidic systems with very little computational expense, while
maintaining the desired level of accuracy. [1237]

Index Terms—Circuit-modeling, lab-on-a-chip, microfluidics,
simulation.

I. INTRODUCTION

I NTEGRATED microfluidic systems with a complex net-
work of fluidic channels are often used for chemical and

biochemical analysis [1], [2] as microfluidic devices offer
unique advantages in sample handling, reagent mixing, chem-
ical reaction, separation and detection. Computer-aided design
(CAD) tools, when sufficiently fast, robust and accurate, can
accelerate the design and development of integrated microflu-
idic systems. For example, using the CAD tools, microfluidic
system designers will be able to quickly explore the design
space and arrive at an optimal design before the system is
fabricated.

Even though there are exceptions, an accurate description of
the physical phenomenon in microfluidic devices is provided
by the concepts of continuum theory, which couples the rele-
vant mechanical and electrodynamical quantities in terms of a
(usually quite complex) system of partial differential equations.
The solution of the partial differential equations (referred to as
device modeling) can provide a detailed and accurate under-
standing of the device behavior, but device modeling is typically
very expensive and tedious for microfluidic systems comprising
hundreds of thousands of fluidic channels. Circuit or compact
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modeling approaches are typically employed for integrated mi-
crofluidic system analysis and design, as these approaches are
much faster compared to the device modeling techniques and
are accurate enough to capture the fundamental physical char-
acteristics and system behavior [3]–[6]. However, a compact or
a circuit model may not be easily available for certain physical
phenomena, in which case the use of device modeling becomes
essential. In this paper, we report on appropriately combining
circuit and device models for quick and accurate analysis of in-
tegrated microfluidic systems.

In an earlier paper [7], we reported on the development of
a compact model for microfluidic transport due to a combined
electric field and pressure gradient. The earlier model, however,
did not account for a number of physical phenomena that are
important within the electrical double layer for electrically-me-
diated fluid transport. In this paper, we first extend the earlier
compact model for micro/nanofluidic transport due to a com-
bined electric field and pressure gradient. Specifically, we have
included capacitive elements to account for the electrical double
layer, developed a complete circuit representation of the flu-
idic transport and developed models for no-slip flow, which
can become important for fluid flow in nanometer scale chan-
nels, where the Debye length can be significant compared to
the channel width. Second, we have combined the compact/cir-
cuit models for fluidic transport with device models for mixing,
chemical reactions and separation to investigate analysis and de-
sign of micro total analysis systems ( -TAS). Finally, we apply
the combined circuit/device modeling approach for analysis of
large arrays of microfluidic channels to store fluids in an arbi-
trary pattern and for analysis of integrated microfluidic systems
containing transport, mixing, reaction, detection and separation.
The rest of the paper is organized as follows: Section II intro-
duces a prototype integrated microfluidic system, which is used
to explain the development of various compact/device models,
Section III describes the development and integration of the cir-
cuit and device models for the various modules encountered in
microfluidic systems, Section IV presents several examples of
integrated microfluidic systems and their analysis by the com-
bined circuit/device modeling approach and Section V presents
conclusions.

II. INTEGRATED MICROFLUIDIC SYSTEMS

The concept of a micro-Total Analysis System ( -TAS) or a
lab-on-a-chip for integrated chemical and bio-chemical analysis
has grown considerably in scope since its introduction [8], [9].

-TAS involves the miniaturization of all the functions found in
chemical analysis, including fluidic transport, mixing, reaction
and separation [10], so that the entire chemical measurement
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Fig. 1. Prototype chemical analysis system. The system incorporates fluidic transport, mixing, reaction and separation.

laboratory could be miniaturized onto a device of a few square
centimeters. For example, the system shown in Fig. 1 incorpo-
rates the essential processes (fluidic transport, mixing, reaction
and separation) involved in a -TAS.

One of the critical elements of any microfluidic system or
-TAS is its fluidic transport system. For example, in Fig. 1, the

fluid is transported from the ends of the cross-shaped segments
to the reservoir marked as the “Final Specie”. Most microfluidic
chips transport the fluid electrokinetically and/or by hydraulic
pressure. Electrokinetic transport and control of fluids has the
advantage that it eliminates the need for mechanically moving
parts, such as valves and pumps, which have thus far been diffi-
cult to construct and interface to microchip systems [11].

An important element of the -TAS is the reaction chamber.
As shown in Fig. 1, chemical/biological species are transported
to the reaction chambers, where chemical reactions take place
leading to the formation of a product. The rate of formation of
the product is dependent on the flux of the reactant, the propor-
tion of the various reactants in the solution, the order of the reac-
tion and the reaction kinetics. In those cases where online detec-
tion is not suitable, the solution from the reaction chamber may
be transported to the detector for the purpose of off-chip detec-
tion [12]–[14]. If the detection of the product is easier or suitable
than that of the reactant then the product is used for detection
purpose as the concentration of the product can give quantitative
information about the reacting species [15], [16]. Thus, often
reaction and detection schemes are intrinsically linked together
and both of these form an integral part of the -TAS.

Another important functionality in -TAS is the separation of
bio-molecules and bio-chemical species. Electrophoresis [11]
and isoelectric focusing [11] are the most commonly employed
methods of separation. In Fig. 1, for example, the separation
is based on electrophoresis. There are two separation channels
carrying the same chemical species to the reservoir marked as
the “Final Specie” from the micro-reactor (marked as “R”). In

both the separation channels, the flow is driven by electric field,
which is created between the electrodes marked as the anode
and the cathode in Fig. 1. One may obtain a greater flow rate
by simultaneously transporting the required chemical species
through two separation channels instead of one. The schematic
proposed in Fig. 1 was inspired by an example of a device
designed to perform 96 parallel electrophoretic separations re-
ported by Shi et al. [17]. However, in the prototype a single set
of electrophoretic separation system has been employed. Higher
field intensity is generally tolerable for electrophoretic sepa-
ration in a micro-channel because of the reduced influence of
Joule heating (which reduces band broadening) in the micro-
fabricated devices [18], [19]. Therefore, it is possible to obtain
higher separation efficiency in a microdevice compared to a con-
ventional capillary electrophoresis system [20]. Smaller charac-
teristic dimensions in combination with higher field intensities
lead to a shorter time scale of separation, which is a fundamental
advantage in -TAS compared with macroscopic devices.

When designing integrated microfluidic systems of the type
shown in Fig. 1, some important objectives are to increase the
throughput, improve the molecular homogeneity of the mixture
[21], [22] and obtain higher separation efficiency and faster de-
tection. However, it may not be possible to attain all these ob-
jectives and there can be a trade off leading to an optimized
design. In the following sections, we develop and demonstrate
an “easy-to-use” compact model, which can be used to explore
the design space and select an optimal design for integrated mi-
crofluidic systems to perform various functions.

III. MODEL DEVELOPMENT

The development of circuit and device models is illustrated
using the example shown in Fig. 1. The models are, however,
general enough that they can be applied/extended to other mi-
crofluidic systems. We first describe the development of com-
pact/circuit model for fluid flow due to a combined pressure and
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Fig. 2. (a) Typical cross-shaped channel segment of a microfluidic system. The electrical potentials � , and fluidic pressures, p , are given. V and V
are the transverse applied potentials. (b) The electrical network representation for the cross-shaped channel. R are the electrical resistances,  are the
surface potentials of the channel walls and C are the capacitances of the EDLs.

electrical potential gradient. The compact model is described in
two parts—namely, the electrical model and the fluidic model.

A. Electrical Model

For microfluidic devices that rely on the electrokinetic force
as the driving force, the electric field must be computed first.
In the case of electroosmotic flow, the potential field due to an
applied potential can be computed by solving the Laplace equa-
tion [23]

(1)

where is the electrical potential. Since (1) predicts a linear
potential drop for simple straight channels, the potential varia-
tion can be represented by linear electrical resistances. In order
to develop a complete circuit that takes into account the charge
stored in the electrical double layer (EDL), capacitive elements
also need to be included while modeling the electrical domain.
The EDL can be decomposed into the Stern layer and the diffuse
layer [24]. As the Stern layer and the diffuse layer store charge,
the capacitance associated with these layers is important. In ad-
dition, the capacitance of the channel wall, which arises due
to a potential difference across the channel wall, needs to be
taken into account. The electrical resistance of the EDL can be
safely neglected as the effective resistance of the EDL is much
higher than the resistance of the channel filled with buffer [25].
Fig. 2(a) and Fig. 2(b) illustrate a typical cross-shaped channel
segment (this is similar, for example, to the cross-shape formed
by S1, S2, M1, S3 in Fig. 1) in a microfluidic system and its
circuit representation in the electrical domain, respectively.

The electrical resistance of a solution filled simple straight
channel is given by the following expression:

(2)

where is the electrical resistivity of the solution in the th
channel, [see Fig. 2(b)], is the length of the
th channel, is the cross-sectional area of the th channel

and is the electrical resistance of the ith channel.
The expression for the effective capacitance, shown in

Fig. 2(b), is given by

(3)

where is the capacitance of the Stern layer of the th
channel, is the capacitance of the diffuse layer of the th
channel and is the capacitance of the th channel wall.

is given by the following expression [24]:

(4)

where is the permittivity of the fluid in the channel, is the
inner surface area of the th channel and is the thickness
of the Stern layer. The capacitance of the diffuse layer, , is
given by the following expression [26]:

(5)

where is the intrinsic surface charge density on the channel
wall, is the Boltzmann’s constant, is the temperature, is
the valence of the counter-ion, is the charge of an electron,
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is the concentration of the counter ion in the bulk solution and
is the universal gas constant.
The capacitance of the wall for a cylindrical channel, ,

is given by the following expression [27]:

(6)

where is the inner radius of the channel and is the outer
radius of the channel.

When no potential difference is applied across the channel
wall, no charge is induced on the channel wall. As a result the
capacitance of the channel wall can be neglected in the compu-
tation of the effective capacitance. For example, there is no wall
capacitance for as there is no applied voltage across
the channel as shown in Fig. 2(a). Typically, the capacitance of
the Stern layer is much higher compared to the capacitance of
the diffuse layer [24]. Also, when capacitances are connected
in series (as in this case) the capacitance with the smaller value
dominates. Therefore, in most cases the effective capacitance,

, can be approximated by the diffuse layer capacitance, .
The effective capacitance can be related to the surface potential
by the expression:

(7)

or

(8)

where is the surface potential on the th channel and
is the total charge stored in the EDL of the th channel.

B. Fluidic Model

For the fluidic transport driven by an electrical field and/or
a pressure gradient, the “through quantities” are the flow rates
through the channels and the “across quantities” are the elec-
trical potential differences and the pressure differences imposed
on the fluidic channels. In this section we present a derivation
of the constitutive equation relating the “through quantities” to
the “across quantities”. The flow field of a fully developed in-
compressible flow in a microfluidic device is governed by the
continuity equation (9) and the steady-state momentum equa-
tion (10) [28], i.e.

(9)

(10)

where is the velocity vector, is the body force vector, is
the pressure, is the density of the fluid, and is the dynamic
viscosity. For electroosmotic flow, the body force term, in
(10), is obtained by solving the Poisson–Boltzmann equation
[23].

1) Slip Case: The slip case model can be used when the
thickness of the EDL is insignificant compared to the depth or
diameter of the channel. The body force, , is nonzero only
within a few Debye lengths from the channel wall as the poten-
tial induced by the zeta potential drops to zero very quickly near

the channel wall [23]. In the development of the compact model
for the slip flow case, we will assume that the flow is fully de-
veloped and the thickness of the EDL is insignificant compared
to the thickness or diameter of the channel (this assumption usu-
ally holds good for channels larger than 200 nm). As a result, the
effect of the electrokinetic force can be represented by a slip ve-
locity at the wall given by the Helmholtz–Smoluchowski equa-
tion [2]:

(11)

where is the dynamic viscosity of the fluid, is the poten-
tial gradient across the fluidic channel, and is the zeta poten-
tial on the surface of the fluidic channel. The Poisson–Boltz-
mann equation, which is used for the full-scale simulation of
electroosmotic flow, can be linearized for low values of surface
charge density. Then, the Debye–Huckel theory [2] predicts the
following relationship between the zeta potential, , and the sur-
face potential,

(12)

where is the inverse of the Debye length and is the radius of
the counter ion. The surface potential can be computed from (8)
by using the capacitance model. Thus, from knowing the surface
potential, the zeta potential of the channel wall can be computed.
The velocity profile across a capillary slit is a function of only
the slip velocity and the pressure gradient, i.e.

(13)

where denotes the stream direction of the channel, denotes
the transverse direction of the channel, and is the channel
depth. Since is given by (11), solving for the velocity in
(13) is reduced to computing the pressure distribution in the flu-
idic network. By taking the divergence of the momentum equa-
tion [(10)] and applying the continuity condition, we get the fol-
lowing expression:

(14)

In the regions where the flow is fully developed, the convec-
tion term is zero. Thus, vanishes. The
term corresponding to the divergence of the force must be zero
in the fully developed flow regions. Otherwise, the flow would
not be fully developed due to the nonuniform body force. Hence,
for the region where the flow is fully developed, the pressure cal-
culation is reduced to a Laplace equation

(15)

Thus, (15) decouples the solution of pressure from the solution
of velocity.

Integrating the velocity profile given in (13) across the cross-
section of the capillary slit and using (1), (11) and (15), we get
the following expression for the flow rate per unit width:

(16)
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Fig. 3. Circuit representation for the electrokinetically driven flow is on the left. E are the electrohydraulic conductances of the channels and (C )
are the fluidic capacitances. �P are the pressure differences (which are the across quantities in the fluidic domain) across the fluidic capacitances. Circuit
representation for the pressure driven flow is given on the right. H are the hydraulic conductances of the channels. The “plus” sign between the two figures
indicates that the total flow is the sum of the electrokinetically driven flow and the pressure driven flow.

For the th channel in an array of channels, (16) can be rewritten
as

(17)

where is the hydraulic conductance of the th channel,
is the electrohydraulic conductance of the th channel, is
the pressure drop in the th channel and is the electrical
potential drop in the th channel. The expressions for and
for the capillary slit are given in (16). For a cylindrical channel,
the hydraulic conductance and the electrohydraulic conductance
(corresponding to the flow rate) are given by

(18)

(19)

where is the inner radius of the th cylindrical channel.
Equation (17) is the constitutive relationship, which relates
the “through quantity” to the “across quantities” (a combined
pressure and electrical potential drop). If the flow is driven by
only a pressure gradient, then the second term in (16) can be
neglected. Similarly, if the flow is driven by only an electric
field, then the first term on the right-hand side of (16) can
be neglected. Fig. 3 shows the circuit representations of the
fluidic domain for the cross-shaped channel segment shown in
Fig. 2(a). Note that the total flow is the sum of the electrokinet-
ically driven flow and the pressure driven flow.

2) No-Slip Case: The slip velocity model discussed above
can be employed when the Debye length is thin compared to
the channel width. However, when the Debye length is compa-
rable to the channel width, the slip velocity model may not be

accurate. For a capillary slit, the velocity profile is given by the
following expression [29]:

(20)

where

(21)

is the Debye length and is given by the following expression
[7]:

(22)

where is the intrinsic ionic concentration of the fluid in the ab-
sence of an electrical potential and is the Faraday’s constant.
Integrating the velocity profile [given in (20)] across the cross
section and using (21), we get the following expressions for the
hydraulic conductance and the electrohydraulic conductance of
the th channel

(23)

(24)

Similarly, expressions for the hydraulic conductance and the
electrohydraulic conductance of a cylindrical channel can also
be derived [29].
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3) Fluidic Channels With Elastic Membranes: In case of
channels with integrated elastic parts in them (e.g., a flexible
membrane) a capacitive element needs to be included in the cir-
cuit model of the fluidic domain as shown in Fig. 3. The fluidic
capacitor can be modeled as

(25)

where is the fluidic capacitance, is the deflection, is the
total surface area of the flexible membrane and is the pressure
difference across the channel wall. For a rectangular membrane
of dimension , the fluidic capacitance from (25) is given by

(26)

where

(27)

is the rigidity of the membrane and is given by

(28)

is the thickness of the membrane, is the elastic
modulus of the membrane, and is the Poisson’s ratio of the
membrane.

The implementation of the electrical model and the fluidic
model is carried out using the modified nodal analysis technique
[30]. Once the variation of and is known the flow rate in
each channel can be computed using the constitutive relation-
ship given in (17).

C. Chemical Reactions: Device Models

Consider a scheme in which the chemical species and
are transported to the reaction chamber, where they undergo a
second-order reversible reaction process to produce species .
The governing equations for this reaction process are given by

(29)

(30)

(31)

(32)

where is the flow rate of the th specie, which is computed
from the fluidic transport model (or known from the design
specifications), is the concentration of the th specie, is
the number of moles of the th species present in the reaction
chamber, is the forward reaction rate and is the backward
reaction rate.

Fig. 4. Basic separation unit, which can separate species that are oppositely
charged, have different valence or different electrophoretic mobility.

A trapezoidal scheme is used to discretize the ODE’s given
in (30) to (32). The discretized equations are given by

(33)

(34)

(35)

The nonlinear equations (33)–(35) are solved by employing a
Newton–Raphson scheme to compute , , and
at the th time step given , , and at the th
time step. Equations (33)–(35) comprise the device model for
the reaction module.

D. Separation: Device Model

Fig. 4 shows a simple separation mechanism, which is re-
peated as the basic unit in the circular separation device reported
by Kutter [31]. The separation unit can separate species that
are either oppositely charged, have different valence or different
electrophoretic mobility.

The total flux of a given species through a channel is given
by the following expression:

(36)

where is the total flux, is the diffusion coefficient of the
specie, is the concentration of the specie, is the Faraday’s
constant, is the valence of the ion, is the universal gas con-
stant, is the temperature, is the cross-sectional area of the
fluidic channel and is the convective velocity of the flow
that arises due to the bulk flow rate, , given in (16)

(37)

From (36), the total flux is the sum of the diffusive flux (given
by the first term), the electrophoretic flux (given by the second
term and it is zero for uncharged species) and the convective flux
(given by the last term), which arises due to the bulk flow in the
channel. Typically, the separation unit is designed in such a way
that the convective flux and the electrophoretic flux (for charged
species) dominate over the diffusive flux [32]. Thus, assuming
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that the diffusive flux is negligible, the expression for the total
flux is given by

(38)

or

(39)

where is the convective flow rate, which is computed using
(16) and is the electrophoretic flow rate, which is given by
the following expression [32]:

(40)

Thus, the constitutive equation, which relates the “through
quantity” (electrophoretic flow rate) to the “across quantity”
(electrical potential difference), in the case of electrophoretic
flow, is given by

(41)

where is the electrophoretic conductance of the fluidic
channel.

Consider an example, where two species and are present
in the separation channel shown in Fig. 4. Assume that species

is unit-positively charged and species is unit-negatively
charged, while the surface of the channel has a negative fixed
charge. Therefore, the electroosmotic flow through the channel
would be from left to right (i.e., from the anode side to the
cathode side) as shown in the Fig. 4. The electrophoretic flow
for would be from left to right but that for would be in
the opposite direction. This is due to the difference in the elec-
trophoretic velocity of these two species. Thus, the ratio of the
rate of molar increment at the outlet of the separation channel
for the two species is given by the following expression:

(42)

where is the concentration of species at the inlet and
is the concentration of species at the inlet. Considering that
the bulk flow is due to electrical potential gradient only (i.e.,
pressure driven flow is absent), the separation ratio of the species
can be expressed in terms of the electrophoretic conductance,
electro-hydraulic conductance and the inlet concentration of the
species, i.e.

(43)

Thus, the knowledge of the electrophoretic conductance and the
electrohydraulic conductance can be used to compute the sep-
aration ratio using (43), which can be considered as the device
model for the separation module.

E. Integration of the Models

Algorithm 1 summarizes the integration of the circuit and
device models for the prototype integrated microfluidic system
shown in Fig. 1. The circuit based electrical model is first em-
ployed to compute the electrical potential distribution in the en-
tire microfluidic system. Using the electrical potential distribu-
tion as an input, the fluidic circuit model is used to compute the
fluidic variables (e.g., the pressure distribution, flow rate, etc.)
in the entire system. The flow rates through various channels
are then used to compute the mixing ratio/efficiency, reactions
and the separation ratio. Even though Algorithm 1 is specific to
the microfluidic system shown in Fig. 1, it can be generalized to
various other microfluidic systems by appropriately combining
the electrical, fluidic, mixing, reaction/detection and separation
modules.

Algorithm 1 A Procedure for computing the
variables of a micro/nanofluidic chip
1. Define the electrical circuit and the
fluidic circuit using the principles de-
scribed in Sections III-A and -B.

2. Compute the electrical potential dis-
tribution and the fluidic pressure
distribution .

for each channel : where, is
the number of fluidic channels. do
Compute (equation (2)), (equa-
tion (3)), [see (18)] and [see
(19)].

end for
Solve for the nodal electrical potential
and the nodal fluidic pressure using the
modified nodal analysis technique.

3. Compute the flow rate.
for : where, is the number of
fluidic channels. do
Compute (the flow rate in the th
channel) using (17)

end for
4. Compute the effectiveness of mixing.
for : where, is the number
of fluidic channels where mixing is
taking place. do
Compute the effectiveness of mixing,
using the model given by (45).

end for
5. Compute the molar concentration in the
reaction chamber.

for : where, is the number of
reaction chambers. do
Initialize the number of moles of
the various species in every reaction
chamber.
for : where, is the final
time. do
repeat
Guess, , compute , and the Jaco-

bian, .
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Fig. 5. Schematics of the microchips for parallel (a) and serial (b) electrokinetic mixing. The circles depict sample, buffer and waste reservoirs. The sample,
buffer and analysis channels are labeled “S,” “B,” and “A,” respectively. The T intersections are the basic units for the parallel mixing device, while the cross
intersections are the basic units for the serial mixing device [33].

Solve for ; compute
.

until convergence. (Convergence check
is )
end for

end for
6. Compute the separation ratio.
for : where, is the number of
separation channels. do
Compute the electrophoretic conductance
of the relevant species using (41) and
retrieve the inlet
concentration of the relevant species.
Compute the separation ratio at the
outlet of the channel using (43).

end for

IV. RESULTS

We have considered several examples from the literature [7],
[33]–[35] to verify and analyze the combined circuit/device
model. In this section, we demonstrate the application of the
models and the implementation using some key examples.
In the first example (Fig. 5, [33]), we consider microfluidic
devices, which can be used for electrokinetically driven parallel
and serial mixing. In the second example, we demonstrate a
circuit model based analysis of a pneumatically controlled
fluidic transport system, which has been used in a high density

microfluidic chip by Quake et al. [36]. In the final example, we
consider an integrated system, and a complete simulation based
analysis of the lab-on-a-chip has been demonstrated.

A. Example 1: Electrokinetically Driven Mixing

Microfluidic devices for parallel and serial mixing have been
experimentally demonstrated by Jacobson et al. [33]. The par-
allel mixing device [see Fig. 5(a)] is designed with a series of
independent T-intersections, and the serial mixing device [see
Fig. 5(b)] is based on an array of cross-intersections. Figs. 6
and 7 show the circuit representation of the mixing devices. As
the channels do not contain any flexible walls, the fluidic ca-
pacitances are neglected. The parameters (e.g., channel dimen-
sions and applied potential) used in the simulation are the same
as those used in the experiments reported in [33]. The zeta po-
tential of the channel walls for this example is computed from
the capacitor model and has been verified with the experimental
results given in [33]. Thus, the inclusion of the capacitance in
the new circuit model proposed in this paper can provide the
zeta potential and the surface potential required for computing
the slip flow or the no-slip flow. The expressions that have been
used to compute the sample fraction are the same as those given
in [33].

Table I gives a comparison of the simulated and experimental
results for the parallel mixing device and Table II gives a com-
parison of the simulated and experimental results for the serial
mixing device. The simulation results show very good agree-
ment with the experimental results. The CPU times to compute
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Fig. 6. The circuit (both fluidic and electrical) representation of the parallel mixing device. Since the flow is electrokinetic driven, the fluidic resistance of the
channel is the inverse of the electrohydraulic conductance.

Fig. 7. The circuit representation of the serial mixing device.

TABLE I
A COMPARISON OF THE SIMULATED AND EXPERIMENTAL RESULTS FOR PARALLEL MIXING

the electrical variables and the fluidic variables for the systems
shown in Fig. 5 (i.e., the mixing devices) were of the order of 1
second. Fig. 8(a) and (b) show the variation in the sample frac-

tion that can be obtained by controlling the electrical potential at
the buffer and the sample reservoirs. These results demonstrate
the advantage of the circuit model for designing microfluidic
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TABLE II
A COMPARISON OF THE SIMULATED AND EXPERIMENTAL RESULTS FOR SERIAL MIXING

Fig. 8. Variation in the sample fraction of the 2nd analysis channel when the applied potential (in “Volts”) in the sample reservoir and the buffer reservoir is
changed. The plots for the other analysis channels (in both cases) have the same pattern. (a) Parallel mixing and (b) serial mixing.

systems. It is practically impossible to get the variation of the
output parameter with the input parameter varying over such a
large range, by using experimental techniques or full-scale sim-
ulation methods.

The depth of the channels considered for parallel and serial
mixing are 10 and 5.5 , respectively. For such large
depths, the slip flow circuit model presented in Section III-B1
gives accurate results. Even if a no-slip flow circuit model is em-
ployed, the results would match exactly with the slip flow cir-
cuit model. However, as the depth of the channel gets smaller,
the no-slip model can produce more accurate results compared
to the slip-flow model. Shown in Fig. 9 is a comparison of the
relative error between the full simulation results and the slip and
no-slip models for channel depths of 50, 100, and 200 nm. The
Debye length is 10 nm in all the cases. For both the models, the
error grows as the depth of the channel decreases. However, the
error is much smaller with the no-slip model compared to the
slip model. Also, the rate of growth of the error is smaller with
the no-slip model compared to the slip model.

B. Example 2: Large Scale Integration

In the large scale integration based microfluidic chip designed
by Quake et al. [36], the fluidic transport system consists of two
layers (Fig. 1 in [37])—the “control” layer, which contains all
channels required to actuate the valves, is situated on top of the
‘flow’ layer and the “flow” layer contains the network of the
channels being controlled [37]. A valve is created whenever a

Fig. 9. Comparison of the percentage relative error in the bulk flow rate Q
between the slip flow model and the no-slip flow model when compared with
full-scale simulation.

control channel crosses a flow channel. The resulting thin mem-
brane at the junction between the two channels can be deflected
by fluidic actuation [36], [37]. The schematic of Fig. 1 in [37]
shows the orientation of the control layer and the flow layer. The
schematic of Fig. 1 in [37] shows the valve closing for rect-
angular and rounded channels. In Fig. 10(a) the “top-view” of
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Fig. 10. (a) Microfluidic system consisting of “control channels” (left to right) and “flow channels” (top to bottom). Intersections with wider control channels
denote valves or switches. A cross indicates a closed valve. For further details refer to [36]. (b) The fluidic circuit representation of the system shown in (a). The
valves are modeled as electrical switches.

the device is given, where the black channels oriented from west
to east are the control channels and the gray channels oriented
from north to south are flow channels. The control layer is on
top of the flow layer. The flow channels are numbered from 0
to 7 and the control channels are named in the alphabetic order
from to . A valve at the intersection of flow channel 0 and
control channel is designated as “ .” Such a designation
is later used to explain the circuit representation of the system.
The configuration shown in Fig. 10(a) consists of simple on-off
valves, which can be considered as fluidic switches to control
the flow in the “flow” channels. Each control line can actuate
multiple valves simultaneously. As the dimension of the con-
trol line can be varied, it is possible to have a control line pass
over multiple flow channels to actuate multiple valves. The ac-
tive element is the roof of the flow channel and the intersec-
tions, which act as valves or fluidic switches are denoted by a
wider width of the control channel. The intersections, which are
marked by a cross [see Fig. 10(a)], indicate a closed (or off) po-
sition and the intersections, which are not marked by any cross,
indicate an open (or on) position. The circuit representation for
the microfluidic system shown in Fig. 10(a) [36] is depicted in
Fig. 10(b). Since the flow is pressure driven, only the fluidic cir-
cuit needs to be considered. The fluidic circuit represents the
flow layer and the intersections with valves are shown as elec-
trical switches. The resistances (or conductances) in the fluidic
circuit of Fig. 10(b) are the fluidic resistances of the channels
in the flow layer. The on–off position of the valves depends on
the gauge pressure in the control channel compared to the pres-
sure in the flow channel. Thus, the control layer is represented
in the fluidic circuit through its gauge pressure. In Fig. 10(b) the

pressure difference of the th control channel is represented by
“ ”. The notation “ ” is used because of the analogy between
electrical voltage and pressure. The on position of a switch [in
Fig. 10(b)] is represented by a vertical dash connecting two
consecutive resistances (e.g., “A0”) and the off position of a
switch is represented by a slanted dash causing a break between
two consecutive resistances (e.g., “B4”). The hydraulic conduc-
tances (or hydraulic resistances) can be modeled using the ap-
proach explained in Section III. The pressure actuated control
valves can be modeled as switches, which are considered “off”
if the pressure in the control channel is above the “threshold
pressure” and are considered “on” if the pressure in the control
channel is below the threshold pressure. The threshold pressure
can be computed from (44) shown at the bottom of the page
[38] where is the height of the flow channel, and are the
dimensions of the rectangular membrane acting as the valve,

is the rigidity of the membrane [given by (28)] and
is given by (27). Fig. 11(a) shows the simulated flow distribution
in the flow layer of the microfluidic circuit shown in Fig. 10(b).
A “plus” sign corresponding to a given flow channel indicates
that the flow is “on”; otherwise the flow is “off”. A cell associ-
ated with a given flow channel will receive fluid only if the flow
is on. The nonlinear variation of the threshold pressure with the
thickness of the membrane and with the dimension of the square
membrane can be utilized for optimizing the design of the flu-
idic switch. The CPU time to simulate the flow distribution for
the system shown in Fig. 10 was 16 s.

Fig. 11(b) shows the simulation result for an array of 60 126
chambers. Fluid is stored in the chambers based on the filling
mechanism described in Fig. 10 [36]. This result demonstrates

(44)
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Fig. 11. (a) Simulation of fluid flow through the microfluidic system shown in Fig. 10. The plus signs indicate presence of flow. (b) An example of large scale
integration, where the fluid is stored in a desired pattern in a microfluidic chip containing 60 � 126 chambers.

Fig. 12. The schematics of the microfluidic chip considered in the final example. The fluidic transport system represented on the south-west side of the chip is
duplicated on all the other sides.

that the fluid can be stored in any arbitrary pattern using large
scale integration of micro/nanochannels.

C. Example 3: Lab-on-a-Chip

In the final example we consider a lab-on-a-chip system (see
Fig. 12), which is designed based on the “Nanochip” reported

by Becker et al. [39]. The various chemical species are trans-
ported to the different modules on the chip from their sources
by using electrokinetic transport. One third of the channels
(marked as set in Fig. 12) perform the dual role of fluid
transport and passive mixing. Each channel in the set marked
as is designed as shown in Fig. 13 [31]. In this design,
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Fig. 13. The split channel design used for fluid transport in set A1 of the
microfluidic chip. This type of channel serves a dual purpose of transporting
and mixing. In this example, a split level of 3 has been used.

Fig. 14. The dependence of the effectiveness of the mixing (i.e., homogeneity
of the mixture) on the number of split levels used.

the characteristic dimension at a given level is half of that at
the previous level. As a result, in the case of diffusion domi-
nated mixing [40], the equilibration time for mixing decreases
at every level as the equilibration time for homogenous mixing
is proportional to the square of the characteristic dimension.
Thus, the molecular homogeneity of the sample being trans-
ported increases. In the simulations presented here, the number
of splitting levels is considered as a design parameter. Fig. 14
shows the dependence of the molecular homogeneity of the
mixture, , on the number of split levels. The mixing effec-
tiveness is defined as [21]:

(45)

where is the concentration at the th node, is the concen-
tration at the th node if the two streams (i.e., the sample and the
buffer streams) are perfectly mixed and is the concentration at
the th node if the two streams do not mix at all. The analytical
solution of the diffusion equation, obtained by the method of
separation of variables, provides the concentration variation in
the transverse direction. The mixing effectiveness, , ranges
from 0 to 1, with 1 indicating complete mixing and 0 indicating
no mixing.

The following parameters have been used for the results
shown in Figs. 14 and 15(a): (the potential

difference is applied between the start and the end of the
channel, e.g., in Fig. 13 it is applied between 0 and 11);

(the length of each split
level is kept constant (200 ) as the number of split levels
are changed); ;

; ; .
The concentration of species at the inlet of the transport
system is considered to be 0.1 mM.

Electrophoretic separation and electrokinetic transport is the
governing mechanism through the set of channels marked as

(in Fig. 12), while electrokinetic transport is the governing
mechanism through the set of channels marked as . The
species in set (say ) is transported to the detection module

, where it reacts with species (already present in the
detection chamber) to produce species , which can be used
for off-chip detection. The reaction model given in (33) to (35)
has been used to simulate the reaction between species and
to produce species . The initial condition corresponds to zero
moles of and and one mole of species in the reaction
chamber . A second order forward reaction is considered
for this reaction chamber (i.e., ). Therefore, the backward
reaction rate is considered to be zero. A forward reaction rate
of has been considered. Fig. 15(a) shows
the variation in the rate of formation of species with time
for different applied potentials. If the minimum concentration
of species required for detection is known (say 1 mM as
considered in this case), then one can predict the detection time
from the simulation results or one can design the chip to meet
a specific detection time.

The chambers at the inlet of channels consists of two
chemical species, and . The chemical species is the
useful reactant which reacts with the chemical species
(transported through the channels ) in the reactor module
( in Fig. 12), where they undergo a second order reversible
chemical reaction to produce another chemical specie, . The
reaction model given in (33) to (35) has been used for simu-
lating the reaction between species and to produce species

. The initial condition corresponds to zero moles of , and
in the reaction chamber . The following parameters have

been used for this phase:
; ;

; ;
. At the inlet of the

transport system, the concentration of species is considered
to be 20 mM, and the concentrations of species and
are considered to be 50 mM. Fig. 15(b) shows the effect
of different number of input ports on the variation of the
concentration of with time. In Fig. 12 the number of input
ports per species is 5. Fig. 16 shows the dependence of the
separation ratio (taking place in the set “A2”) on the ratio of
the electrophoretic mobility of the species (in this case, the
ratio of the electrophoretic mobility of species to that of
species ) being separated. The separation ratio is the ratio
of the flux of species to that of species . The applied
potential difference is 100 V for this case. A time step of 0.1
s has been used for this case. The CPU time to do a transient
analysis of the complete system (shown in Fig. 12) for 500 s
was of the order of 10 min.
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Fig. 15. (a) Concentration (of species C) versus time for various applied potentials. (b) Concentration (of species F ) versus time for different numbers of input
ports per side of the microfluidic chip.

Fig. 16. The dependence of separation ratio (taking place on set “A2” in
Fig. 12) on the ratio of the electrophoretic mobility of the species being
separated.

V. CONCLUSION

An advanced compact model for fluidic transport in microflu-
idic systems is presented. The new circuit/compact model for
the fluidic transport accounts for a number of additional ele-
ments (such as capacitors to account for the electrical double
layer and models for no-slip flow), that were neglected in the
model presented earlier by Qiao et al. [7]. As a result, the cir-
cuit model presented in this paper can capture the physics of the
fluidic transport process in much greater detail. In the results
section, we have demonstrated the advantages of including the
capacitance in the circuit model and the use of the no-slip flow
fluidic circuit model for nanometer scale channels, where the
Debye length is significant compared to the channel depth. We
have also presented device models for other significant mod-
ules, such as chemical reaction chambers and separation chan-
nels, and discussed the integration of the device models with the

circuit models for analysis of micro-TAS. The results obtained
from the circuit/device model show very good agreement with
the experimental results and previously published simulation re-
sults [7], [33], [36]. The complete analysis of the lab-on-a-chip
considered in the final example underscores the practical advan-
tages of the combined circuit/device model, which can simulate
the entire system much faster than a full scale model. The com-
bined circuit/device model presented in this paper can be used
to simulate and design future generation very large scale inte-
grated (VLSI) micro/nano-fluidic chips.
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