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Complex Nonlinear Oscillations in Electrostatically
Actuated Microstructures
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Abstract—In this paper, new nonlinear dynamic properties of
electrostatically actuated microstructures [referred to as electro-
static microelectromechanical systems (MEMS)] observed under
superharmonic excitations are presented using numerical simula-
tions. Application of a large dc bias (close to the pull-in voltage of
the device) is found to bring the device to a nonlinear state. This
nonlinear state (referred to as “dc-symmetry breaking”) can be
clearly observed from the characteristic change in the phase-plot
of the device. Once a steady nonlinear state is reached, applica-
tion of an ac signal at the th superharmonic frequency with an
amplitude around “ac-symmetry breaking” gives rise to oscil-
lations per period or -cycles in the MEM device. “ac-symmetry
breaking” can also be observed by a characteristic change in the
phase-plot of the device. On further increasing the ac voltage, a
period doubling sequence takes place resulting in the formation of
2 -cycles in the system at the th superharmonic frequency.
An interesting chaotic transition (banded chaos) is observed during
the period doubling bifurcations. The nonlinear nature of the elec-
trostatic force acting on the MEM device is found to be responsible
for the reported observations. The significance of the mechanical
and the fluidic nonlinearities is also studied. [1630]

Index Terms—Chaos, complex oscillations, microelectro-
mechanical systems (MEMS), nonlinear dynamics, period dou-
bling, superharmonic excitation.

I. INTRODUCTION

NONLINEARITIES in microelectromechanical systems
(MEMS) can arise from various sources such as spring

and damping mechanisms [1], [2] and resistive, inductive,
and capacitive circuit elements [3]. Surface and fluidic forces
[4], [5] can also be other sources of nonlinearity. However,
the inherent source of nonlinearity in electrostatic MEMS is
the nonlinear coupling between the electrostatic force and
the displacement of the MEM structure [6]. This nonlinearity
has been shown to give rise to various interesting dynamic
phenomena in electrostatic MEMS like spring hardening/soft-
ening and jump phenomenon in beams [6], [7], hysteresis
and nonlinearity in resonant strain gauges [8], and parametric
resonance in microelectromechanical probes [9]. The existence
of the period doubling route to chaos at resonant excitation
has been observed for a bistable MEM device in [4] both
experimentally and theoretically. Chaotic motion was also
observed in [10] for a MEM cantilever beam under both open-
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and closed-loop control. Nonlinear dynamics and chaos in
electrostatic MEMS can be exploited for various applications
like chaotic microfluidic mixers [11], secure communications
[4], MEMS filters with shiftable resonant frequencies [2], etc.
As a result, it is important to properly identify and analyze the
nonlinear/chaotic regions in MEMS.

In this paper, a methodology is first presented to identify the
nonlinear/chaotic region in electrostatic MEMS. The method-
ology, which is based on the change in the characteristics of
the phase-plot of the system, can be applied for both experi-
mental and theoretical investigations of any electrostatic MEM
device. The concept of symmetry breaking as a prerequisite for
period doubling bifurcations [12] is extended for electrostatic
MEMS in this methodology. Two different symmetry break-
ings, namely, the “dc-symmetry breaking” and the “ac-sym-
metry breaking,” are shown to give rise to period doubling bi-
furcations leading to chaos. The proposed methodology and the
two symmetry breaking concepts are verified from the numer-
ical simulations of different MEM devices. As an illustration,
we show that the period doubling route to chaos [13] can be ob-
served in popular MEM devices like a fixed-fixed beam and a
micromirror when the two symmetry breakings are present.

New nonlinear dynamic properties of electrostatic MEMS
under superharmonic excitations are also presented in this paper
using numerical simulations. Beyond “dc-symmetry breaking,”
applying an ac voltage with an amplitude slightly greater than the
“ac-symmetry breaking” voltage and at the th superharmonic
frequency of excitation results in the formation of oscillations
per period or -cycles. On further increasing the ac voltage, a
period doubling sequence takes place resulting in the formation
of -cycles in the system, where corresponds to the th
period doubling bifurcation in the sequence. The system goes to
chaos on further increasing the acvoltageand ultimately dynamic
pull-in takes place. The period doubling bifurcations are investi-
gated in detail to reveal the presence of a chaotic transition during
the bifurcation process. A region of banded chaos is observed
during the formation of a 2 -cycle from a 2 -cycle. Pre-
liminary results on the formation of -cycles and 2 -cycles
in electrostatic MEMS have been presented by the authors in
a recent letter [14]. In this paper, more extensive analysis and
results are presented considering different MEM devices.

A mass-spring-damper (MSD) model for electrostatic MEMS
is considered to understand the physical mechanism behind the
complex oscillations and the period doubling route to chaos in
MEMS. The MSD model is analyzed using the harmonic bal-
ance method to understand the formation of -cycles at the

th superharmonic frequency of excitation. A closed-form ex-
pression for the amplitudes of the different frequency compo-
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Fig. 1. Illustration of coupling in electrostatic MEMS through an example—a fixed–fixed beam over a ground plane. (a) Applied voltage gives rise to electrostatic
pressure on the beam which is also subjected to ambient fluid pressure at t = 0. (b) The deformed structure with the various forces acting on it for t > 0.

nents in the response of the system is obtained from the har-
monic balance method and used to explain the formation of

-cycles. The effect of the other nonlinear forces, namely, the
mechanical stiffness force and the fluid damping force, on the
reported observations is also studied.

The rest of this paper is outlined as follows. Section II
presents the theory of MEMS dynamics, where physical
models for the different energy domains present in the system
and a reduced-order mass-spring-damper model for MEMS
are discussed. Section III presents numerical simulation results
(using the physical models) on the new nonlinear dynamic
properties of electrostatic MEMS for different MEM devices.
Analysis of the observations reported in Section III is done in
Section IV using both the mass-spring-damper model and the
physical models. Conclusions are presented in Section V.

II. THEORY OF MEMS DYNAMICS

Electrostatic MEMS dynamics is governed by coupled
electrical, mechanical and fluidic (electromechanical-fluidic)
energy domains. Fig. 1 shows a typical MEM device—a de-
formable fixed–fixed beam over a fixed ground plane/electrode.
This device and the other MEM device considered in this paper,
a micromirror, are characterized by a thin film of air in between
the electrodes. We will explain the coupling among the three
energy domains by considering the example shown in Fig. 1,
but the discussion is applicable to the micromirror and other
MEM devices as well. Considering Fig. 1, at , a potential
difference is applied between the two conductors (the beam
and the ground electrode) which induces electrostatic charges
on the surface of the conductors. The distribution of electro-
static charges on the surface of the conductors depends on
the relative position of the two conductors. These electrostatic
charges give rise to electrostatic pressure, which acts normal
to the surface of the conductor as shown in Fig. 1(a). The
ambient fluid pressure also acts on both sides of the beam as
shown in Fig. 1(a) at . When the beam deforms due to the
electrostatic pressure, the charge redistributes on the surface of
the conductors and consequently, the electrostatic pressure field
changes. At the same time, the displacement of the fluid/air in
between the electrodes due to the deformation of the beam gives
rise to squeeze film damping. The electrostatic pressure and the
squeeze film damping pressure acting on the lower side of the
beam and the ambient fluid pressure acting on the top surface

of the beam together cause the beam to deform to a state where
they are balanced by the internal stiffness and inertial forces at
that time instant [see Fig. 1(b)]. The stiffness force depends on
the displacement of the beam at the given time instant and on
the material properties of the beam. The inertial force depends
on the acceleration of the beam at that time instant and on the
density of the beam. The fluid pressure due to squeeze film
damping depends on the velocity and position of the beam with
respect to the ground electrode at the time instant. In summary,
at each time instant, the inertial, stiffness, electrostatic, and
fluidic damping forces need to be computed, and the position
of the beam is obtained by considering the balance of all the
forces. The physical models to compute the various forces are
described next.

A. Physical Models

The physical models for coupled electromechanical-fluidic
analysis of MEMS dynamics are presented in this section. The
mechanical deformation of the MEM structure can be computed
by a two-dimensional (2-D) large deformation elastic analysis
of the microstructure. The transient governing equations for an
elastic body using a Lagrangian description are given by [15]

in (1)
on (2)
on (3)
in (4)
in (5)

Equation (1) is the governing equation where is the material
density in the undeformed (initial) configuration, is the defor-
mation gradient, and is the second Piola–Kirchhoff stress. ,

, and are the displacement, velocity, and acceleration vec-
tors, respectively. Equations (2) and (3) are the displacement
and the surface traction boundary conditions, respectively. is
the prescribed displacement and is the unit outward normal
vector in the initial configuration. is the surface traction on
the structure due to the electrostatic and fluid pressures and
is the first Piola–Kirchhoff stress tensor. Equations (4) and (5)
are the initial conditions for displacement and velocity, respec-
tively. and are the initial displacement and velocity, re-
spectively. A Newmark scheme with an implicit trapezoidal rule
(see, for example, [16] for details) is used to solve the nonlinear
dynamical system posed in (1)–(5). Numerical discretization is



DE AND ALURU: COMPLEX NONLINEAR OSCILLATIONS IN ELECTROSTATICALLY ACTUATED MICROSTRUCTURES 357

Fig. 2. Structural and fluidic domains for Reynold’s squeeze film damping analysis.

done by using the finite cloud method (FCM) (see [17]–[19] for
details on FCM and the accuracy of the method).

The 2-D governing equation for the electrostatic analysis can
be written in a boundary integral form in the Lagrangian frame
(see [20] for details)

(6)

(7)

(8)

where is the dielectric constant of the medium, is the electro-
static potential, and is the electrostatic surface charge density.

and are the source and field points in the initial configura-
tion corresponding to the source and field points and in the
deformed configuration, and is the Green’s function. In two
dimensions, , where

is the distance between the source point and
the field point . is the total charge of the system and
is an unknown variable which can be used to compute the poten-
tial at infinity. is the tangential unit vector at field point
and is the Green deformation tensor. Equations (6)–(8)
are solved using the boundary cloud method (BCM) (see [21]
and [22] for details on BCM and the accuracy of the method) to
obtain the distribution of surface charge density on the con-
ductors. The electrostatic pressure normal to the surface of the
conductors is given by

(9)

Reynold’s squeeze film equation (RSFE) is used to compute
the fluid/air damping pressure acting on the MEM structure.
RSFE is applicable for structures where a small gap between
two plates opens and closes with respect to time [23]. This
assumption holds for structures where the seismic mass moves
perpendicular to a fixed wall, for plates with tilt around hor-
izontal axes and for clamped beams where the flexible part
moves against a fixed wall [24], [25], as shown in Fig. 2. Under
the assumption of a small Reynolds number and a sufficiently
large ratio of structure length to fluid film (air in this case)
thickness , the Navier–Stokes equation can be approximated
by the much simpler Reynolds equation [26]. The isothermal

Reynold’s squeeze film equation for a compressible slip flow
is given by [25], [27]

(10)

where is the gap between the movable structure and the ground
electrode of the MEM device (same as the fluid film thickness),

is the fluid pressure under the structure, and is the viscosity
of the surrounding fluid. is the Knudsen number,
where is the mean free path of the surrounding fluid. The mean
free path is related to the ambient temperature and pressure by
the relation [28]

(11)

where is the Boltzmann’s constant, is the absolute temper-
ature, is the ambient pressure, and is the collision diameter of
the fluid molecules ( for air [28]). The fluid domain,
where the Reynold’s squeeze film equation is solved, is the pro-
jection of the MEM structure on the plane (ground plane)
[25] as shown in Fig. 2. As the moving structure deforms due
to the application of an external electric field between it and the
ground plane, the projected fluid domain also changes. Hence,
a Lagrangian form of (10) is developed

(12)

where , are the coordinates of the fluid domain corre-
sponding to the undeformed state of the movable structure
and is the deformation of the movable structure in the
direction. As the 2-D mechanical equations are solved in the

domain, mechanical deformation and its variation in
the direction are assumed to be zero. The fluid pressure

obtained from (12) is integrated along the -direction to
compute an effective fluid pressure , which is applied as
a boundary condition in the 2-D mechanical analysis in the

domain [25].
The effective fluid pressure from the fluidic analysis

and the electrostatic pressure obtained from the electrostatic
analysis are used to compute in (3) using

(13)



358 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 15, NO. 2, APRIL 2006

Fig. 3. MEMS torsion mirror [32].

where . A self-consistent solution of the coupled
electromechanical-fluidic analysis at each time step is obtained
using a Newton method.

B. Mass-Spring-Damper Model

Although numerical simulations (coupled electromechanical-
fluidic analysis) using the physical models for the different en-
ergy domains give accurate results (when compared with exper-
imental data), it is easier to understand the physics behind the
nonlinear dynamic properties of electrostatic MEMS through a
simpler mass-spring-damper model. An MSD model for elec-
trostatic MEMS dynamics is given by [10], [29]

(14)

where is the mass of the movable structure, is the squeeze
film damping constant, is the stiffness constant of the struc-
ture, and is the displacement of the movable structure. The an-
alytical expression for the electrostatic force depends on the
gap in the undeformed state between the microstructure and
the ground electrode, the area of the microstructure surface
facing the ground electrode, and the applied voltage . The
series expansion of indicates that the MSD model is sim-
ilar to the Duffing equation [30] having higher order terms of

with time-varying coefficients. Nonlinearities in the mechan-
ical stiffness and fluid damping forces (present in the physical
models) are neglected in the MSD model. The inertial, stiff-
ness, and damping forces on the left-hand side of (14) are all
linearized. The only source of nonlinearity in the MSD model
is from the nonlinear expression of the electrostatic force in
terms of the displacement . As a result, the MSD model has
been primarily used to explain the effect and the significance of
the electrostatic force in MEM dynamics later in this paper.

C. Validation of Physical Models

The coupled electromechanical analysis of MEMS dynamics
in the absence of any fluid damping has already been validated in
[31]. In this paper, the coupled electromechanical-fluidic anal-
ysis using the physical models for the different energy domains
discussed above is validated. This is done by comparing the res-
onant frequency and the damping ratio/Q-factor obtained from
the numerical simulation of the physical models with exper-
imental data for two different MEM devices. Numerical dis-
cretization errors are minimized by using fine point distributions

Fig. 4. Frequency response curve of the MEMS torsion mirror [32].

and small time steps (the adequacy of the point distribution and
the time step is checked by the convergence of the solution) in
all the examples.

The first device is a MEMS torsion mirror [32] shown in
Fig. 3. The mirror plate is 1500 m long, 1400 m wide, and
3 m thick. Four 150- m-long electrodes (of negligible thick-
ness) are attached to the mirror plate and the ground plane. The
distance from the center of the electrodes on the mirror to the
center of the mirror is 505 m. The gap between the mirror and
the ground plane is 42 m. kgm is the mo-
ment of inertia of the mirror and Nm/rad is the
torsional stiffness of the mirror. An external torque

Nm, where is the frequency in hertz applied
in the absence of any electrode voltages to the torsion mirror at
1 atm ( Pa). The viscosity is kg/ms
and the mean free path for air is computed from (11) at 1 atm
and 293 K. A time step of 50 s is used in the simulations.

The frequency response curve of the torsion mirror under
the external torque is shown in Fig. 4. The resonant fre-
quency and the damping ratio ( is the quality
factor) of the mirror is found to be 1.41 kHz and 0.20, respec-
tively, from the simulations. The corresponding experimental
values are 1.59 kHz for the resonant frequency and 0.19 for the
damping ratio. The simulated and experimental damping ratio
(which primarily depends on the geometry and the ambient pres-
sure) match well. However, there is some difference between the
simulated and experimental resonant frequency. This can be at-
tributed to the fact that the mirror surface is assumed to be rigid
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Fig. 5. Variation in the damping ratio of a MEM cantilever beam [33] with
ambient pressure: simulation and experimental data.

in the simulations thereby neglecting any elastic deformation
effect of the surface [32]. Experimental measurements can also
have errors.

The second device is a MEM cantilever beam [33] of dimen-
sions: length m, width m, and thickness

m. The gap between the ground plane and the beam
is m. The material properties of the cantilever beam are
Young’s modulus GPa, density kg/m , and
Poisson’s ratio . The viscosity kg/ms
for air. The mean free path for air at the various pressures is
computed from (11). A small dc bias of 1 V along with a small
sinusoidal ac voltage of 0.5 V is applied to the device to ob-
tain the frequency response/damping ratio at different ambient
pressures. The time step used in the simulations is 1 s. The res-
onant frequency of the device in vacuum from experiment [33]
is 30 kHz, which agrees very well with the numerically simu-
lated resonant frequency of 30.4 kHz in this paper. Fig. 5 shows
the variation in the damping ratio of the MEM cantilever beam
(both from numerical simulations and experimental data) with
the ambient pressure. The error between the numerical simula-
tions and the experimental data [33] is within 3%.

Experimental observation of period doubling and chaos at
resonant excitation in a MEMS bistable switch has been re-
ported in [4]. These experimental results are next compared
with the simulation results obtained using our coupled electro-
mechanical-fluidic solver. Fig. 6 shows the schematic diagram
of the complex MEMS bistable switch (see [4] and [34] for de-
tails). The switch is supported by six mechanical springs, four
of which are type A and two are type B. Type A springs are
200 m long and 1.8 m wide and type B springs are 300 m
long and 1.8 m wide. The central mass is 1260 m by 80 m
and the trusses on which the fingers are placed are 180 m by
10 m. The fingers are 8 m long and 2 m wide, and the gap
between successive fingers is 10 m. The thickness of the whole
structure is 12 m. There are 640 movable fingers total with 20
on each truss. The orientation of the stationary fingers (darker
shade) and the voltages applied ( and ) on the electrodes
are also shown in Fig. 6. An Young’s modulus of GPa,
density kg/m and Poisson’s ratio are used

for simulating the silicon switch. The time step used in the sim-
ulations is 1 s. Period doubling and chaos was observed exper-
imentally in the device [4] when the voltages were of the form

and
( is the resonant frequency). In [4], normal small oscillations
were observed experimentally under the following conditions:

V and V and kHz (which
is the resonant frequency of the device).

Fig. 7 shows the numerical simulation results under iden-
tical conditions where normal small oscillations are observed as
well. Period doubling was observed in [4] when V,

V, V, and kHz. Period doubling
is observed under identical conditions in our numerical simula-
tions but only at a slightly higher ac voltage of 0.8 V as shown
in Fig. 8. This difference between the experimental and sim-
ulated ac voltages can be expected since period doubling and
chaos are highly sensitive phenomena and can vary drastically
for minute changes in geometry, material properties, and applied
voltages. Besides, some errors in the experimental measure-
ments are also possible under such conditions. Experimentally,
chaos was observed in the MEMS bistable switch under the fol-
lowing conditions: V, V, V,
and kHz. Fig. 9 shows the numerical simulation re-
sults under identical conditions where chaos is observed as well.
From these comparisons, it can be concluded that the coupled
electromechanical-fluidic solver using the physical models for
the different energy domains discussed in Section II-A can sim-
ulate the chaotic/period doubling responses in real MEMS de-
vices with good accuracy.

III. NONLINEAR DYNAMIC PROPERTIES OF MEMS

Numerical simulations using the coupled electromechanical-
fluidic physical models are performed to present new nonlinear
dynamic properties of electrostatic MEMS. The transition to
chaos through the period doubling route [13] under superhar-
monic excitations and normal atmospheric conditions are inves-
tigated in this section. Two different MEM devices are consid-
ered to present the new properties. The first example is a silicon
fixed–fixed beam ( m, m, and m) 1 m
over a ground plane. The second example is the MEMS torsion
mirror presented in Section II-C. The time step used in the sim-
ulations presented here is 1/50 (50 simulation points per time
period), where is the frequency of the applied voltage or the
resonant frequency if the applied voltage is a dc bias, for all the
devices.

A. DC and AC Symmetry Breakings

The dc and ac symmetry breakings reported here are geomet-
rical changes that take place in the phase-plots of the device
with the variation in the dc and the ac voltages, respectively.
An orbit (path traversed by the device in the phase-plot) is con-
sidered symmetric if it is symmetric with respect to both the
axes in the phase plots. However, if the orbit is not symmetric
with respect to any one or both the axes, then this is considered
to be symmetry breaking (a geometrical change) [12]. When a
dc bias is applied between a MEM structure (e.g., a beam or a
mirror) and the ground electrode, in the absence of any ac signal,
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Fig. 6. MEMS bistable switch [4].

Fig. 7. Simulated normal small oscillations under the following conditions:
V = V = 28 V, V = 0:5 V, and f = 6 kHz.

the structure oscillates and finally comes to a steady deformed
state due to the presence of fluid damping. As a result, sym-
metry breaking in this case takes place if the phase plot does
not spiral inward in a symmetric fashion with respect to the two
axes. Figs. 10 and 11 show the displacement-velocity
and the displacement-acceleration phase-plots for the
fixed–fixed beam for a small dc bias of 30 V (dynamic pull-in
occurs at 73 V dc) and a large dc bias of 71 V (close to dy-
namic pull-in), respectively. Thirty-volt dc does not exhibit any
symmetry breaking (spirals inward in a symmetric fashion) in
the plot or bending (spirals inward following a straight
line) in the plot indicating it to be a linear state. For a
large dc bias (71 V), symmetry breaking in the plot and
bending in the plot are observed. This symmetry breaking

Fig. 8. Time series and Poincaré map of the simulated period doubling in the
MEMS bistable switch under the following conditions: V = 30 V, V =

28:5 V, V = 0:8 V, and f = 6 kHz.

is termed as the “dc symmetry breaking” in this paper. The non-
linearity in the system in the deformed state due to the dc bias
can be determined by examining if dc symmetry breaking has
taken place or not. The fixed–fixed beam MEM device exhibits
dc symmetry breaking from around 69 V to dynamic pull-in at
73 V. The system is in a nonlinear state once the dc symmetry
breaking occurs. Spring softening (a decrease in the natural fre-
quency of the structure) also indicates this nonlinearity. Similar
observations are made for the MEMS torsion mirror. dc sym-
metry breaking in the mirror is observed between 133 V to dy-
namic pull-in at 142 V dc.

Once the microstructure reaches a stable nonlinear state ex-
hibiting dc symmetry breaking, it is excited with an ac voltage
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Fig. 9. Time series and Poincaré map of the simulated chaos in the
MEMS bistable switch under the following conditions: V = 29:6 V,
V = 29:4 V, V = 1:3 V, and f = 6 kHz.

Fig. 10. Phase plots for the fixed–fixed beam at a small dc bias (30 V): no dc
symmetry breaking.

Fig. 11. Phase plots for the fixed–fixed beam at a large dc bias close to pull-in
(71 V): dc symmetry breaking.

with frequency , where is the reso-
nant frequency of the microstructure at the applied dc bias and

Fig. 12. Phase plots of the steady period response of the fixed–fixed beam at
a small ac voltage (1 V): no ac symmetry breaking.

Fig. 13. Phase plots of the steady period response of the fixed–fixed beam at
a large ac voltage (3 V): ac symmetry breaking.

is a natural number. The phase plots for steady-state periodic
response of the structure under the ac signal and the dc bias are
studied. As is increased, a second symmetry breaking in the

plot and a corresponding bending in the plot are ob-
served. This symmetry breaking is termed as the “ac-symmetry
breaking” in this paper. Figs. 12 and 13 show the and the

phase plots of the steady period response of the fixed-fixed
beam for two different ac voltages under the large (71 V) dc bias
at . The resonant frequency is KHz at 71 V dc.
No ac symmetry breaking and bending is observed for a small
ac signal of 1 V in Fig. 12, whereas ac symmetry breaking and
bending is observed for an ac signal of 3 V in Fig. 13. The ge-
ometrical symmetry of the orbit is broken along the axis in
Fig. 13. The ac pull-in voltage at the 71 V dc bias is 4.27 V.
Figs. 14 and 15 show the similar phase plots of the mirror for
two different ac voltages under a large (141 V) dc bias at .
The resonant frequency is Hz at 141 V dc for the
mirror. The 0.5 V ac does not exhibit any ac symmetry breaking,
whereas a large 3 V ac (ac pull-in takes place at 3.85 V ac) ex-
hibits ac symmetry breaking. The geometrical symmetry of the
orbit is broken along both the axes in Fig. 15.
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Fig. 14. Phase plots of steady period response of the mirror at a small ac
voltage (0.5 V): no ac symmetry breaking.

Fig. 15. Phase plots of steady period response of the mirror at a large ac voltage
(3 V): ac symmetry breaking.

Symmetry breaking in the phase plot has been shown as a
prerequisite for the period doubling route to chaos in dynamical
systems [12]. In this paper, it is shown that once a MEM de-
vice is in a region beyond the two symmetry breakings, namely,
the dc and the ac symmetry breakings, interesting dynamical
properties are observed. However, under certain operating con-
ditions, it is possible that just one of the symmetry breakings
may also lead to similar observations. These observations are
discussed in the following sections.

B. Complex Oscillations: -Cycles

On further increasing the ac voltage beyond the ac symmetry
breaking point, oscillations per period or -cycles are ob-
served for an excitation frequency of . Numerical simula-
tions for the fixed–fixed beam are done for different values of

. A 71 V dc bias is first applied to bring the device to a non-
linear steady-state exhibiting dc symmetry breaking (Fig. 11).
An ac voltage at an excitation frequency of is next ap-
plied for different values of . Figs. 16–21 show the -cycles
formed for , 2, 3, 4, 5, and 7 in the fixed–fixed beam
as the ac voltage is gradually increased from the ac symmetry

Fig. 16. A one-cycle oscillation for M = 1 in the fixed–fixed beam at 4 V ac.
Time period T = t = 1:13 �s.

Fig. 17. A two-cycle oscillation for M = 2 in the fixed–fixed beam at 5.9 V
ac. Time period T = 2t = 2:26 �s.

Fig. 18. A three-cycle oscillation for M = 3 in the fixed–fixed beam at 5.9 V
ac. Time period T = 3t = 3:39 �s.

breaking value in each case. Up to eight-cycle oscillations are
observed in the fixed–fixed beam MEM device. The formation
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Fig. 19. A four-cycle oscillation for M = 4 in the fixed–fixed beam at 6.2 V
ac. Time period T = 4t = 4:52 �s.

Fig. 20. A five-cycle oscillation for M = 5 in the fixed–fixed beam at 6.2 V
ac. Time period T = 5t = 5:65 �s.

Fig. 21. A seven-cycle oscillation for M = 7 in the fixed–fixed beam at 6.2 V
ac. Time period T = 7t = 7:91 �s.

of the -cycle oscillations at an excitation frequency of
is analyzed mathematically by applying the harmonic balance
method on the MSD model given by (14). This is presented in
Section IV-A, and the reason for the absence of very high order
cycles is also discussed. -cycle oscillations are also observed
in the MEMS torsion mirror for a dc voltage in the dc sym-
metry breaking region and for an ac voltage in the ac symmetry
breaking region when the frequency of excitation is 1 th of
the resonant frequency.

The successive emergence of -cycles ( )
with the variation of the excitation frequency in the superhar-
monic region for electrostatic MEMS is similar to the period-
adding phenomena observed in other systems like nonlinear
electrical circuits [35], optogalvanic circuits [36], and neuron
cells [37]. While we have observed up to eight cycles, up to 15
cycles were observed in the Rose–Hindmarsh model for neuron
cell activity in [37]. While the period-adding phenomenon was
observed in [35] by tunning the capacitor in the circuit and in

Fig. 22. Time series and phase plot for the n = 1 (6.2 V ac) period doubling
bifurcation of the fixed–fixed beam MEM device at M = 2. Time period T =

2 Mt = 4t = 4:52 �s.

Fig. 23. Time series and phase plot for the n = 2 (6.32 V ac) period doubling
bifurcation of the fixed–fixed beam MEM device at M = 2. Time period T =

2 Mt = 8t = 9:04 �s.

[36] by varying the voltage, in our case the frequency of the ac
voltage is varied to observe the -cycles.

C. Period Doubling and Chaos: 2 -Cycles

On further increasing the ac voltage at which -cycles are
formed in the MEM device, a period doubling sequence is ob-
served ultimately leading to chaos. The period doubling bifur-
cations result in the formation of 2 -cycle oscillations for an
original -cycle oscillation. corresponds to the th period
doubling bifurcation in the sequence. The phase plots for the
period doubling sequence for the two-cycle oscillation formed
at (see Fig. 17 for ) for the fixed–fixed beam are
shown in Figs. 22–24 for and at 6.2, 6.32, 6.34,
and 6.35 V ac, respectively. The existence of chaos at 6.35 V ac
is validated by the computation of the largest Lyapunov expo-
nent of the system using the software package TISEAN [38].
A positive value of is obtained at 6.35 V ac. The time
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Fig. 24. The n = 3 (6.34 V ac) and n = 1 (6.35 V ac) (chaos) period
doubling bifurcations of the fixed–fixed beam MEM device atM = 2.

Fig. 25. The n = 1 (6.22 V ac) and n = 2 (6.25 V ac) period doubling
bifurcations of the fixed–fixed beam MEM device atM = 4.

series data from the numerical simulation at 6.35 V ac are used
in TISEAN for the computation of .

Figs. 25 and 26 show the phase plots for the period doubling
sequence for the four-cycle oscillation formed at for the
fixed–fixed beam (see Fig. 19 for ) for and

at 6.22, 6.25, 6.254, and 6.262 V ac, respectively. A positive
value of is obtained for the chaotic state at 6.262 V
ac using TISEAN and the time series data. The sequence of pe-
riod doubling bifurcations leading to chaos through the forma-
tion of 2 -cycles is also observed for the other values of in
the fixed–fixed beam MEM device. The -cycle formed at the

th superharmonic frequency is responsible for the formation
of the 2 -cycles (through period doubling bifurcations) and
is explained here considering the two-cycle oscillation shown in
Fig. 17. The two-cycle oscillation consists of two peaks (sepa-
rated by time ) in the time-displacement plot for a single voltage
cycle of time period , as shown in Fig. 17. is the time
period corresponding to resonant excitation of both
the displacement and the voltage as shown in Fig. 16. When the
first period doubling bifurcation takes place , the dis-
placement repeats itself after every two voltage cycles thereby

Fig. 26. The n = 3 (6.254 V ac) and n = 1 (6.262 V ac) (chaos) period
doubling bifurcations of the fixed–fixed beam MEM device atM = 4.

Fig. 27. Phase plot and Poincaré map for the n = 1 (141 V dc, 3.7901 V ac)
period doubling bifurcation of the MEMS torsion mirror atM = 1.

giving rise to period doubling. However, each voltage cycle still
consists of a two-cycle oscillation as shown in Fig. 22. As a re-
sult, the total number of cycles/peaks per period in the time-dis-
placement plot is 2 after the first period doubling bifurca-
tion. Consequently it can be seen that at the th period doubling
bifurcation, the total number of cycles/peaks per period is 2 .

The period doubling route to chaos at for the MEMS
torsion mirror is shown in Figs. 27–30 at 141 V dc bias (in the dc
symmetry breaking region). AC symmetry breaking at 141 V dc
for the mirror takes place at around 3 V ac (see Fig. 15). The pe-
riod doubling bifurcations corresponding to and
take place at 3.7901, 3.7951, 3.7973, and 3.7999 V ac, respec-
tively. The phase plots and the corresponding Poincaré maps are
shown in Figs. 27–30. From the results presented in this sec-
tion, we observe that when dc and ac symmetry breakings are
present, chaos sets through the period doubling route in electro-
static MEMS.

D. Banded Chaos

The period doubling bifurcations are found to take place in
a chaotic manner in the MEM devices. Fig. 31 shows the for-
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Fig. 28. Phase plot and Poincaré map for the n = 2 (141 V dc, 3.7951 V ac)
period doubling bifurcation of the MEMS torsion mirror atM = 1.

Fig. 29. Phase plot and Poincaré map for the n = 3 (141 V dc, 3.7973 V ac)
period doubling bifurcation of the MEMS torsion mirror atM = 1.

mation of period 2 from period 1 in the MEMS torsion mirror
at in a sequence, with increasing ac voltage (3, 3.777,
3.78, 3.7901 V). Period 1 gives rise to a one-band chaotic at-
tractor, which in turn gives rise to a two-band chaotic attractor.
The two-band chaos in turn collapses to a stable period 2 orbit.
This observation is made for the other superharmonic excita-
tions as well. The largest Lyapunov exponent is found to be pos-
itive during this period doubling, indicating a chaotic transition.
Fig. 32 shows the formation of period 4 from period 2 for the
MEMS torsion mirror. Period 2 becomes a two-band chaotic at-
tractor which in turn transforms to a four-band chaotic attractor
that finally collapses to form a period 4 attractor. The ac volt-
ages are 3.7901, 3.7936, 3.7938, and 3.7951 V, respectively. The
formation of banded chaos is observed for the period doubling
bifurcations with other values of as well, but the region of
banded chaos becomes extremely small for higher values of
and hence difficult to capture.

E. Potential Applications

The various applications of chaos in electrostatic MEMS dis-
cussed in Section I were all limited to the resonant excitation

Fig. 30. Phase plot and Poincaré map for the n =1 (141 V dc, 3.7999 V ac)
period doubling bifurcation of the MEMS torsion mirror atM = 1.

Fig. 31. Poincaré maps for transition from period 1 (3 V ac) to period 2
(3.7901 V ac) through one-band (3.777 V ac) and two-band (3.78 V ac) chaos
in the mirror.

Fig. 32. Poincaré maps for transition from period 2 (3.7901 V ac) to period
4 (3.7951 V ac) through two-band (3.7936 V ac) and four-band (3.7938 V ac)
chaos in the mirror.
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of the devices. In this paper, we have shown the existence of
chaos in MEMS under superharmonic excitations. As a result,
the range of the operating frequencies for chaotic applications
can now be increased to include superharmonic excitations. The
use of superharmonic excitation can also eliminate drawbacks
of resonant excitations like crosstalk/parasitic-signals [9]. In ad-
dition, MEM devices that exhibit complex oscillations (e.g.,

-cycles and 2 -cycles) can be used as reference oscillators
in communications applications [39] as a single device can now
give several output frequency responses. MEM devices with
complex oscillations can also find interesting audio/video/en-
tertainment applications and as mixers and filters [40].

IV. ANALYSIS OF THE NONLINEAR DYNAMIC PROPERTIES

The nonlinear dynamic properties of electrostatic MEMS
presented in Section III using the coupled electromechan-
ical-fluidic physical models are analyzed in this section. The
physical mechanism behind the formation of -cycles and
2 -cycles is understood by considering the three sources
of nonlinearity present in the system separately. These three
sources of nonlinearity are electrostatic, mechanical, and fluidic
forces. In this regard, the MSD model presented in Section II-B
(14) is very helpful as this model considers the electrostatic
force as the only source of nonlinearity and neglects the
nonlinearities in the mechanical and fluidic forces. The MSD
model is applied to the fixed–fixed beam MEM device. The
parameters in the MSD model , , and can be computed
analytically for the fixed–fixed beam MEM device using lin-
earized Reynolds squeeze film damping [41] and Euler’s beam
theory [42]. The parameter values are kg,

Ns/m, and N/m. Numerical
simulations of the MSD model for the fixed–fixed beam ex-
hibit the same dynamical properties of the device presented in
Section III, namely, -cycles, 2 -cycles, and banded chaos,
except at different voltages (the shift in voltages is because
of the absence of mechanical and fluidic nonlinearities in the
MSD model). This indicates that the nonlinear electrostatic
force is the underlying physical force responsible for the
dynamic properties presented in Section III as mechanical
and fluidic nonlinearities are absent in the MSD model. A
harmonic balance analysis of the MSD model presented in
Section IV-A further validates that the electrostatic force is
primarily responsible for the formation of -cycles and con-
sequently 2 -cycles. However, the mechanical and fluidic
nonlinearities also affect the dynamics of the system by shifting
the voltages at which the -cycles, 2 -cycles, and banded
chaos are observed. This is discussed in Section IV-B.

A. Harmonic Balance Analysis

The MSD model is analyzed using the harmonic balance
method [30] to explain the formation of the -cycles. The
applied voltage is a dc bias along with an ac signal which in
the general form can be written as .

is the dc bias and is the amplitude of the ac signal.
The real or the imaginary part of corresponds to
a cosine or sinusoidal ac excitation with angular frequency

, respectively. Rearranging some of the terms and
using , (14) is rewritten as

(15)

where , , and .
The displacement is expressed as a Fourier series

, where is the number of
harmonics considered. Using this expression of in (15) and
equating the coefficients of the 1 harmonics to zero,
a closed-form expression for is obtained. Equating the
coefficients for gives

(16)

from which a closed-form expression for is obtained.
Equating the coefficients for and give

(17)

The closed-form expression for , where is obtained as

(18)

where and when is even and
and when is odd. is the summation of

the combination of all possible pairs for and
.

Fig. 33 shows the variation of , , and with the fre-
quency of excitation for the fixed–fixed beam. It is observed that
the value of peaks at , making the ratio
maximum at that frequency. This results in the formation of

-cycles at [30]. The absence of very high-order
cycles/oscillations (large ) can be explained by the fact that
the ratio decreases rapidly with increasing as shown
in Fig. 34. The simulations are done for a 60 V dc bias along
with an ac signal of amplitude 5 V. Both these voltages are in
the dc and ac symmetry breaking regions exhibited by the MSD
model. As the formation of -cycles can be explained from
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Fig. 33. Variation of Y , Y and Y with excitation frequency.

Fig. 34. Variation of the ratio of the amplitudes with the harmonic number.

the MSD model, it can be concluded that the nonlinearity from
electrostatics is responsible for the formation of -cycles and
not the mechanical and/or the fluidic nonlinearities as these are
neglected in the MSD model. The formation of two cycles at

2 and three cycles at 3 has been shown for the Duffing
equation due to the presence of quadratic and cubic terms of
the displacement [30]. The MSD model has even higher order
terms of from the electrostatic force , which is attributed
for the formation of higher order cycles.

B. Effect of Mechanical and Fluidic Nonlinearities

Although the nonlinear electrostatic force is found to be
primarily responsible for the complex oscillations ( -cycles,
2 -cycles) presented in Section III, the nonlinearities from
the mechanical and fluidic forces are also found to influence
these oscillations from a quantitative aspect. Figs. 35 and 36
show the two-cycle oscillations at 2 obtained using the
physical models and the MSD model, respectively. Although
the two time-displacement plots are qualitatively identical (e.g.,
two displacement peaks per voltage cycle), they are different
from each other in several quantitative aspects. For example,
the time period is different for the two cases. When the physical

Fig. 35. Two-cycle oscillations from the numerical simulation of the physical
models: 71 V dc, 5.9 V ac, f = 0:885 MHz.

Fig. 36. Two-cycle oscillations from the numerical simulation of the MSD
model: 60 V dc, 2 V ac, f = 0:820 MHz.

models are used s, whereas s is obtained
with the MSD model. Quantitative differences also exist in the
amplitude and the phase difference (with respect to the applied
voltage) of the displacement and also in the dc and ac voltages
at which the observations are made. Fig. 37 shows the indi-
vidual and the combined effect of the mechanical and the fluidic
nonlinearities on the dc and ac dynamic pull-in voltages and
hence on the region of stability for the fixed-fixed beam MEM
device. The boundaries between the stable and the unstable re-
gions in Fig. 37 are obtained from all possible combinations of
dc and ac voltages at which dynamic pull-in takes place for the
different cases of nonlinearities. From a mathematical point of
view, dynamic pull-in is a saddle-node bifurcation point [43] of
the MEMS device where the applied voltage is the bifurcation
parameter. For voltages smaller than the pull-in voltage, there
exist two solutions, one of which is stable and obtained from the
numerical simulation. Beyond the pull-in voltage, there is no
solution to the system and the structure is unstable. Physically,
it collapses to the ground electrode as the electrostatic force is
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Fig. 37. The effect of the different nonlinearities on the stable/unstable regions
of the MEM fixed–fixed beam: (a) no mechanical and fluidic nonlinearities,
(b) fluidic nonlinearity, (c) mechanical nonlinearity, and (d) mechanical and
fluidic nonlinearities. Electrostatic nonlinearity is included in all the four
models.

too large and cannot be counterbalanced by the mechanical and
fluidic forces. Numerical simulations fail to converge at and
beyond the dynamic pull-in voltage. From Fig. 37, it can be
seen that the nonlinearity from mechanics and fluidics tends to
increase the stability of the system to a wider range of dc and ac
voltages. As a result, the formation of -cycles and the period
doubling route to chaos are observed in the actual system at
much higher dc and ac voltages than those observed using the
MSD model. Further, the fluidic nonlinearity has more impact
on the ac voltage and a comparatively smaller impact on the dc
voltage. The probable reason for this is the fluid damping force
predominantly depends on the velocity of the microstructure
and the velocity vanishes at an equilibrium state (due to a dc
bias). As a result, the fluidic nonlinearity is more likely to
affect the transient part of the exciting voltage. The mechanical
nonlinearity affects both the ac and dc voltages, as it depends
on the deformation of the microstructure, which is present both
at equilibrium and when the microstructure is in motion.

V. CONCLUSION

New nonlinear dynamic properties of electrostatic MEMS
have been presented in this paper through the numerical simula-
tion of detailed physical level models for the coupled electrical,
mechanical, and fluidic energy domains. The formation of

-cycle oscillations at the th superharmonic frequency of
excitation and its period doubling leading to the formation
of 2 -cycles is shown through numerical simulations in
different MEM devices. The period doubling bifurcations are
shown to be chaotic in MEMS, marked by the existence of
banded chaos. A mass-spring-damper model has been used to
analyze the formation of -cycles using the harmonic balance
method. The electrostatic force is found to be primarily respon-
sible for the formation of -cycle and 2 -cycle oscillations
presented in this paper. The mechanical and fluidic nonlinear-
ities present in the system are found to shift the dc and the ac

voltages where the symmetry breakings and dynamic pull-in
are observed. These nonlinearities are also found to influence
the time period and other parameters like the amplitude and
the phase difference (with respect to the applied voltage) of the
displacement in the complex oscillations.
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