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Analysis of Hybrid Electrothermomechanical
Microactuators With Integrated Electrothermal

and Electrostatic Actuation
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Abstract—The goal of this paper is to integrate electrothermal
and electrostatic actuations in microelectromechanical systems
(MEMS). We look at cases where these two types of actuation
are intimately coupled and argue that such integrated electrother-
momechanical (ETM) microactuators have more advantages than
pure electrothermal or electrostatic devices. We further propose
a framework to model hybrid ETM actuation to get a consistent
solution for the coupled mechanical, thermal, and electrical fields
in the steady state. Employing a Lagrangian approach, the inho-
mogeneous current conduction equation is used to describe the
electric potential, while the thermal and displacement fields are
obtained by solving the nonlinear heat conduction equation and by
performing a large deformation mechanical analysis, respectively.
To preserve numerical accuracy and reduce computational time,
we also incorporate a boundary integral formulation to describe
the electric potential in the medium surrounding the actuator. We
show through the example of a hybrid double-beam actuator that
ETM actuation results in low-voltage low-power operation that
could be used for switching applications in MEMS. We also extend
the same device toward bidirectional actuation and demonstrate
how it may be used to overcome common problems like stiction
that occur in MEMS switches. [2009-0039]

Index Terms—Boundary integral equations (BIEs), electrostatic
actuation, electrothermal actuation, hybrid electrothermome-
chanical (ETM) actuation, Lagrangian analysis, microelectro-
mechanical systems (MEMS), microswitches, stiction.

I. INTRODUCTION

M ICROCTUATORS are employed in microelectro-
mechanical systems (MEMS) to produce mechanical

motion. Electrothermal and electrostatic microactuators are
two types of actuation mechanisms that are widely used in
MEMS. Both of these classes of actuators perform the same
basic function of utilizing electrical energy to produce motion
and/or mechanical force; however, they have very different
characteristics.

Electrothermally actuated compliant microactuators or
electro-thermal-compliant (ETC) microactuators [1] are popu-
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lar because they can be easily fabricated using existing silicon
microfabrication technology. ETC microactuators can operate
at small drive voltages and are ideally suited for applications
that demand relatively high output forces [2]. However, these
actuators consume a lot of power [3] and are not the best choice
for applications like MEMS switches, where it is required to
maintain the deflected (ON) state for significant periods of time.

On the other hand, electrostatic actuators have the advantage
of low power consumption [4], but when compared to ETC
microactuators of similar dimensions, the output force is almost
three orders of magnitude lower, even with ten times the drive
voltage [2]. For devices that demand structures with relatively
stiffer mechanical parts, this creates a problem because it
becomes increasingly difficult to obtain the same displacement
using voltages that lie within the CMOS operating regime.
Moreover, the use of large voltages reduces device lifetime due
to unwanted side effects like dielectric charging [5].

By merging these two classes of actuators, it is possible to
produce hybrid actuation schemes that combine the advantages
of the two, namely, low power consumption and high output
force. One such attempt to integrate electrothermal and elec-
trostatic actuators in MEMS switches has been presented in
[3]. This approach first employs a bimorph-type electrothermal
actuator to bring the switch contacts near each other and then
switches to electrostatic actuation to close the contacts and to
hold the switch in the ON state. The resulting device operates on
a small electrothermal drive voltage and uses electrostatic force
only as a latching mechanism for standby operation. Work has
also been done in integrating electrostatic and electromagnetic
actuations [6] in relays to achieve similar benefits of low voltage
and power consumption.

When designing hybrid electrothermomechanical (ETM) ac-
tuators, it is necessary to accurately model the interaction
between different physical fields like mechanical, electrosta-
tics, thermal, and electrical. One main concern is that the
electric fields that are generated during electrothermal as well
as electrostatic actuation are not independent of each other.
Obtaining a consistent solution requires a model that accounts
for the interaction between the two. Although it is possible to
circumvent this issue by separating the two actuation mecha-
nisms spatially and/or temporally as done in [3], the optimal
approach is to be able to model the situation where these may
be applied simultaneously. In this paper, we propose a model for
a hybrid actuation mechanism that can use both electrothermal
and electrostatic actuations at the same time. We demonstrate
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Fig. 1. Schematic of the hybrid ETM actuator showing its constituent parts on the left and the different forces and boundary conditions acting on the device in
the deformed configuration on the right.

through numerical examples that hybrid actuation improves
efficiency by achieving the same displacement using smaller
drive voltages than those needed for either mechanism acting
alone. In addition, it also retains the advantage of completely
switching to electrostatic actuation for low-power standby op-
eration in the case of applications like MEMS switches.

This paper is organized as follows. In Section II, we develop
a model for hybrid ETM actuators based on known electrother-
mal and electrostatic actuator models. Section III then presents
a few numerical examples to demonstrate the capabilities of
the method proposed. This section also discusses a couple of
novel microactuator designs which have been simulated using
the proposed formulation. We finally conclude the discussion in
Section IV.

II. THEORY OF HYBRID ETM ACTUATORS

The hybrid ETM actuator employs a combination of elec-
trothermal and electrostatic actuation mechanisms and hence
necessitates a multiphysics analysis of coupled electrical, ther-
mal, and mechanical domains. It is important to note that the
electric field that causes thermal expansion and the electric
field that generates electrostatic force are related. From the
discussion that follows, we shall see why this coupling between
the two cannot be accounted for by merely considering a
superposition of the two effects.

A simple example demonstrating the hybrid microactuator
principle can be constructed by considering the well-known
Guckel double-beam electrothermal actuator [7] near a ground
plate and applying a potential difference between the two, as
shown in Fig. 1. The classical Guckel actuator, shown in the
figure as the double-beam structure, consists of two beams
of equal length, one of which is thicker than the other. It
is constructed using an isotropic material with a finite value
of electrical conductivity. When the potential difference Va is
applied across its terminals, it causes asymmetric Joule heating
and, hence, unequal expansion in the two arms. By considering
the two arms as a pair of resistors in series, it is easy to see that
the electrical power dissipated in each of them is proportional
to the resistance, which is greater for the thin beam due to its
smaller area of cross section. As a result, the thin beam becomes
hotter and expands more, causing the device to bend [8], as
shown in Fig. 1.

By applying another potential difference Vb between the
double-beam structure and the ground plate, as shown in Fig. 1,
we set up an electric field not only inside the double-beam

Fig. 2. Generic problem domain for hybrid ETM analysis. The initial unde-
formed domain is on the left, while the domain in the deformed configuration
is shown on the right.

structure but also in the medium between the two electrodes.
This leads to the development of a surface charge on the
interfaces between the electrodes and the dielectric medium,
resulting in an electrostatic traction that causes the electrodes
to deform. It is important to note that the electric field in the
region changes as a result of motion of the electrodes, causing
the surface charge to redistribute as well. Therefore, we look
for a self-consistent solution of the electrical, thermal, and
displacement fields in the equilibrium state.

A. Governing Equations

Consider the problem domain shown in Fig. 2. Under the
action of electrothermal and electrostatic forces, the mechanical
structure deforms until it attains equilibrium in a new con-
figuration. In this paper, we are interested only in this final
deformed configuration of the actuator, and hence, we shall
neglect all transient effects to simplify the analysis. As can be
seen from the figure, we restrict the analysis to two dimensions
for simplicity, although this analysis can easily be extended to
three dimensions without too much additional effort. Let ω1

denote the double-beam structure, let ω2 be the ground plate,
and let ω be the domain exterior to these two in this final config-
uration. It is evident that for static equilibrium, all the governing
equations for the actuator need to be satisfied in the final
configuration. Since the problem domain obviously changes
as a result of mechanical motion, we define a fixed reference
configuration corresponding to the initial state, denoted by Ω1,
Ω2, and Ω, and map the current configuration to it through
the deformation gradient F . By using this framework, we can
develop a full Lagrangian scheme to express all equations in
terms of quantities in the reference configuration.

To obtain the mechanical deformation of the actuator, we
perform 2-D geometrically nonlinear analysis on the structure.
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The governing equations for the mechanical deformation of the
electrodes are given by [9]

∇ · (FS) = 0 in Ω1,Ω2 (1)
u = u0 on Γd (2)

PN = H on Γh (3)

where u is the displacement vector, while u0 is the prescribed
value of displacement on the part of the boundary, Γd =
Γd1 ∪ Γd2, where a Dirichlet boundary condition is applied.
Equation (3) is the electrostatic traction boundary condition,
which is applied on the rest of the boundary Γh = Γh1 ∪ Γh2.
F = I + ∇u is the deformation gradient, and S is the second
Piola–Kirchhoff stress tensor given by [10]

S = CEs − Y α

1 − ν
ΔTI (4)

where C is the material tensor, Es is the Green–Lagrangian
strain tensor, Y is the Young’s modulus, α is the coefficient
of thermal expansion, ν is the Poisson’s ratio, and I is the
identity tensor. ΔT = T − T0 is the difference between the
current temperature T and the reference temperature T0, at
which thermal strains are assumed to be zero. In (3), P is
the first Piola–Kirchhoff stress tensor, N is the unit outward
normal vector in the reference configuration, and H is the
surface traction vector that describes the electrostatic traction
acting on the interfaces.

To compute the contribution to the stress tensor from ther-
mal expansion, we need the temperature profile in the whole
actuator. We assume that the temperature is constrained on Γd

to some prescribed value T0 (which, for simplicity, is taken to
be equal to the reference temperature mentioned earlier) and
that convective heat transfer takes place on all the free surfaces,
which include the side walls as well as the top and bottom
surfaces of the device. The temperature field T is obtained by
solving the heat conduction equation expressed in the reference
configuration [10], [11]

∇·(JF−1qt)+Q− htb

t
(T−T∞) = 0 in Ω1 (5)

T =T0 on Γd1 (6)
JF−1qt ·N =hs(T−T∞) on Γh1 (7)

where J = detF is the Jacobian of the deformation gradient
and qt = −ktF

−T∇T is the heat flux in the body, with kt

being the uniform isotropic value of thermal conductivity for
the material. Q is the heat supply per unit volume due to
resistive Joule heating that is computed from the potential field
φ as

Q = ke∇φ · ∇φ (8)

where ke is the uniform isotropic value of electrical con-
ductivity for the material. The terms htb and hs in (5) and
(7) correspond to the coefficients of convective heat transfer
from the top–bottom surfaces and the side walls of the body,
respectively, t is the thickness of the body in the Z-direction
normal to the plane of the problem domain, T∞ is the ambient
temperature far away from the body, and N is the unit outward
normal vector on the boundary.

To complete the physical description of the problem, we
need to compute the electric field that is responsible for the
electrostatic traction as well as the Joule heating. In the classical
electrothermal actuator, the electric field exists only inside the
body of the actuator and is negligible elsewhere. One can
compute this electric field by solving the current conduction
equation inside the body, along with appropriate boundary
conditions on its surfaces [8]. On the other hand, in a purely
electrostatic actuator, a potential gradient is established in the
dielectric medium between two or more metallic electrodes.
Since these electrodes may be approximated as ideal conduc-
tors, the electric field is practically zero in them, and so, their
boundaries may be considered as equipotential surfaces. The
electric field can then be computed by solving the Laplace
equation for the potential in the dielectric medium surrounding
the electrodes [12]–[15].

As explained in the beginning of Section II, in the hybrid
ETM actuator, the electric field exists both inside the body of
the actuator electrodes and in the medium outside. Returning to
the two-electrode system shown in Fig. 2, we note that the top
electrode has a finite value of conductivity and a current flowing
through it. Due to this current, the electric potential varies along
the length of this electrode, and hence, its boundary can no
longer be considered as an equipotential surface. We see that the
electric field in the medium between the electrodes differs from
the pure electrostatic actuation case in that we can no longer
merely solve the Laplace equation assuming ideal conductors.
This calls for a new physical model that accurately describes
the electric field in the entire region to correctly compute the
thermal expansion in the body of actuator electrodes and the
electrostatic traction on their surfaces.

For the purpose of the discussion here, we shall assume
that the top electrode is made of an isotropic material with
a uniform finite value of electrical conductivity. The bottom
ground plate is metallic, and the entire device is placed in
a dielectric medium. We assign a small fictitious value of
electrical conductivity to the dielectric medium. The electrical
problem can then be modeled using the current conduction
equation [16] by considering the entire domain as a region
with a piecewise homogeneous value of conductivity. Let ke1 ,
ke2 , and ke0 denote the conductivities of the top electrode, the
ground plate, and the exterior region, respectively. We apply a
Dirichlet boundary condition by prescribing the electric poten-
tial on a part of the boundary denoted by Γd. Furthermore, we
enforce continuity of potential and normal current density on
the remaining part of the boundary denoted by Γh. The system
of equations that describe the electric potential φ is given by

∇ ·
(
JF−1ke1F

−T∇φ
)
= 0 in Ω1 (9)

∇ ·
(
JF−1ke2F

−T∇φ
)
= 0 in Ω2 (10)

∇ ·
(
JF−1ke0F

−T∇φ
)
= 0 in Ω (11)

φ=φ0 on Γd (12)

φ|Ω1 = φ|Ω on Γh (13)[
JF−1ke1F

−T∇φ · N
]
Ω1

=
[
JF−1ke0F

−T∇φ · N
]
Ω

on Γh

(14)

where φ0 is the prescribed potential.
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It is immediately seen that, since the electrical conductivity
of the dielectric medium is a constant value, it can be taken
outside the differential operator, and (11) for the exterior do-
main Ω reduces to the familiar Laplace equation. Second, since
the ground plate is metallic, the value of ke2 is much higher
than either ke1 or ke0 . Hence, the ground plate behaves like an
ideal conductor with an equipotential surface. Since we know
that the electric field is zero within an ideal conductor, we can
avoid solving the current conduction equation inside Ω2 and
replace the interfacial boundary conditions on its surface with
a Dirichlet boundary condition over the entire surface of the
ground plate. Third, it can be shown that in the limit where
ke0 goes to zero, the potential distribution approaches the true
electrostatic potential.

Knowing the electric potential in the entire region, we can
now compute the electrostatic traction term H on the electrode
surfaces. When the potential difference is applied, as shown in
Fig. 2, surface charges develop on all interfaces where there is
discontinuity in either the electrical conductivity or dielectric
permittivity. If we denote the normal current density as Jn and
the dielectric permittivity as ε, the surface charge density and
electrostatic traction at any general interface in the deformed
configuration are given by [16]

σs =Jn

[
ε

ke

∣∣∣∣
+

− ε

ke

∣∣∣∣
−
]

(15)

f es =
1
2
σs

(
E|− + E|+

)

=
1
2
σs

{(
En|− + En|+

)
n +

(
Et|− + Et|+

)
t
}

=
1
2
σs

{(
En|− + En|+

)
n + 2Et|−t

}
(16)

where En and Et are the components of the electric field,
E = −∇φ, along the unit normal and tangential vectors in
the deformed configuration, n and t, respectively. The normal
electric field is related to the normal current density through
Ohm’s law, i.e., Jn = ke|−En|− = ke|+En|+. The +/− signs
are used to differentiate the electric fields and material prop-
erties of the media on either side of the interface, with the
+ sign being in the direction of the normal and the − sign
in the opposite direction. Conventionally, we assume that the
normal vector at the surface is positive in the outward direction
with respect to the body. As a result, the − sign refers to the
conducting material, and the + sign refers to the dielectric
medium surrounding it. It is to be noted that in the last step of
(16), we have used the continuity of the tangential component
of the electric field to express the electrostatic traction in terms
of quantities that are known. In the limiting case when the
conductivity goes to zero on one side of the interface, e.g.,
along a metal–dielectric interface, these reduce to the usual
expressions for σs and f es in terms of the normal electric
field, i.e., σs = εEn and f es = [σs

2/(2ε)]n. The electrostatic
traction in the reference configuration can now be computed as

H = J |F−T N |f es. (17)

B. Numerical Implementation

As discussed earlier, the analysis of hybrid ETM actuators
involves three physical fields, namely, mechanical, thermal, and
electrical. The equations describing these fields need to be sat-
isfied in a self-consistent manner inside the actuator structure,
and, in the case of the electrical analysis, in the external region
as well. This involves solving an exterior domain problem,
which poses an additional challenge in that the problem domain
is essentially an infinite one because it has an open boundary.
An efficient way to solve this problem involves transforming
the equations describing the electrical field in the dielectric
medium into boundary integral equations (BIEs) expressed over
the boundary of the structure. BIE methods are popular in
electrostatic analysis [17], [18] because of the reduction in
computational cost achieved when discretizing the boundary of
the structure and solving the BIE over it, as opposed to solving
the Laplace equation over the entire exterior region.

In the case of the hybrid ETM actuator, the electrical analysis
involves solving the current conduction equations [see (9)–(11)]
over the entire domain. However, as mentioned in the previous
section, taking ke0 outside the divergence operator in (11)
converts it into the Lagrangian form of the familiar Laplace
equation. This motivates us to transform this equation to the
boundary integral form so that we can use a hybrid finite-
element-method (FEM)/boundary-element-method (BEM) ap-
proach [19]–[22] to solve the electrical problem.

The boundary integral form of (11) written in the reference
configuration is given by

α(X)φ(X) =
∫
Γ

φ(X ′)F−T∇G(X,X ′) · F−T N ′J dΓ(X ′)

+
∫
Γ

qe(X ′)G(X,X ′)J |F−T N ′| dΓ(X ′)

+ φref on Γ (18)∫
Γ

qe(X ′)J |F−T N ′| dΓ(X ′) = 0 (19)

where X is the source point, X ′ is the field point, G(X,X ′)
is the Green’s function, N ′ is the unit outward normal vector
at the field point X ′ in the Lagrangian frame, and qe(x′) =
∂φ/∂n′ is the flux at the field point x′ in the Eulerian frame,
with n′ being the corresponding unit outward normal at the
same point. α(X) is the corner tensor, which is one-half for
smooth boundaries [23]. For 2-D problems, it can be shown
that the Green’s function is given by G(X,X ′) = ln |X −
X ′|/(2π), where |X − X ′| is the distance between the source
point X and the field point X ′. The last term in (18), i.e., φref ,
is the unknown reference potential at a reference plane Γref that
is far away from the region of interest. With the introduction
of this additional unknown φref , we need an extra equation to
solve the system. Equation (19) follows from the fact that the
variation of potential on the reference plane is zero [17], i.e.,
qe(X ′) = 0 on Γref .

To solve the equations numerically, we discretized the ac-
tuator electrode domains using a finite-element mesh and dis-
cretized the boundaries into a set of boundary elements. We
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Fig. 3. Hybrid ETM microactuator test setup. All dimensions shown in the
figure are in micrometers. The out-of-plane thickness t is 2 μm everywhere.

then used a combination of FEM and BEM to obtain the
values of the physical fields at the nodes of the aforementioned
mesh and in each of the boundary elements. The mechanical
and thermal equations were solved using FEM on their re-
spective domains. For the electrical equations, we developed
a Newton–Raphson solver that uses FEM to solve (9) for the
electric potential in the domain and BEM to solve (18) and (19)
for the electric potential and the normal flux on the boundaries.
To obtain a self-consistent solution between the mechanical,
thermal, and electrical fields, we used a staggered relaxation
solver to cyclically solve for each of them until the change in the
fields in a particular step dropped below some specified value
of tolerance in error.

III. RESULTS

The hybrid formulation developed in Section II can be used
to simulate a wide variety of ETM actuator configurations.
In this paper, we shall concentrate on devices which have
dimensions in the micrometer regime, where electrothermal
and electrostatic actuations are roughly in the same order of
magnitude so that the interplay of the two effects is most
apparent. We shall assume that silicon is the principal material
used to fabricate the devices and that its material properties are
spatially uniform. The ground plate is made up of a material
with a very high value of conductivity like aluminum, so that
it can be assumed to behave like an ideal metal. The dielectric
medium surrounding the electrodes is air.

The double-beam structure used in the examples has the
same dimensions as device D4 mentioned in [8], with a ground
plate placed at a distance of 2 μm from the edge of the double-
beam structure as shown in Fig. 3, such that it extends 17 μm
to either side of the thick beam in the horizontal direction.
The device is oriented such that Fig. 1 shows the view from
the top and the side walls correspond to the boundaries of the
domain. The electrothermal analysis performed in this paper
parallels the formulation in [8] in most respects, although we
have chosen a simpler model where we neglect some effects
like radiative heat transfer and variation of the convective
heat transfer coefficients and electrical conductivity with
temperature. It is possible to extend this work to include these
effects without too much additional effort. The electrical,
thermal, and mechanical properties used for all the examples
in this paper are given in Tables I and II.

A. Pull-in Behavior in ETM Microactuators

We first attempt to illustrate the differences between the three
actuator types mentioned in Section II. The hybrid microactu-

TABLE I
MATERIAL PROPERTIES USED IN THE SIMULATION

TABLE II
THERMAL VARIATION OF PROPERTIES

ator shown in Fig. 3 is simulated under three test conditions
where the output displacement at the movable tip of the actuator
is measured for various values of a parametric voltage that is
applied as explained hereinafter.

The first test case simulates the classical ETC microactuator
configuration, in which V1 = 0, V2 = V , and Vg is allowed
to float, where V is the parametric voltage that is varied.
This produces a potential gradient and a corresponding electric
field inside the silicon structure. The second case models the
classical electrostatic actuator by constraining both V1 and V2

to V , while Vg is set to zero. In this case, since the electrical
conductivity of the double-beam structure is much larger than
the surrounding air, the entire double-beam structure remains at
a constant potential, and a potential difference is set up with
respect to the ground plate, creating an electric field in the
region between the two. The third case illustrates the hybrid mi-
croactuator model, where both V1 and Vg are set to zero, while
the voltage V is applied to V2. This is the most general case,
where the electric potential varies not only inside the silicon
structure but also in the air surrounding it. It is important to
note here that, in all the cases, the topology of the device is such
that the double-beam structure moves downward for all values
of the parametric voltage. In other words, the electrostatic and
electrothermal actuations both act in the same direction and
are additive in nature when applied together, as in the hybrid
ETM case. The pure electrothermal and electrostatic actuation
cases were independently validated by comparing with results
presented in [8] and [13], respectively.

The results of the simulation are shown in Fig. 4. The
potential and temperature profiles for the hybrid actuator with
an excitation of 13 V are shown in Fig. 4(a). As expected, we
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Fig. 4. Hybrid actuator simulation showing (a) the potential and temperature
profiles and (b) the pull-in curves that describe the variation of tip displacement
with parametric voltage V . Tip displacement results using the FEM/BEM
approach described in Section II are compared with those from the simplified
1-D analysis performed in Section III-B. (a) Potential and temperature profiles
for the hybrid ETM case (V = 13). Note the potential gradient in the double-
beam structure that causes electrothermal actuation in addition to electrostatic
traction. (b) Pull-in curves for different actuator configurations. The lines with
markers are the hybrid FEM/BEM results, whereas the lines without markers
are obtained from the simplified 1-D analysis.

see that the electric potential varies most sharply inside the thin
beam, leading to increased heating in that region, causing the
device to bend toward the thicker side. In Fig. 4(b), we plot the
pull-in curves for the electrostatic, electrothermal, and hybrid
actuations. We observe that hybrid actuation demonstrates the
pull-in behavior that is characteristic of electrostatic actuation.
Integrating electrostatic and electrothermal actuations produces
a larger displacement than each of them individually for the
same voltage. Moreover, although electrothermal actuation
gives larger displacement for most values of V , the phenom-
enon of electrostatic pull-in causes the double-beam electrode
to snap down onto the ground plate when the displacement is
larger than the stable limit. Since there is a potential gradient
in one of the electrodes, one might expect the electrostatic
pressure to be lower than that observed in the pure electrostatic
case, where the whole double-beam is held at the same value
of potential. However, the topology of this device works in
our favor. Since the potential gradient is the least in the thick
beam, the electric potential in that region does not differ too
much from V . As a result, we get almost the same amount of
electrostatic actuation along with electrothermal actuation at no
extra cost.

The most important point to note is that the final displace-
ment of the hybrid actuator is not merely an additive superpo-
sition of electrostatic and electrothermal actuations. Instead, in

Fig. 5. Model domain for simplified analysis of hybrid ETM actuator.
(a) Schematic showing different regions of the actuator and their relevant
dimensions. (b) Simplified 1-D domain on which the heat diffusion equation
is solved.

Fig. 4(b), we see that there is almost a 25% drop in the pull-
in voltage. This can be attributed to the fact that electrothermal
actuation brings the two electrodes closer, which increases the
electrostatic pressure for the same value of V and consequently
causes the device to pull in at a lower voltage. This makes the
hybrid actuator ideal for switching applications. The primary
benefit is obviously that switching is achieved at a lower voltage
than what is required in the electrostatic actuation case. After
pull-in has occurred, we can shift to pure electrostatic actuation
by making V1 equal to V2. If this electrostatic voltage is greater
than the pull-out voltage for electrostatic actuation, then the
double-beam electrode can be held in the pulled-in state using
only electrostatic force. Since electrostatic actuation consumes
much less power than electrothermal actuation for the same
potential difference, this generates various possibilities for effi-
cient standby operation in MEMS switches, when it is required
to maintain the device in the deflected (ON) state. Moreover,
since the magnitude of electrothermal actuation scales with the
dimensions of the device, the mechanical structure can be easily
made stiffer if required without adversely affecting the pull-in
voltage. This helps to overcome problems related to stiction and
improper release of the switch.

B. Simplified Model

To gain more physical insight into the results obtained in
Section III-A, we look at a simplified analytical model of the
hybrid ETM actuator. The actuator consists of four regions:
the thin arm, the joint at the actuator tip, the thick arm, and
the flexure, as shown in Fig. 5(a). To obtain the electric potential
in the structure, we consider each of these regions as constant
resistances. Since we assume that the medium surrounding the
actuator has very low electrical conductivity, we can treat the
electrical problem as one where we apply a potential difference
across a series combination of the four resistances. This leads
to a piecewise constant electric field in each of the regions and
gives a simple expression for the heat source Q

Q = ke1E
2
x (20)
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where Ex is the piecewise constant value of the electric field
along x. Similarly, treating the thermal conductivity as a con-
stant, the thermal analysis can be simplified by solving the 1-D
heat diffusion equation in the double-beam structure

kt
d2T (x)

dx2
+ Q − 2hs

w
(T − T∞) = 0 (21)

with the boundary condition T (x) = T0 at the device anchors.
w is the width at the position x and is equal to wh, wc, and
wf in the hot arm, cold arm, and flexure, respectively. Since
the thermal convection from the top/bottom surfaces is small
when compared to that from the side walls, it has been neglected
in (21).

In order to solve this equation analytically, it can be rewritten
as [24]

d2θ(x)
dx2

=m2θ(x)

θ(x) =T (x) − Tθ

Tθ =T∞ +
Qw

2hs

m2 =
2hs

ktw
. (22)

Assuming that the temperature field does not vary too much
in the joint between the two arms of the double-beam, the
solution to (22) in the hot arm, the cold arm, and the flexure,
respectively, is given by

Th(x) = TH + C11e
mhx + C12e

−mhx (23)

Tc(x) = TC + C21e
mcx + C22e

−mcx (24)

Tf (x) = TF + C31e
mf x + C32e

−mf x (25)

where Th = T∞ + Qwh/(2hs), Tc = T∞ + Qwc/(2hs), and
Tf = T∞ + Qwf/(2hs). Similarly, mh, mc, and mf are given
by mh =

√
2hs/(ktwh), mc =

√
2hs/(ktwc), and mf =√

2hs/(ktwf ), respectively. The constants Cij can be solved
by substituting the aforementioned equation into (22). We apply
the boundary conditions at the anchors as well as the conditions
of continuity of temperature field and normal heat flux at each
of the interfaces between the hot arm, cold arm, and flexure, to
get a linear system of equations [24]. We assume that the width
of the flexure is equal to that of the hot arm, i.e., wf = wh, and
that the length of the cold arm is approximately equal to that
of the hot arm, i.e., lc ≈ lh. It can be shown that this system of
equations can be solved analytically to obtain an expression for
the difference in the average temperatures in the hot and cold
arms, Th and Tc, respectively

Th − Tc =
3ke1(V2 − V1)2(

√
wc −

√
wh)

lhwh(lh/wh + lc/wc + lf/wf )2

√
kt

(2hs)3
(26)

where V2 − V1 is the potential difference applied between the
anchors. In deriving this expression, we have used the approx-
imation that exp(lh/mh), exp(lc/mc) � 1, which holds quite
well for the values used in this paper.

Equation (26) can be used to calculate the displacement of
the actuator tip dt due to electrothermal actuation using the
expression given in [25]

dt =
α(Th − Tc)l2h

2lg (0.7707 + 0.3812(wh/lg)2)
(27)

where lg is the gap between the hot and cold arms, as shown in
Fig. 5(a).

The electric field in the dielectric medium is mainly con-
centrated in the region between the cold arm and the ground
plate. Hence, the electrostatic force on the structure can be
assumed to be localized on the cold arm and can be neglected
everywhere else. The force can be computed by using a parallel-
plate approximation to model the electric field between the
cold arm and the ground plate while neglecting fringing fields.
Electrostatic force becomes active only when the ground plate
is held at some potential and is taken to be zero when the po-
tential of the ground plate is allowed to float. It is proportional
to the square of the potential difference between the cold arm
and the ground plate. From Section III-A, we know that the
potential in the double-beam structure varies along its length.
In this simplified model, we compute the average potential
in the cold arm Vavg and consider the potential difference
between the cold arm and the ground plate to be Vavg − Vg

everywhere. The electrostatic force can then be written as

Fes =
ε0lct(Vavg − Vg)2

2(g − d)2
(28)

where t is the out-of-plane thickness, g is the gap between the
cold arm and the ground plate, and d is the displacement of
the actuator tip in the direction toward the ground plate. To
obtain Vavg, we again use the electric potential model, where
the potential in the double-beam structure is approximated by
that in a series combination of resistances. Vavg is, therefore,
the average potential in the resistance corresponding to the cold
arm and is given by

Vavg = V1 + (V2 − V1)
lh/wh + lg/wg + lc/(2wc)

lh/wh + lg/wg + lc/wc + lf/wf
.

(29)

Under the condition of static equilibrium, this electrostatic
force can be equated to the mechanical restoring force in the
deformed double-beam structure to obtain an expression for the
displacement of the actuator tip

ε0lct(Vavg − Vg)2

2(g − d)2
= km(d − dt) (30)

where km is the spring constant of the structure evaluated from
Euler–Bernoulli beam theory.

By using this analytical model, we can simulate the three
test cases mentioned in Section III-A by appropriately setting
the values of V1, V2, and Vg . In each of the cases, we have a
parametric voltage V that is varied, and the tip displacement is
plotted as a function of this parametric voltage. The results of
the simplified analysis are shown in Fig. 4(b).

It is readily seen that the simplified analysis is able to
match the hybrid FEM/BEM analysis for the electrostatic and
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electrothermal actuation test cases to a reasonable degree of
accuracy. In both cases, the displacements obtained through
the analytical model are greater than the FEM/BEM results
for the most part, but are still close in comparison. However,
there is a greater degree of mismatch in the hybrid actuation
case. One reason for this is that the electrostatic force is taken
to be constant all along the cold arm in the analytical model,
whereas in reality, it will change from one point to the other.
Since the displacement varies along the cold arm, the electric
field and, hence, the local electrostatic force are a function of
position. In addition, the potential in the cold arm also varies
spatially, and merely taking the average of the potential in the
arm induces some approximation when calculating electrostatic
force. Moreover, since the electrostatic force is nonlinear, small
deviations in electrothermal and electrostatic actuations are
amplified in the final displacement. The full-blown FEM/BEM
analysis is able to take all this into account and is a more
accurate model of the actual situation. Nevertheless, the analyt-
ical model provides compact expressions for electrothermal and
electrostatic actuations, which can be used to gain insight into
the qualitative dependence on each of the system parameters.

C. Variation of Potential Gradient

The hybrid actuator framework also allows for the analysis
of a variety of potential configurations hitherto not available
in conventional actuators. One of the characteristics that dis-
tinguish hybrid ETM actuators is that the electric potential can
vary inside the actuator electrode. This is, unlike conventional
electrostatic actuators, where the electrodes are held at a uni-
form potential and their boundaries are assumed to be equipo-
tential surfaces. By contrast, when a potential gradient is set up
in the electrode, it has two consequences. First, it causes a flow
of current, which leads to Joule heating. Second, the electrosta-
tic force that acts on the electrode boundaries gets modified.

For instance, in the device shown in Fig. 3, if we ground the
bottom plate, keep V2 fixed, and vary V1 between 0 and V2, we
see the effect of varying potential in the device. We define a
parameter λ = (V2 − V1)/V2 which is the normalized potential
gradient in the electrode. This parameter can be thought of
as a means to smoothly interpolate between the latter two
configurations discussed in Section III-A. λ = 0 corresponds
to the condition V1 = V2, which is identical to the electrostatic
case. Similarly, when λ = 1, it implies that V1 = 0, which
corresponds to the hybrid actuator case.

Fig. 6(a) shows the outcome of varying the potential gradient
λ for different values of V2. This result naturally follows from
the discussion in Section II, where we observe that, for any
given voltage V2, the hybrid ETM actuator produces a much
larger displacement when compared to the pure electrostatic
actuator. It should be noted that varying the potential gradient
affects not just the electrothermal expansion alone but also
the electrostatic traction, due to the changing potential field
distribution. In any real conducting material, these two effects
go hand in hand, because a potential gradient in the electrode
that causes the flow of current also results in a modification
of the electric field, and hence the electrostatic traction, at the
boundaries.

Fig. 6. Hybrid actuator with varying potential gradient for different values
of V2. The displacement in both (a) and (b) is almost identical when λ = 0,
the electrostatic case. The effect of setting α to zero is maximum for λ = 1,
where there is maximum electrothermal expansion. (a) Electrothermal effects
included. (b) Electrothermal effects not included (α = 0).

To isolate one effect from the other, we can also look at a
fictitious case where electrothermal effects are ignored, by ar-
bitrarily setting the thermal expansion coefficient α to be zero.
Fig. 6(b) examines the effect of changing electrostatic traction
alone, assuming that there is no thermal expansion. Now, we
clearly see that, by itself, a nonzero potential gradient (λ 	= 0
or V1 	= V2) in the device reduces the electrostatic contribution
to the final displacement and results in lower tip displacement.
It is the inclusion of thermal effects that is responsible for
the marked increase in displacement and the improvement in
device performance as shown from the decrease in pull-in
voltage in Fig. 4(b). However, as explained in Section III-B, it
is important to understand the change in electrostatic actuation
due to the potential gradient to accurately predict the pull-in
characteristics of the device. The hybrid analysis framework
helps to model these unconventional potential configurations
with good precision. These results demonstrate the flexibility
that hybrid ETM actuation gives, when designing novel devices.

D. Bidirectional Actuation

Another example that demonstrates the use of multiple po-
tential configurations is the extension of the hybrid microac-
tuator to produce bidirectional actuation. Both the Guckel
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Fig. 7. Test setup used for bidirectional microactuator simulation. All dimensions mentioned are in micrometers. Dimensions for the double-beam structures are
identical to those shown in Fig. 3. The out-of-plane thickness is 2 μm everywhere.

Fig. 8. Temperature and potential fields in the bidirectional microactuator for downward and upward motion cases for V = 15 V. (a) Downward motion
(V1 = V3 = Vg = 0; V2 = V4 = V ). (b) Upward motion (V1 = V2 = 0; V3 = V4 = V ; Vg = float).

microactuator and the simple cantilever beam electrostatic mi-
croactuator are limited in the sense that their motion is always
unidirectional, irrespective of the sign of the potential differ-
ence that is applied between the terminals. Bidirectional actu-
ation can be achieved by extending the structure as shown in
Fig. 7. The device shown can be thought of as two double-beam
actuators placed facing each other with their tips joined by a
short bar. Applying a potential difference between terminals
V1 and V2 and/or between V3 and V4 causes the double-beam
structures to bend downward in the usual manner as shown in
the previous examples. Recalling the analogy of resistors
in series described in Section II, we note that the same holds
in this case as well and the downward motion is because the
thin beams undergo greater expansion.

However, applying a potential gradient along the length of
the device causes very different behavior. Now, the potential
distribution is such that, in each double-beam structure, the
two beams behave like a pair of resistors connected in parallel.
Hence, the electrical power dissipated in each of them is now
inversely proportional to their resistance. Consequently, the

thicker beams, which have a larger cross-sectional area, ex-
perience greater thermal expansion, causing the device to now
bend upward. This is clearly seen by comparing the temperature
profiles in both cases, as shown in Fig. 8. Plotting the displace-
ment of the midpoint of the bar connecting the two double-
beam structures (see Fig. 9), we observe that the structure
does indeed move in either direction depending on the po-
tential configuration that is applied. We also observe that the
device exhibits pull-in behavior in the downward motion case,
due to the electrostatic force that is applied.

The hybrid bidirectional actuation combined with pull-in
behavior is particularly useful in switching applications in
MEMS. In addition to the advantages of low-voltage and low-
power operation seen in previous examples, the bidirectional
operation solves problems due to stiction. As noted earlier, in
MEMS switches, stiction occurs when the moving structure
sticks to the ground plate due to adhesive forces and the
mechanical restoring force in the structure is not strong enough
to overcome the adhesion. Having a bidirectional actuator over-
comes this problem by generating enough force to surmount
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Fig. 9. Displacement of midpoint of bidirectional actuator, showing how
downward and upward motion may be achieved by merely changing the
potential boundary conditions.

the stiction to bring the device back to its original state. Since
the direction of operation can be reversed by merely changing
the value of electric potential applied to the terminals, this
device presents a compact way of implementing a bidirectional
switch.

IV. CONCLUSION

This paper has presented an approach to integrate electrother-
mal and electrostatic actuations in MEMS and thereby combine
their advantages. We have proposed a novel formulation to
model coupled ETM microactuators, which takes the current
conduction equation that is used to model electrothermal ac-
tuators, and extended it to describe the electric potential in
the electrodes as well as in the dielectric medium between
them by assigning a small fictitious value of conductivity to
the exterior medium. We then considered the boundary integral
formulation that is popularly used in electrostatic actuation
and used it in the generalized current conduction equation
to transform the equations in the infinite dielectric medium
into integral equations on the boundary of the bodies. This
hybrid BIE/Poisson approach preserves the accuracy of the
solution and greatly reduces the computational time required
for numerical simulation. A few examples were examined in
this paper to demonstrate the capability of the method. We
demonstrated the hybrid double-beam actuator for low-voltage
low-power operation that could be used for switching applica-
tions in MEMS. To better understand the behavior of the hybrid
actuator, we have developed a simple analytical model, which
yielded qualitatively good results. We have also extended the
same device toward bidirectional actuation and demonstrated
how it may be used to overcome common problems like stiction
that occur in MEMS switches.

The idea of integrating different kinds of actuation mech-
anisms to improve performance has been investigated in the
past [3], [6], but only in cases where different mechanisms are
spatially and/or temporally separated. In this paper, we have
demonstrated how efficiency may be improved by proposing a
hybrid model for ETM actuation that uses electrothermal and
electrostatic actuations simultaneously. This hybrid actuation

framework readily lends itself to simulating a variety of poten-
tial configurations that cannot be analyzed using existing ETC
and electrostatic actuator models. This formulation also opens
up, for design and analysis, a whole new class of devices that
integrate the two effects.
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