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Abstract
Magnetostatic microelectromechanical systems (MEMS) are based on the
electromagnetic interactions between magnetic microstructures and active
(coils) or passive (permanent magnets) magnetic field sources. They offer
distinct advantages at the micrometer scale in strength, polarity and distance
of actuation, when compared to other methods of actuation in MEMS. For
proper understanding and detailed exploration of magnetostatic MEMS, it is
important to have a reliable and efficient physical level simulation tool. In
this paper, we propose an efficient technique, namely the hybrid
full-Lagrangian technique for the static and dynamic analysis of
magnetostatic MEMS. In this technique, the magnetostatic analysis needed
to compute the magnetostatic force acting on the microstructure is
performed using a hybrid BIE/Poisson approach. The Poisson equation is
solved for the interior magnetostatic domains and the boundary integral
equation (BIE) formulation of the potential equation is solved for the
exterior magnetostatic domain and the different domains are coupled
through interface conditions. A Lagrangian description of all the physical
domains (magnetostatic, mechanical and fluidic) is used to eliminate
geometry updates and rediscretization. The Lagrangian formulation along
with the hybrid approach makes the proposed technique much more efficient
than conventional tools for the analysis of magnetostatic MEMS. The new
technique is used to simulate several magnetostatic MEMS switches and
relays and validated by comparing numerical simulation results with
experimental data. Dynamic analysis of a magnetostatic MEMS switch is
performed using the new technique.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Magnetostatic actuation of microelectromechanical systems
(MEMS) has several advantages over other existing methods
of actuation such as electrostatic actuation. For example,
magnetostatic actuation can generate both repulsive and
attractive forces, generate forces of large magnitude and also
makes it possible to have a large distance of actuation in
the MEMS devices [1, 2]. However, the implementation

of magnetostatic actuators in MEMS technologies and on a
silicon chip is much more difficult compared to electrostatic
MEMS devices which can be easily integrated on a chip
[3], often making electrostatic actuation the more popular
choice. In spite of this difficulty in fabrication, due to many
possible applications, market requirements and the inherent
advantages of magnetostatic actuation, magnetostatic MEMS
devices are currently drawing much attention [2, 4–8]. As a
result, it is important to have accurate and efficient simulation
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(a) (b)

Figure 1. Illustration of the magneto-mechanical-fluidic coupling in magnetostatic MEMS through an example: a magnetically actuated
microswitch. (a) applied current in the coils/conductors generates a magnetic field; (b) the deformed microstructure (magnetic cantilever
beam) and the various forces acting on it.

tools for the design and analysis of magnetostatic MEMS
devices. Conventional simulation tools for magnetostatic
MEMS [9, 10] generally perform the magnetostatic analysis
(needed to compute the magnetostatic force) by first selecting
a spatial region (cutoff box) covering the system of interest
such that the magnetic potential variation outside the region
has little influence on the system and then discretizing the
region into elements or points depending on the numerical
method used. This method has several disadvantages. For
example, the accuracy of the solution depends on the position
of the cutoff box, and the entire spatial region, which includes
both the interior (magnetic materials and current carrying
coils) and the exterior (surrounding air/vacuum) domains,
needs to be discretized. Hybrid methods which solve the
Poisson equation for the interior magnetostatic domains and
the boundary integral form of the potential equation for
the exterior magnetostatic domain have also been developed
[11, 12]. These hybrid methods can accurately take into
account the unbounded regions with the boundary integral
formulation and at the same time can treat nonlinearities such
as saturation, non-isotropism or eddy currents in the magnetic
materials [13]. Besides, only the interior domains and their
boundaries need to be discretized in this case.

In this paper, we have developed a hybrid full-Lagrangian
technique for the static and dynamic analysis of magnetostatic
MEMS. Mechanical components in MEMS typically
undergo deformation when subjected to magnetostatic forces.
Computational analysis of magnetostatic MEMS requires a
magnetostatic analysis to compute the magnetostatic force
acting on the microstructure, a fluidic analysis to compute the
force exerted by the surrounding fluid on the microstructure
and a mechanical analysis to compute the deformation
of the microstructure. Typically, the mechanical analysis
is performed by a Lagrangian approach by using the
undeformed geometry of the microstructure and the fluidic
and magnetostatic analyses are performed on the deformed
configuration. This requires the updating of the geometries
during each iteration. In the full-Lagrangian scheme, all the
analyses are performed self-consistently on the undeformed
configuration, thereby eliminating the requirement of updating
the geometries, which significantly simplifies the procedure

of coupled analysis of magnetostatic MEMS. A Lagrangian
form of the hybrid magnetostatic equations is first developed
in this paper and coupled with the mechanical and fluidic
analyses (also in the Lagrangian form) using a relaxation
scheme. The hybrid full-Lagrangian approach is then used
to simulate several magnetostatic MEMS switches and relays.

The rest of the paper is outlined as follows. Section 2
presents the theory of magnetostatic MEMS where the
interaction/coupling between the different physical domains
(magnetostatic, mechanical, fluidic) is described, section 3
presents derivation of the hybrid BIE/Poisson formulation
in the Lagrangian framework for the magnetostatic analysis
and section 4 presents the Lagrangian formulations for the
mechanical and fluidic analyses. The coupled numerical
algorithm for the self-consistent analysis of magnetostatic
MEMS is presented in section 5, results are presented in
section 6 and conclusions in section 7.

2. Theory of magnetostatic MEMS

Physical level analysis of magnetostatic MEMS requires a
self-consistent solution of the coupled mechanical, magnetic
and fluidic equations. Figure 1 shows a typical magnetostatic
MEMS device—a magnetically actuated microswitch. The
device consists of a magnetic core (which can be embedded in
a substrate as shown in figure 1) and a magnetically deformable
cantilever beam. Current carrying coils/conductors are
present around the core to generate the magnetic field which
is primarily confined to the magnetic core and the beam as
shown in figure 1(a) due to their high magnetic permeabilities.
The direction of the magnetic field can be clockwise (as
shown in figure 1(a)) or anticlockwise, depending on the
direction of the current in the coils/conductors. We will
explain the coupling among the three energy domains by
considering the example shown in figure 1, but the discussion
is applicable to other magnetostatic MEM devices as well.
The magnetic field generated depends on the strength of the
current and on the relative positions of the cantilever beam
and the magnetic core. The magnetic field gives rise to a
magnetostatic body force which deforms the cantilever beam
from its initial position. When the beam deforms, the magnetic
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field changes and, consequently, the resultant magnetostatic
forces and the deformation of the beam also change. At
the same time, the displacement of the surrounding fluid/air
due to the deformation of the beam gives rise to a fluidic
force. Figure 1(b) shows the deformation of the cantilever
at any given time instant and the forces acting on it. The
magnetostatic force and the fluidic force together cause the
beam to deform to a state where they are balanced by
the internal stiffness and the inertial forces at that time instant
(see figure 1(b)). The fluidic force depends on the velocity and
the position of the beam at the time instant. The mechanical
restoring force arises due to the stiffness of the structure and
it depends on the displacement of the beam/structure at that
time instant and the inertial force depends on the acceleration
of the beam at that time instant. The governing equations for
each of the energy domains and their Lagrangian formulations
are discussed in the following sections.

3. Hybrid BIE/Poisson approach for magnetostatic
analysis

The magnetostatic governing equations are derived from
Maxwell’s equations and can be written as [14]

∇ × H = J (1)

∇ · B = 0 (2)

where H is the magnetic field intensity, B is the magnetic flux
density and J is the current density. B and H are related by the
constitutive relation

B = µH = µ0µrH = µ0 (M + H) (3)

where µ = µ0µr is the permeability of the magnetic material,
µ0 is the permeability of the vacuum and µr is the relative
permeability of the magnetic material. M is the magnetization
[15] of the magnetic material and can be written as

M = (µr − 1) H = χH = χ

µ
B (4)

where χ is the magnetic susceptibility. The magnetic material
is considered linear when µr is constant and nonlinear when
µr is a function of the magnetic field, i.e., µr = µr(H).
As the magnetic field B is divergence free (equation (2)),
the magnetostatic equations can be expressed using a vector
potential A as [14]

∇ ×
(

1

µr

∇ × A
)

= µ0J (5)

where

B = ∇ × A. (6)

For two-dimensional (2D) analysis of a linear homogeneous
magnetic material, equation (5) can be simplified as

∇2Az = −µJz (7)

where the scalars Az and Jz are the z-components of A and
J, respectively, when the 2D analysis is performed in the x–
y domain, i.e., ∇2 = ∂2

∂x2 + ∂2

∂y2 . Magnetostatic analysis in
this paper will be performed by solving equation (7) in the
magnetostatic domain to compute the magnetic field B from
which the magnetostatic body force (needed in the mechanical
analysis) can be computed. Magnetostatic MEMS switches

ωm
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Figure 2. The three basic subdomains typically present in
magnetostatic MEMS.

and relays typically operate in the linear region of magnetic
materials [8, 16, 17] where µr is constant and attractive
forces are present. Hence, the linear analysis can be applied
for those cases assuming no magnetic dispersion, hysteresis
and anisotropy in the magnetic materials. However, the
nonlinearity in the magnetic material property µr = µr(H) can
easily be incorporated into the hybrid Lagrangian framework
presented in this paper. In this case, equation (7) would be
nonlinear in nature and can be solved using a Newton method
(see [18] for details).

Figure 2 shows the three basic subdomains typically
present in magnetostatic MEMS at any time instant in
their deformed configuration. All magnetic cores and
deformable magnetic beams/microstructures (generally they
are ferromagnetic materials with high permeability µ) are
denoted by ωm (Jz = 0 in these domains), γm is the boundary
of ωm,ωs represents all the current carrying coils/conductors
(Jz �= 0 in these domains), γs is the boundary of ωs , and ω0

represents the surrounding medium (air or vacuum) where
Jz is zero. ω0 also includes any nonmagnetic materials
present in the device, such as the substrate shown in figure 1.
Equation (7) is valid in each subdomain and the interface
conditions (derived from the integral form of Maxwell’s
equations) on the boundaries between the subdomains are
given by [10, 14]

Az|ωm
= Az|ω0 and

1

µm

∂Az

∂n

∣∣∣∣
ωm

= 1

µ0

∂Az

∂n

∣∣∣∣
ω0

on γm

(8)

Az|ωs
= Az|ω0 and

1

µs

∂Az

∂n

∣∣∣∣
ωs

= 1

µ0

∂Az

∂n

∣∣∣∣
ω0

on γs

(9)

where, for example, Az|ωm
= Az|ω0

on γm means that the
value of Az obtained by solving the Poisson equation in ωm

and the value of Az obtained by solving the BIE in ω0 should
be the same on the interface/boundary between ωm and ω0,
which is γm. n is the unit normal in the outward direction
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as shown in figure 2 and µm,µs and µ0 are the magnetic
permeabilities of the subdomains ωm,ωs and ω0, respectively.
The key idea in a hybrid approach for magnetostatic analysis
is to solve a boundary integral form of equation (7) for Jz = 0,
i.e., ∇2Az = 0 for the unbounded/exterior subdomain ω0 and
the Poisson equation (i.e., equation (7) with Jz �= 0) for the
interior subdomains ωm and ωs (see [11, 12] for details). The
subdomains are then coupled to each other using the interface
conditions (equations (8) and (9)). The boundary integral form
of the Laplace equation ∇2Az = 0 for ω0 is given by [19]

cAz(x) =
∫

γ

Az(x
′)

∂G(x,x′)
∂n′ dγ (x′)

−
∫

γ

∂Az(x
′)

∂n′ G(x,x′) dγ (x′) + Aref
z (10)

∫
γ

∂Az(x
′)

∂n′ dγ (x′) = 0 (11)

where x is the source point and x′ is the field point on the
boundary of the subdomains γ = γm ∪ γs . c is the corner
tensor (c = 1/2 for smooth boundaries [19]), n′ is the unit
normal in the outward direction at the point x′ and G is Green’s
function. In two dimensions, G(x,x′) = −ln|x − x′|/2π ,
where |x − x′| is the distance between the source point x and
the field point x′ and Aref

z is the reference potential (it is the
potential at infinity in this case).

At the boundaries γm and γs , the value of Az obtained from
the BIEs (equations (10) and (11), solved for the subdomain
ω0) serves as a boundary condition for solving the Poisson
equation (equation (7)) in the subdomains ωm and ωs . On the
other hand, the normal derivative of Az, i.e. ∂Az/∂n, on the
boundaries γm and γs obtained by solving equation (7) in the
subdomains ωm and ωs , respectively, gives the value of ∂Az/∂n
in the BIEs (equations (10) and (11), solved for the subdomain
ω0) through equations (8) and (9). A self-consistent solution
for the magnetic vector potential Az is obtained by solving
the coupled BIE/Poisson problem. As the value of Az is
not specified at any point in the magnetostatic domain, the
value of Az obtained by solving equations (7), (10), (11) along
with the interface conditions equations (8), (9) is not unique,
although the value of the magnetic flux density B obtained is
unique [10, 12]. A unique solution of Az is obtained by fixing
the value of Az at some point in the magnetostatic domain
[10, 12].

3.1. Lagrangian formulation

One of the drawbacks of the approach described above and
also of the conventional tools for magnetostatic analysis
is that the magnetostatic equations are written in the
deformed configuration of the domains (figure 2 shows the
subdomains in the deformed configuration). As a result,
when the microstructure deforms under the application of
the magnetostatic force, the geometry has to be updated,
rediscretized and the numerical interpolations recalculated
before any analysis can be performed. This significantly
increases the computational cost. In this paper, a Lagrangian
formulation of the hybrid magnetostatic equations under
arbitrary deformation is presented for efficient analysis of
magnetostatic MEMS.

d
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Figure 3. Various configurations of a deformable body.

When a material body is subjected to a force, either
internal or external, its geometrical shape undergoes a
change. As shown in figure 3, the initial or the undeformed
configuration of a body is denoted by B (all quantities in
the initial configuration are denoted by capital letters) and
the deformed configuration of the body is denoted by b
(all quantities in the deformed configuration are denoted by
lower case letters). Consider an infinitesimal segment on the
boundary of B. Let P be the point where the infinitesimal
boundary segment is directed from, X be the position vector
of P, dX be the vector representing the infinitesimal boundary
segment and N be the unit outward normal at P. When the
body deforms from B to b, point P moves to p and its position
changes to x. The boundary segment dX and the unit outward
normal N in the initial configuration deform to dx and n in the
deformed configuration, respectively. Note that the boundary
segment changes not only in length but also in direction when
it deforms. The displacement from P to p is denoted by vector
u. The physical quantities in the deformed configuration
can be expressed by the corresponding physical quantities in
the initial configuration (Lagrangian description) as described
below [20]:

x = X + u (12)

x = F dX (13)

X = F−1 dx (14)

where F is the deformation gradient tensor [20]. The relation
between the unit outward normal at the point x in the deformed
configuration, n, and the unit outward normal at the point X
in the initial configuration, N, is given by Nanson’s law [20]:

n dγ = J̄F−T N d� (15)

where d� is the length of the infinitesimal boundary segment
dX in the initial configuration and dγ is the length of the
boundary segment, dx, in the deformed configuration (see
figure 3) and J̄ = det(F). Further, using Nanson’s law,
the following relation between d� and dγ can be derived (see
[18, 21] for details):

dγ = J̄ |F−T N| d� = (T · CT)
1
2 d� (16)

where C = FT F is the Green deformation tensor and T and
N are the unit tangential and the normal vectors in the
undeformed configuration, respectively. By using the chain
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rule and equation (14), the gradient of a physical quantity φ in
the deformed configuration can be expressed as [18]

∇xφ = F−T ∇Xφ (17)

where ∇Xφ and ∇xφ denote the gradient of φ in the initial
and the deformed configurations, respectively. Equation (17)
shows that the differential operator ∇x in the deformed
configuration can be rewritten in the initial configuration as

∇x = F−T ∇X. (18)

The normal derivative of a physical quantity φ in the deformed
configuration can also be rewritten as [18]

∂φ

∂n
= ∇xφ · n = F−T ∇Xφ · F−T N

|F−T N| = ∇Xφ · F−1F−T N
|F−T N| .

(19)

By using the above relations, the geometry of a deformed
structure and the differential operators defined on the deformed
structure can be expressed in terms of the geometry and
the differential operators in the initial configuration and its
deformation information.

Considering the Poisson equation (equation (7)), which
is stated in the deformed configuration, it can be transformed
into the initial configuration by substituting equation (18) into
equation (7) and can be rewritten in the Lagrangian form as(

F−T ∇X
) · (

F−T ∇XAz

) = −µJz. (20)

Note that in equation (20) all the quantities are mapped to the
initial or the undeformed configuration. Next, equations (10)
and (11) are mapped to the initial configuration by representing
each component in equations (10) and (11) by its counterpart in
the initial configuration. Using equation (12), Green’s function
in two dimensions, G(x,x′), can be rewritten as

G(x,x′) = G(x(X),x′(X′)) = 1

2π
ln|X − X′ + u − u′| (21)

where X and X′ are the source and the field points in the
initial configuration corresponding to the source and the field
points x and x′ in the deformed configuration, x(X) denotes
x in the deformed configuration mapped to X in the initial
configuration with the mapping x = X + u, and u and
u′ are the displacements of points X and X′, respectively.
For magnetostatic MEMS analysis, these displacements are
computed by a mechanical analysis. The normal derivative of
Green’s function can be rewritten as [18]

∂G(x,x′)
∂n′ = ∇x′G(x,x′) · n′ =

{− X−X′+u−u′
2π |X−X′+u−u′ |2

− Y−Y ′+v−v′
2π |X−X′+u−u′ |2

}
· n′

= ∇X′G(x(X),x′(X′)) · n′ (22)

where u and u′ are the X-displacements of the points X and
X′, respectively, and v and v′ are the Y-displacements of the
points X and X′, respectively. By using equations (16), (19)
the Lagrangian form of the second term on the right-hand side
of equation (10) can be written as∫

γ

∂Az(x
′)

∂n′ G(x,x′) dγ (x′)

=
∫

�

[
∇X′Az(x

′(X′)) · F−1(X′)F−T (X′)N(X′)
|F−T (X′)N(X′)|

]

×G(x(X),x′(X′))[T(X′) · C(X′)T(X′)]
1
2 d�(X′) (23)

where � is the undeformed configuration of the boundary
γ which is in the deformed configuration. By using
equations (15), (22), the Lagrangian form of the first term
on the right-hand side of equation (10) can be rewritten as∫

γ

Az(x
′)

∂G(x,x′)
∂n′ dγ (x′)

=
∫

γ

Az(x
′(X′))∇x′G(x(X),x′(X′)) · n′ dγ (x′)

=
∫

�

Az(x
′(X′))∇X′G(x(X),x′(X′))

·J̄ (X′)F−T (X′)N(X′) d�(X′). (24)

Substituting equations (23), (24) into equation (10), the
Lagrangian form of equation (10) is given by

cAz(x(X)) =
∫

�

Az(x
′(X′))∇X′G(x(X),x′(X′))

·J̄ (X′)F−T (X′)N(X′) d�(X′) + Aref
z

−
∫

�

[
∇X′Az(x

′(X′)) · F−1(X′)F−T (X′)N(X′)
|F−T (X′)N(X′)|

]

× G(x(X),x′(X′))[T(X′) · C(X′)T(X′)]
1
2 d�(X′). (25)

The Lagrangian form of equation (11) is given by∫
�

[
∇X′Az(x

′(X′)) · F−1(X′)F−T (X′)N(X′)
|F−T (X′)N(X′)|

]

× [T(X′) · C(X′)T(X′)]
1
2 d�(X′) = 0. (26)

In the hybrid full-Lagrangian BIE/Poisson technique for
magnetostatic analysis presented in this paper, equation (20)
is solved in the undeformed configuration of the magnetostatic
subdomains ωm and ωs and equations (25) and (26) are solved
for the subdomain ω0 on the undeformed configuration of
the boundaries γm and γs . Equations (8) and (9) can be
written in the Lagrangian form using equation (19) in a
straightforward manner and are applied as boundary conditions
on the undeformed configuration of the boundaries γm and γs .

Once A is computed from the magnetostatic analysis,
the magnetic field B can be computed using the relation
B = F−T ∇X × A (derived from equation (6)). In the case
of 2D analysis performed in the X–Y domain, the magnetic
field B consists of the terms BX and BY (as BZ = 0) which
can be computed as

B =
{
BX

BY

}
= F−T

{
∂Az

∂Y

− ∂Az

∂X

}

=
[

1 + ∂u
∂X

∂u
∂Y

∂v
∂X

1 + ∂v
∂Y

]−T {
∂Az

∂Y

− ∂Az

∂X

}
. (27)

The magnetostatic body force fmag acting on the microstructure
in the deformed configuration can be computed as [15]

fmag = M · ∇xB = M · F−T ∇XB (28)

where M can be computed from B using equation (4). In
the Lagrangian formulation, the force is mapped back to the
undeformed geometry using [20]

Fmag = J̄ fmag = J̄M · F−T ∇XB (29)

where Fmag is the magnetostatic body force in the undeformed
configuration.
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Figure 4. Structural and fluidic domains for Reynold’s squeeze film damping analysis.

4. Mechanical and fluidic analysis

The mechanical deformation of the microstructure due to
the various forces acting on it is obtained by performing
2D geometrically nonlinear analysis of the microstructure.
The transient governing equations for an elastic body using
a Lagrangian description are given by [20]

ρü = ∇X · (FS) + Fmag in 	 (30)

u = G on �g (31)

P · N = Hfluid on �h (32)

u|t=0 = G0 in 	 (33)

u̇|t=0 = V0 in 	 (34)

where ρ is the material density in the undeformed (initial)
configuration, F is the deformation gradient, u, u̇ and ü are the
displacement, velocity and acceleration vectors, respectively,
and Fmag is the body force term (the magnetostatic force
in this case). N is the unit outward normal vector in the
initial configuration, S is the second Piola–Kirchhoff stress,
G is the prescribed displacement, G0 and V0 are the initial
displacement and velocity, respectively, Hfluid is the surface
traction on the microstructure (exerted by the surrounding
fluid in this case) and P is the first Piola–Kirchhoff stress
tensor. A Newmark scheme [22] with an implicit trapezoidal
rule is used to solve the nonlinear dynamical system posed in
equations (30)–(34) (see [23] for details).

Reynold’s squeeze film equation (RSFE) is used to
compute the fluid/air damping pressure acting on the MEM
structure. RSFE is applicable for structures where a small gap
between two plates opens and closes with respect to time [24].
This assumption holds for structures where the seismic mass
moves perpendicular to a fixed wall, for plates with tilt around
horizontal axes and for clamped beams where the flexible
part moves against a fixed wall/substrate [25], as shown in
figure 4. Under the assumption of a small Reynolds number
and a sufficiently large ratio of structure length (l) to fluid film
(air in this case) thickness (h), the Navier–Stokes equation
can be approximated by the much simpler Reynolds equation
[26]. The isothermal Reynold’s squeeze film equation for a
compressible slip flow is given by [25, 27]

∂

∂x

[
(1 + 6K) h3Pf

∂Pf

∂x

]
+

∂

∂z

[
(1 + 6K) h3Pf

∂Pf

∂z

]

= 12η
∂(Pf h)

∂t
(35)

where h is the gap between the movable structure and the
substrate of the MEM device (the same as the fluid film
thickness), Pf is the fluid pressure under the structure and
η is the viscosity of the surrounding fluid. K = λ/h is
the Knudsen number, where λ is the mean free path of the
surrounding fluid. The variation of the fluid pressure, Pf ,
in the height direction (Y direction in figure 4) is assumed
to be negligible [24]. As a result, the fluid domain, where
Reynold’s squeeze film equation is solved is the projection of
the MEM structure on the X–Z plane (substrate plane) [27],
as shown in figure 4. As the moving structure deforms due
to the application of an external magnetic field, the projected
fluid domain also changes. Equation (35) is written in the
deformed configuration, i.e., in the projected fluid domain
which varies with the deformation of the structure (x and z are
the coordinates in the deformed configuration). A Lagrangian
form of equation (35) is given by [28]

∂

∂X

[
(1 + 6K)h3Pf

∂Pf

∂X

(
1 +

∂u

∂X

)−1
] (

1 +
∂u

∂X

)−1

+
∂

∂Z

[
(1 + 6K)h3Pf

∂Pf

∂Z

]
= 12η

∂(Pf h)

∂t
(36)

where X,Z are the coordinates of the fluid domain
corresponding to the undeformed state of the movable structure
and u is the deformation of the movable structure in the X
direction. As the 2D mechanical equations are solved in the
X–Y domain, mechanical deformation and its variation in the
Z direction are assumed to be zero. The fluid pressure, Pf ,
obtained from equation (36) is integrated along the Z direction
to compute an effective fluid pressure, Pf e, which is applied
as a boundary condition in the 2D mechanical analysis in the
X–Y domain [27]. The mean free path, λ, (used for computing
K in equation (36)) is related to the ambient temperature and
pressure by the relation [29]

λ = kbT√
2πPad2

(37)

where kb is the Boltzmann constant, T is the absolute
temperature, Pa is the ambient pressure and d is the collision
diameter of the fluid molecules (d = 3.66 Å for air [29]). The
effective fluid pressure, Pf e, from the fluidic analysis is used
to compute Hfluid in equation (32)

Hfluid = −J̄ Pf eF−T N (38)

where J̄ = det(F). Equation (36) is discretized in the time
domain using the Crank–Nicholson scheme (see [28] for more
details)
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Figure 5. Deformed and undeformed domains in a magnetostatic MEMS switch.

5. Coupled magneto-mechanical-fluidic analysis

For the static and dynamic analysis of magnetostatic MEMS,
the Lagrangian form of the governing equations for the
magnetostatic, mechanical and fluidic analysis are solved in
a self-consistent manner using a relaxation scheme in this
paper. Algorithm 1 describes the various steps involved
in the self-consistent solution for the dynamic analysis of
magnetostatic MEMS. In the static case, the time dependent
terms in the governing equations are set to zero and only the
coupled analysis is performed (for the given current) while
in the dynamic analysis the coupled analysis is performed in
each time step. Algorithm 1 is described using the notation
shown in figure 5. Figure 5 shows a deformable magnetic
cantilever beam over a substrate which has a rigid magnetic
core embedded in it. The undeformed domain of the magnetic
beam is denoted by 	m1 and its boundary by �m1. The
cantilever beam deforms due to the applied magnetostatic force
and the deformed configuration at any time instant is denoted
by ωm1 and the deformed boundary by γm1. The magnetic rigid
core is denoted by 	m2 and its boundary by �m2. There are
two current carrying coils (which do not deform) in the switch
denoted by 	s1 and 	s2 and their boundaries are denoted
by �s1 and �s2. The fluid domain for Reynold’s squeeze
film damping analysis is the projection of the cantilever beam
on the substrate (in the X–Z plane). As the beam deforms,
the fluid domain also deforms as shown in figure 5. The
deformed fluid domain is denoted by ωf and the undeformed
fluid domain (projection of the undeformed beam in the X–Z
plane) is denoted by 	f . In algorithm 1, the index n stands for
time instant whereas the index i denotes the ith relaxation
iteration within the time step n. ‘tol’ is some specified
tolerance for checking convergence of the relaxation scheme
in algorithm 1. The displacement, velocity and acceleration
of the microstructure are initialized (set to zero for our case)
at the beginning. In each time step, a relaxation approach
is followed to obtain a self-consistent displacement, velocity
and acceleration of the structure for that time step. The initial
guesses for the relaxation process are generally taken to be the
final solutions of the previous time step.

Algorithm 1 Hybrid full-Lagrangian scheme for the self-

consistent dynamic analysis of magnetostatic MEMS.

1: Define 	m1, �m1,	m2, �m2,	s1, �s1,	s2, �s2,	f

2: Discretize: 	m1,	m2,	s1,	s2 for interior magnetostatic

analysis (	m1 is also needed in mechanical analysis)

3: Discretize: �m1, �m2, �s1, �s2 for BIE magnetostatic

analysis

4: Discretize: 	f for fluidic analysis

5: Set n = 0, tn = t0 = 0

6: Initialize: u(tn), u̇(tn), ü(tn), Pf e(t
n), Az(t

n)

7: for n = 0 to N

8: Set: i = 0 and u
(
tn+1
i

) = u(tn), Pf e

(
tn+1
i

) = Pf e(t
n),

Az

(
tn+1
i

) = Az(t
n)

9: repeat

10: Compute F, T, C and J̄ from u
(
tn+1
i

)
11: Compute Az

(
tn+1
i+1

)
by solving the magnetostatic

equations on 	m1, �m1,	m2, �m2,	s1, �s1,	s2,

�s2 (i.e., solve equations (20), (25), (26))

12: Compute B
(
tn+1
i+1

)
from Az

(
tn+1
i+1

)
using

equation (27)

13: Compute Fmag(t
n+1
i+1 ) using equation (29)

14: Compute u̇
(
tn+1
i

)
from u(tn+1

i ) and u(tn)

15: Compute Pf e

(
tn+1
i+1

)
by solving fluidic equations

in 	f using u
(
tn+1
i

)
and u̇

(
tn+1
i

)
- (i.e., solve

equation (36))

16: Compute Hfluid
(
tn+1
i+1

)
from Pf e

(
tn+1
i+1

)
using

equation (38)

17: Compute u
(
tn+1
i+1

)
by solving mechanical

equations on 	m1 using Hfluid
(
tn+1
i+1

)
and

Fmag
(
tn+1
i+1

)
- (i.e., solve equations (30)–(??))

18: Update i = i + 1

19: until a self-consistent final stage is reached (i.e.,u
(
tn+1
i

)− u(tn+1
i−1 )

 < tol,
Pf e

(
tn+1
i

) − Pf e

(
tn+1
i−1

)
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Figure 6. A magnetostatic microrelay [34] (all dimensions are in microns).

< tol and
Az

(
tn+1
i

) − Az

(
tn+1
i−1

) < tol)

20: Update: u(tn+1) = u
(
tn+1
i

)
, compute u̇(tn+1) and

ü(tn+1) from u(tn+1) and u(tn)

21: Update: B(tn+1) = B
(
tn+1
i

)
and Pf e(t

n+1) =
Pf e

(
tn+1
i

)
22 : end for

Equations (25), (26) in the magnetostatic analysis are
discretized using the boundary cloud method (BCM)
(see [30, 31] for details on BCM) while equation (20)
in the magnetostatic analysis, the mechanical equations,
equations (30)–(34), and the fluidic equation, equation (36),
are discretized using the finite cloud method (FCM) (see
[32, 33] for details on FCM). From algorithm 1, it can be
seen that several time consuming steps that would be present
in conventional schemes are completely eliminated in the
hybrid full-Lagrangian scheme. These are (a) updating and
rediscretizing the deformed geometry of the structures and (b)
recomputing the interpolation functions used in the numerical
method. Instead, some additional mapping functions such as
F, T and C need to be computed, which are trivial in nature.

6. Results

The hybrid full-Lagrangian scheme is used to simulate
three magnetostatic MEMS devices in this paper. The
static analyses of the devices are performed by coupled
magnetostatic-mechanical analysis as the fluidic force acting
on the microstructures considered in this paper in the stationary
state are negligible. The dynamic analyses involve coupled
magneto-mechanical-fluidic analysis.

The first device considered is a magnetostatic microrelay
shown in figure 6. The device consists of a magnetic core and a
keeper made of permalloy. The magnetic keeper is suspended
by a pair of cantilever beams each of length 2200 µm and
thickness 18 µm. The dimensions of the magnetic core are
shown in figure 6, the thickness of the core is 400 µm and
the height of the entire structure in the Z direction is 100 µm.
The pair of air gaps between the keeper and the magnetic core
are 30 µm in thickness (distance between the keeper and the
core) and 200 µm in length. The magnetic field is generated
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Figure 7. Static analysis of the magnetostatic microrelay [34]:
displacement of the keeper in the Y direction versus the applied
current.

through two sets of current carrying coils. The first set of coils
has 24 turns in it and is represented by the pair of 3000 µm
long and 50 µm thick conductors in figure 6. The second set
of coils has 16 turns in it and is represented by the pair of
2000 µm long and 50 µm thick conductors in figure 6. The
current density in the conductors can be computed using
the relation Jz = NI/Ac, where N is the number of turns
in the coil, I is the current in the coils and Ac is the area of the
conductor. The current carrying coils are made from copper
having a relative permeability of 0.99 [15]. Young’s modulus
of the permalloy cantilever beams is 95 GPa [34] and Poisson’s
ratio was taken to be 0.3 [35]. The relative permeability of the
permalloy core and keeper is 400 [34]. Az is set to zero at the
point O (in one of the conductors), as shown in figure 6, in
the numerical simulations. Figure 7 shows the variation in the
displacement of the keeper in the Y direction (see figure 6) with
the applied current I in the coils. Magnetostatic pull-in [36]
is found to take place at I = 44 mA. The results are in good
agreement with the experimental data. Figure 8 shows the
variation in the total magnetostatic force in the Y direction that
acts on the keeper with the applied current before pull-in takes
place.

The second device considered is another magnetostatic
actuator [37] (device A) for relay/switching applications
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Figure 8. Variation in the total magnetostatic force on the keeper in
the Y direction with the applied current in the magnetostatic
microrelay.

shown in figure 9. The microactuator consists of a magnetic
cantilever beam made from permalloy, 1000 µm long, 10 µm
thick and 200 µm wide (in the Z direction). The thickness of
the air gap is 4 µm and it is 100 µm long. The magnetic core
is kept large enough so that it provides negligible resistance
to the magnetic flux, which can flow unrestricted along the
entire back side of the substrate [37], as shown in figure 9.
There are 15 turns of current coils, represented by the pair of
current carrying conductors (20 µm long and 5 µm thick) in
figure 9. The current carrying coils are made from copper
having a relative permeability of 0.99 [15]. The relative
permeability of the permalloy core and beam is 1100
[37]. Young’s modulus of the permalloy cantilever beam is
95.6 GPa [37] and Poisson’s ratio was taken to be 0.3. Az is
set to zero at the point O (in one of the conductors), as shown
in figure 9, in the numerical simulations. Figure 10 shows the
variation in the displacement of the cantilever beam tip in the
Y direction (see figure 9) with the applied current I in the coils.
Magnetostatic pull-in [36] is found to take place at I = 24 mA.
The results are in good agreement with the experimental data.
Figure 11 shows the variation in the total magnetostatic force
that acts on the cantilever beam in the Y direction with the
applied current before pull-in takes place.

The third device considered is another magnetic
microactuator [17, 38] (device B) shown in figure 12. The
microactuator consists of a magnetic cantilever beam made
from permalloy, 780 µm long, 2.5 µm thick and 25 µm
wide (in the Z direction). The thickness of the air gap is

1000
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Figure 9. Magnetostatic microactuator A [37] (all dimensions are in microns).
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Figure 10. Static analysis of the magnetostatic actuator A [37]:
displacement of the cantilever beam tip in the Y direction versus the
applied current.
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Figure 11. Variation in the total magnetostatic force on the
cantilever beam in the Y direction with the applied current in
actuator A [37].

10 µm and it is 780 µm long. The dimensions of the
magnetic core are shown in figure 12 and its thickness is
2.5 µm. A pair of current carrying conductors of length
1000 µm and thickness 5 µm are placed around the magnetic
core to represent the current carrying coils which have 17
turns. The current density in the conductors can be computed
using the relation Jz = NI/Ac, where N is the number of
turns in the coil, I is the current in the coils and Ac is the
area of the conductor. The current carrying coils are made
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Figure 12. Magnetostatic microactuator B [38] (all dimensions are in microns).
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Figure 13. Static analysis of the magnetostatic actuator B [38]:
displacement of the cantilever beam tip in the Y direction versus the
applied current.
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Figure 14. Variation in the total magnetostatic force that acts on the
cantilever beam in the Y direction with the applied current in
actuator B [38].

from copper having a relative permeability of 0.99 [15]. The
relative permeability of the permalloy core and the beam is
500 [38]. Young’s modulus of the permalloy cantilever beam
is 95 GPa [38] and Poisson’s ratio was taken to be 0.3. Az is
set to zero at the point O (in one of the conductors), as shown
in figure 12, in the numerical simulations. Figure 13 shows
the variation in the displacement of the cantilever beam tip in
the Y direction (see figure 12) with the applied current I in the
coils. Figure 14 shows the variation in the total magnetostatic
force that acts on the cantilever beam in the Y direction with

0 5 10 15 20
−0.06

−0.04

−0.02

0

Time (ms)

D
is

pl
ac

em
en

t (
µm

)

Figure 15. Damped transient response of the magnetostatic actuator
B for an applied dc current of 50 mA.
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Figure 16. Variation in the resonant frequency of the magnetostatic
actuator B with the applied dc current.

the applied current. Dynamic analysis of the magnetostatic
actuator B is also performed in this paper in the presence of
fluid damping. Reynold’s squeeze film damping in the thin
air gap between the cantilever beam and the magnetic core is
the primary source of damping in this microstructure. The
viscosity of air is taken to be η = 1.82 × 10−5 kg m−1 s−1

[29] and the mean free path λ for air is computed from
equation (37) at 1 atm and 293 K. A time step of 0.02 ms is
used in the simulations. Figure 15 shows the damped transient
response of the magnetostatic actuator B for an applied dc
current of 50 mA and figure 16 shows the variation in the
resonant frequency of the device with the increase in the
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Figure 17. Frequency response of the magnetostatic actuator B for
an applied dc current of 50 mA and an ac current of 5 mA: single
resonant peak.
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Figure 18. Frequency response of the magnetostatic actuator B for
an applied dc current of 50 mA and an ac current of 100 mA:
multiple resonant peaks.

applied dc current. A small spring softening effect is observed
in the magnetostatic actuator B with the increase in the applied
dc current. However, this spring softening is much smaller
than the significant amount of spring softening observed in
typical electrostatic MEMS devices [23].

The frequency response of the magnetostatic actuator B
under a 50 mA dc current and a small 5 mA ac current is

Substrate

1000

50100
 20

20

20270

Fixed fixed beam

Magnetic core

180140

1040

 20

Current carrying coils/conductors

Y

X

Z

O

Figure 19. Fixed–fixed beam based magnetostatic actuator (all dimensions are in microns).

shown in figure 17. The resonant frequency of the device
is found to be 2.538 KHz and its quality factor is found to
be 29.6. The presence of multiple resonant peaks in the
frequency response of the magnetostatic actuator B under a
50 mA dc current and a large 100 mA ac current is shown
in figure 18. The formation of two peaks in the frequency
response plot (also observed in electrostatic MEMS [23]) can
be explained by the fact that the magnetostatic force Fmag is
proportional to the square of the applied current I [15], i.e.,
Fmag ∝ I 2. As a result, when the ac current is comparable
to or larger than the dc current, the second harmonic of
the excitation frequency (the term involving cos(2ωt) in
equation (39)) becomes comparable/dominant with respect
to the first harmonic (the term involving cos(ωt) in
equation (39)):

I 2 = [Idc + Iac cos(ωt)]2 = I 2
dc +

I 2
ac

2
+ 2IdcIac cos(ωt)

+
I 2

ac

2
cos(2ωt). (39)

The two harmonics present in the excitation force give rise to
the two resonant peaks in the frequency response. One peak
is at f0, where f0 is the resonant frequency of the device and
the other one is at f0/2.

The nonlinear dynamic properties of a magnetostatic
MEMS device having a fixed–fixed beam as the deformable
microstructure shown in figure 19 are next studied. The
microactuator consists of a magnetic fixed–fixed beam made
from permalloy, 1000 µm long, 20 µm thick and 400 µm
wide (in the Z direction). The thickness of the air gap is
50 µm and it is 100 µm long. The dimensions of the magnetic
core are shown in figure 19 and its thickness is 20 µm. A
pair of current carrying conductors of length 140 µm and
thickness 20 µm are placed around the magnetic core to
represent the current carrying coils which have 100 turns.
The current carrying coils are made from copper having a
relative permeability of 0.99. The relative permeability of the
permalloy core and the beam is taken to be 400. Young’s
modulus of the permalloy fixed–fixed beam is taken to be 95
GPa and Poisson’s ratio is 0.3. Az is set to zero at the point
O (in one of the conductors) as shown in figure 19, in the
numerical simulations. Figure 20 shows the variation in the
peak displacement (at the center of its bottom surface) of
the fixed–fixed beam in the Y direction (see figure 19) with the
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Figure 20. Static analysis of the fixed–fixed beam based
magnetostatic actuator: peak displacement of the beam in the Y
direction versus the applied current.
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Figure 21. Damped transient response of the fixed–fixed beam
actuator for an applied dc current of 500 mA.

applied current I in the coils. Magnetostatic pull-in is found
to take place at 1580 mA. Dynamic analysis of the fixed–fixed
beam actuator is performed in the presence of fluid damping.
Reynold’s squeeze film damping in the thin air gap between
the beam and the substrate is the primary source of damping
in this microstructure. The viscosity of air is taken to be η =
1.82×10−5 kg m−1 s−1 [29] and the mean free path λ for air is
computed from equation (37) at 1 atm and 293 K. A time step of
0.5 ms is used in the simulations. Figure 21 shows the damped
transient response of the fixed–fixed beam actuator for an
applied dc current of 500 mA and figure 22 shows the variation
in the resonant frequency of the device with the increase in the
applied dc current. The resonant frequency of the device
is found to be 68.5 KHz at small applied currents (when
spring hardening/softening effects are negligible). Spring
hardening due to the mechanical nonlinearity present in the
fixed–fixed beam device is observed in figure 22. First-order
linearized lumped models for the coupled analysis of magnetic
MEMS where mechanical nonlinearities are not taken into
account can give inaccurate results in this case. However, the
spring softening effect of the nonlinear magnetostatic force
becomes stronger near dynamic pull-in which takes place at
1480 mA. The presence of multiple resonant peaks in the
frequency response of the fixed–fixed beam actuator under a
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Figure 22. Variation in the resonant frequency of the fixed–fixed
beam actuator with the applied dc current.
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Figure 23. Frequency response of the fixed–fixed beam actuator for
an applied dc current of 10 mA and an ac current of 100 mA:
multiple resonant peaks.

10 mA dc current and a large 100 mA ac current is shown in
figure 23. The formation of the second resonant peak is
attributed to the Fmag ∝ I 2 nature of the magnetostatic force
Fmag, as discussed for the magnetostatic actuator B.

7. Conclusions

A hybrid full-Lagrangian technique is developed in this paper
for the efficient static and dynamic analysis of magnetostatic
MEMS. In the full-Lagrangian formulation, physical analysis
of all the energy domains (magnetostatic, mechanical and
fluidic) is performed by mapping the governing equations
into the undeformed configuration. This eliminates the
need to update/rediscretize the geometry and recompute the
interpolation functions, making the self-consistent analysis
of magnetostatic MEMS simple and efficient. The new
technique and the physical models used are validated by
comparing numerical simulation results with experimental
data. Dynamic analysis of magnetostatic microactuators
indicates the presence of several interesting nonlinear dynamic
properties such as spring hardening, spring softening and
multiple resonant peaks in the frequency response plot.

2657



S K De and N R Aluru

Acknowledgments

This work is supported by the National Science Foundation
under grant numbers 0228390 and 0601479 and by the DARPA
Defense Sciences Office.

References

[1] Niarchos D 2003 MEMS: key issues and some important
applications Sensors Actuators A 109 166–73

[2] Judy J W, Muller R S and Zappe H H 1995 Magnetic
microactuation of polysilicon flexure structures
J. Microelectromech. Syst. 4 162–9

[3] Fujita H 1998 Microactuators and micromachines Proc.
IEEE 86 1721–32

[4] Judy J W and Muller R S 1997 Magnetically actuated,
addressable microstructures J. Microelectromech. Syst.
6 249–56

[5] Liu C, Tsao T and Tai Y C 1999 A high yield drying process
for surface-micromachined structures using magnetostatic
forces Sensors Mater. 11 71–86

[6] Cho I J, Song T, Baek S H and Yoon E 2005 A low voltage and
low power RF MEMS series and shunt switches actuated by
combination of electromagnetic and electrostatic forces
IEEE Trans. Microw. Theory Tech. 53 2450–7

[7] Ji C H, Yee Y, Choon J, Kim S H and Bu J U 2004
Electromagnetic 2 × 2 MEMS optical switch IEEE J. Sel.
Top. Quantum Electron. 10 545–50

[8] Gatzen H H, Obermeier E, Kohlmeier T, Budde T, Ngo H D,
Mukhopadhyay B and Farr M 2003 An electromagnetically
actuated bi-stable MEMS optical microswitch Int. Conf. on
Solid-State Sensors and Actuators: Transducers pp 1514–7

[9] Losito R and Marque S 2002 Coupled analysis of
electromagnetic, thermo-mechanical effects on RF
accelerating structures Proc. EPAC 2166–8

[10] Huang L, Mandeville R E and Rolph W D III 1999
Magnetostatics and coupled structural finite element
analysis Comput. Struct. 72 199–207

[11] Frangi A, Ragani P F and Ghezzi L 2005 Magneto-mechanical
simulations by a coupled fast multipole method-finite
element method and multigrid solvers Comput.
Struct. 83 718–26

[12] Nicolet A, Delince F, Genon A and Legros W 1992 Finite
elements-boundary elements coupling for the movement
modeling in two dimensional structures J. Physique III
2 2035–44

[13] Ren Z, Bouillault F, Razek A and Verite J C 1988 Comparison
of different boundary integral formulations when coupled
with finite elements in three dimensions IEE Proc. 135
501–7

[14] Ida N and Bastos J P A 1992 Electromagnetics and
Calculation of Fields (Berlin: Springer)

[15] Moon F 1984 Magneto-Solid Mechanics (New York: Wiley)
[16] Fullin E, Gobet J, Tilmans H A C and Bergqvist J 1998 A new

basic technology for magnetic micro-actuators IEEE Proc.
MEMS’98 pp 142–7

[17] Nami Z, Ahn C H and Allen M G 1996 An energy-based
design criterion for magnetic microactuators J. Micromech.
Microeng. 6 337–44

[18] Li G and Aluru N R 2006 A Lagrangian approach for
quantum-mechanical electrostatic analysis of deformable
silicon nanostructures Eng. Anal. Bound. Elem. 30 925–39

[19] Brebbia C A 1978 The Boundary Element Method for
Engineers (New York: Wiley)

[20] Chandrasekharaiah D S and Debnath L 1994 Continuum
Mechanics (New York: Academic)

[21] Li G and Aluru N R 2002 A Lagrangian approach for
electrostatic analysis of deformable conductors
J. Microelectromech. Syst. 11 245–54

[22] Bathe K J 1995 Finite Element Procedures (Englewood Cliffs,
NJ: Prentice-Hall)

[23] De S K and Aluru N R 2004 Full-Lagrangian schemes for
dynamic analysis of electrostatic MEMS
J. Microelectromech. Syst. 13 737–58

[24] Starr J B 1990 Squeezed-film damping in solid-state
accelerometers Proc. of the Tech. Digest Solid-State Sensor
and Actuator Workshop pp 44–7

[25] Burgdorfer A 1959 The influence of the molecular mean free
path on the performance of hydrodynamic gas lubricated
bearings Trans. ASME D 81 94–100

[26] Gross W A, Matsch L A, Castelli V, Eshel A, Vohr J H and
Wildmann M 1980 Fluid Film Lubrication (New York:
Wiley)

[27] Hung E S and Senturia S D 1999 Generating efficient
dynamical models for microelectromechanical
systems from a few finite-element simulation runs
J. Microelectromech. Syst. 8 280–9

[28] De S K and Aluru N R 2006 Coupling of hierarchical fluid
models with electrostatic and mechanical models for the
dynamic analysis of MEMS J. Micromech. Microeng.
16 1705–19

[29] Vincenti W G and Kruger C H 1967 Introduction to Physical
Gas Dynamics (New York: Wiley)

[30] Li G and Aluru N R 2003 A boundary cloud method with a
cloud-by-cloud polynomial basis Eng. Anal. Bound. Elem.
27 57–71

[31] Li G and Aluru N R 2002 Boundary cloud method: a
combined scattered point/boundary integral approach for
boundary-only analysis Comput. Methods Appl. Mech.
Eng. 191 2337–70

[32] Jin X, Li G and Aluru N R 2005 New approximations and
collocation schemes in the finite cloud method Comput.
Struct. 83 1366–85

[33] Aluru N R and Li G 2001 Finite cloud method: a true meshless
technique based on a fixed reproducing kernel
approximation Int. J. Numer. Methods Eng.
50 2373–410

[34] Rogge B, Schulz J, Mohr J, Thommes A and Menz W 1995
Fully batch fabricated magnetic microactuators using a two
layer LIGA process Int. Conf. on Solid-State Sensors and
Actuators: Transducers pp 320–3

[35] Lyman T 1948 Metals Handbook (Materials Park, OH:
American Society of Metals)

[36] Nemirovsky Y, Zelniker I, Degani O and Sarusi G 2005 A
methodology and model for the pull-in parameters of
magnetostatic actuators J. Microelectromech. Syst.
14 1253–64

[37] Wright J A, Tai Y C and Chang S C 1997 A large force,
fully-integrated MEMS magnetic actuator Int. Conf. on
Solid-State Sensors and Actuators: Transducers
pp 793–6

[38] Ahn C H and Allen M G 1992 A fully integrated
micromagnetic actuator with a multilevel meander magnetic
core IEEE Solid-State Sensor and Actuator Workshop
pp 14–18

2658

http://dx.doi.org/10.1016/j.sna.2003.09.010
http://dx.doi.org/10.1109/84.475542
http://dx.doi.org/10.1109/5.704278
http://dx.doi.org/10.1109/84.623114
http://dx.doi.org/10.1109/TMTT.2005.850406
http://dx.doi.org/10.1109/JSTQE.2004.829199
http://dx.doi.org/10.1016/S0045-7949(99)00003-6
http://dx.doi.org/10.1016/j.compstruc.2004.09.008
http://dx.doi.org/10.1051/jp3:1992229
http://dx.doi.org/10.1088/0960-1317/6/3/006
http://dx.doi.org/10.1109/JMEMS.2002.805211
http://dx.doi.org/10.1109/JMEMS.2004.835773
http://dx.doi.org/10.1109/84.788632
http://dx.doi.org/10.1088/0960-1317/16/8/036
http://dx.doi.org/10.1016/S0955-7997(02)00110-8
http://dx.doi.org/10.1016/S0045-7825(01)00415-7
http://dx.doi.org/10.1016/j.compstruc.2004.08.030
http://dx.doi.org/10.1002/nme.124
http://dx.doi.org/10.1109/JMEMS.2005.859074

	1. Introduction
	2. Theory of magnetostatic MEMS
	3. Hybrid BIE'75Poisson approach for magnetostatic analysis
	3.1. Lagrangian formulation

	4. Mechanical and fluidic analysis
	5. Coupled magneto-mechanical-fluidic analysis
	6. Results
	7. Conclusions
	Acknowledgments
	References

