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Abstract
The dynamical behavior of MEMS (micro-electro-mechanical systems) is
often strongly affected by viscous fluid/air damping effects from the
surrounding. These fluid/air damping effects have to be carefully taken into
account during the design and optimization process, in order to get a
realistic and reliable description of the device operation. In this paper, two
hierarchical fluid models (the 2D compressible Reynold’s squeeze film
equation and the 2D compressible Navier–Stokes equations) are coupled
with a 2D electro-mechanical solver for the dynamic analysis of MEMS to
simulate and understand the effect of fluid damping on microstructures. The
different physical domains (electrical, mechanical and fluidic) are coupled
together using a Newton method for faster convergence. A Lagrangian
description of all the physical domains makes it possible to compute the
inter-domain coupling terms in the Jacobian matrix of the Newton method
exactly. Several MEMS devices (a micromirror, a piggyback actuator, a
lateral comb drive and a cantilever beam in air) have been simulated using
the coupled electro-mechanical–fluidic solver and numerical results on the
resonant frequency and the quality factor are compared with experimental
data. The two hierarchical fluid models can be used judiciously (based on
speed and accuracy) along with the electro-mechanical solver, depending on
the type of MEMS device under consideration, thereby making the dynamic
analysis of MEMS devices more efficient.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

MEM (micro-electro-mechanical) devices and systems are
characterized by very small air gaps (typically a few
micrometers) between the moving elements and the fixed parts.
As a result, under atmospheric conditions air damping is the
dominant energy dissipation mechanism in many mechanical
sensors and actuators [1]. Air-packaged MEMS devices are
used in a variety of applications such as accelerometers [2],
gyroscopes [3] and inertial sensors [4]. In many of these
applications, the resonant frequency and the quality factor of
the device are the key design parameters which need to be

predicted accurately. Hence, it is important to have a reliable
and an efficient physical simulation method that can determine
the detailed air flow around these structures and compute the
design parameters accurately [5]. Several hierarchical fluid
models such as the Reynold’s squeeze film equation [6–8], the
incompressible Stokes equations [9] and the Navier–Stokes
equations [10] have already been used to study fluid damping
in MEMS. The fluidic analysis is in general performed on the
deformed configuration of the fluid domain and a relaxation
scheme is used for self-consistency between the different
physical domains, namely electrical, mechanical and fluidic
energy domains. Consequently, there is a need to update the
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Figure 1. Illustration of coupling between the mechanical and fluidic domains in electrostatic MEMS through an example—a MEMS
fixed–fixed beam moving with a peak velocity Vy towards a ground plane giving rise to a fluid flow and the air/fluid damping force acting
on it: (a) front view (in the X–Y plane) and (b) side view (in the Y–Z plane at section CC).

geometry of the fluid domain during each relaxation iteration in
each time step. This in turn requires remeshing of the domain
and recomputation of the interpolation functions used in the
numerical method. Besides, the nonlinear coupling between
the different domains can significantly lower the convergence
rate of the relaxation scheme (for example, near pull-in
conditions in the electro-mechanical coupling case [11–14])
thereby indicating the need for Newton based methods for such
tightly coupled cases. The accurate computation of the inter-
domain coupling terms in the Jacobian matrix of the Newton
method is difficult in the conventional semi-Lagrangian
approaches where the mechanical analysis is performed on
the undeformed geometries and the electrostatic and fluidic
analyses are performed on the deformed geometries. A full-
Lagrangian formulation for the electro-mechanical coupling
case, in the absence of fluid damping, has already been
developed [14–16] and the accurate computation of the
Jacobian matrix for this case has been presented in [14].

In this paper, two different fluid models (the compressible
Reynold’s squeeze film equation and the compressible Navier–
Stokes equations) are coupled with the electrical and the
mechanical models using a full-Lagrangian Newton method
for the dynamic analysis of MEMS. In [14], a full-Lagrangian
Newton method that employs a Lagrangian formulation for
both mechanics and electrostatics and a Newton method
for self-consistency has been presented. The Lagrangian
formulations of the two fluidic models and a Newton method
to couple the three physical domains (electrical, mechanical,
fluidic) are described in this paper. Exact computation of
the inter-domain coupling terms in the Jacobian matrix of the
Newton method along with the full-Lagrangian formulation
makes the coupled electro-mechanical–fluidic solver robust
and efficient. The meshless finite cloud method [17] is
used for the interior mechanical and fluidic analyses and the
meshless boundary cloud method [18] is used for the exterior
electrostatic analysis. Dynamic analysis of several complex
MEM devices is performed using the newly developed coupled
electro-mechanical–fluidic solver and the numerical results

(resonant frequency and quality factor) are compared with
experimental data. For MEMS devices where large aspect
ratios and small gaps are present, the compressible Reynold’s
squeeze film equation and the compressible Navier–Stokes
equations will give identical results [7]. However, as the
compressible Reynold’s squeeze film equation (CRSFE) is
simpler and faster to solve [7] compared to the compressible
Navier–Stokes equations (CNSE), one can select the coupled
electro-mechanical–fluidic solver based on CRSFE for such
problems. On the other hand, for MEMS devices with large
air gaps or complex geometries, CRSFE may not be accurate,
in which case the coupled electro-mechanical–fluidic solver
based on the CNSE solver can be used for accurate results.

The rest of the paper is outlined as follows: section 2
discusses the theory of fluid damping in MEM devices and the
Lagrangian formulations of the governing equations for the
different physical domains, section 3 presents the coupling of
the fluid models with the electrical and the mechanical models,
section 4 presents the results and conclusions are presented in
section 5.

2. Fluid/air damping in MEMS

The physical coupling between the electrical and the
mechanical energy domains in electrostatic MEMS has been
described in detail in [14] where fluid damping was not
considered. When a surrounding fluid (e.g., air) is present,
the movement of the microstructure causes the surrounding
fluid to move which in turn gives rise to fluid damping forces
acting on the microstructure. The fluid damping force depends
on the position and the velocity of the microstructure giving
rise to a coupling between the mechanical and the fluidic
domains (besides the electro-mechanical coupling that already
exists). This coupling between the mechanical and the fluidic
domains in MEMS will be explained by considering the
generic example shown in figure 1 where a MEMS fixed–
fixed beam (microstructure) moves with a peak velocity Vy

towards a ground plane due to some electrostatic force (not
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shown in figure 1). The length of the MEMS beam is denoted
by l and its height from the ground plane in the undeformed
state is denoted by h in figure 1. The region exterior to the
microstructure is divided into two regions, namely regions
A and B, in our discussion. Region A is located between
the microstructure and the ground plane. The remaining
portion exterior to the microstructure is denoted by region B, as
shown in figure 1. When the microstructure moves due to the
electrostatic force generated by an applied electrical potential
(not shown here), it displaces the surrounding fluid/air. The
fluid flow around the microstructure depends on the velocity
and the position of the microstructure with respect to the
ground plane. The fluid flow in turn gives rise to fluid damping
forces that act on the microstructure thereby establishing a
coupling between the mechanical and the fluidic domains. If
(a) the length of the microstructure l is sufficiently larger than
the height h, (b) the microstructure is moving perpendicular to
the ground plane (as in this case) and (c) the Reynold’s number
is small, the fluid pressure/velocity variation in region B is
minimal and can be neglected [7, 19]. In that case, the fluid
damping force can be computed by solving the compressible
Reynold’s squeeze film equation for region A. For all other
cases, where l and h are comparable or when the motion of
the microstructure is complicated, the compressible Navier–
Stokes equations have to be solved in both regions A and B to
compute the fluid damping force. Considering all the forces
present in the system, at each time instant, the inertial and
mechanical stiffness forces (internal forces) are balanced by
the external electrostatic and fluidic damping forces. These
internal and external forces need to be computed and the
position of the microstructure is obtained by considering the
balance of all the forces at that time instant. The physical
models to compute the various forces are described next.

2.1. Mechanical and electrostatic analysis

The mechanical deformation of the MEM structure can be
computed by a 2D large deformation elastic analysis of the
microstructure. The transient governing equations for an
elastic body using a Lagrangian description are given by [20]

ρü = ∇ · (FS) in �, (1)

u = G on �g, (2)

P · N = H on �h, (3)

u|t=0 = G0 in �, (4)

u̇|t=0 = V0 in �. (5)

Equation (1) is the governing equation where ρ is the material
density in the undeformed (initial) configuration, F is the
deformation gradient and S is the second Piola–Kirchhoff
stress. The differential operator ∇ is in the undeformed
configuration (Lagrangian formulation). u, u̇ and ü are the
displacement, velocity and acceleration vectors, respectively.
Equations (2) and (3) are the displacement and the surface
traction boundary conditions, respectively. G is the prescribed
displacement and N is the unit outward normal vector in
the initial configuration. H is the surface traction on the
structure due to the electrostatic and fluid pressures and P
is the first Piola–Kirchhoff stress tensor. Equations (4) and
(5) are the initial conditions for displacement and velocity,

respectively. G0 and V0 are the prescribed initial displacement
and velocity, respectively. A Newmark scheme with an
implicit trapezoidal rule (see for example [21] for details)
is used to solve the nonlinear dynamical system posed in
equations (1)–(5). Numerical discretization is done by using
the finite cloud method (FCM) (see [17, 22, 23] for details on
FCM).

The 2D governing equation for the electrostatic analysis
can be written in a boundary integral form in the Lagrangian
frame (see [24] for details)

φ(p(P )) =
∫

d�

1

ε
G(p(P ), q(Q))σ (q(Q))J(Q) d�Q + C,

(6)∫
d�

σ(q(Q))J(Q) d�Q = CT, (7)

J(Q) = [T(Q) · C(Q)T(Q)]
1
2 , (8)

where ε is the dielectric constant of the medium, φ is the
electrostatic potential and σ is the electrostatic surface charge
density. P and Q are the source and field points in the
initial configuration corresponding to the source and field
points p and q in the deformed configuration and G is the
Green’s function. In two dimensions, G(p(P ), q(Q)) =
−ln|p(P ) − q(Q)|/2π , where |p(P ) − q(Q)| is the distance
between the source point p(P ) and the field point q(Q). CT

is the total charge of the system and C is an unknown variable
which can be used to compute the potential at infinity. T(Q)

is the tangential unit vector at field point Q and C(Q) is the
Green deformation tensor. Equations (6)–(8) are solved using
the boundary cloud method (BCM) (see [18, 25] for details
on BCM) to obtain the distribution of surface charge density,
σ , on the conductors. The electrostatic pressure normal to the
surface of the conductors is given by

Pe = σ 2

2ε
. (9)

2.2. Fluidic analysis

As discussed in the beginning of this section, depending on the
thickness of the fluid gap h and the direction of motion of the
microstructure, fluidic analysis can be simplified (compared
to solving the more complicated compressible Navier–Stokes
equations) by solving the compressible Reynold’s squeeze film
equation. In this section, the governing equations for both the
fluidic analyses are presented. The 2D compressible Navier–
Stokes equations have been used to compute fluid damping
forces for large air gaps and for non-trivial geometries in this
paper.

2.2.1. Compressible Reynold’s squeeze film equation
(CRSFE). The isothermal Reynold’s squeeze film equation
for a compressible slip flow is given by [6, 26]

∂

∂x

[
(1 + 6K)h3Pf

∂Pf

∂x

]

+
∂

∂z

[
(1 + 6K)h3Pf

∂Pf

∂z

]
= 12η

∂(Pfh)

∂t
, (10)

where h is the gap between the movable structure and the
ground electrode of the MEM device (same as the fluid film
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Figure 2. Structural and fluidic domains for Reynold’s squeeze film damping analysis.

thickness), Pf is the fluid pressure under the structure (region
A in figure 1) and η is the viscosity of the surrounding fluid.
K = λ/h is the Knudsen number, where λ is the mean free
path of the surrounding fluid. The rarefaction/slip flow effects
present in the system due to the small device dimensions
and/or low ambient pressures are taken into account by the
term 1 + 6K in equation (10). This correction term for the
isothermal Reynold’s squeeze film equation was derived in
[26] by assuming first-order slip flow boundary conditions
and is valid up to K = 1. Several other models for the
correction term have been discussed in [27] (some are based
on the linearized Boltzmann equation and valid up to K = 880
[7]). The variation of the fluid pressure, Pf , in the height
direction (Y-direction in figures 1 and 2) is assumed to be
negligible in CRSFE [19]. As a result, the fluid domain where
the Reynold’s squeeze film equation is solved (for region A in
figure 1) is the projection of the MEM structure on the X–Z
plane (ground plane) [6] as shown in figure 2. As the moving
structure deforms due to the application of an external electric
field, the projected fluid domain also changes. Equation (10) is
written in the deformed configuration (projected fluid domain)
which varies with time (x and z are the coordinates in the
deformed configuration). A Lagrangian form of equation (10)
is developed in this paper:

∂

∂X

[
(1 + 6K)h3Pf

∂Pf

∂X

(
1 +

∂u

∂X

)−1
](

1 +
∂u

∂X

)−1

+
∂

∂Z

[
(1 + 6K)h3Pf

∂Pf

∂Z

]
= 12η

∂(Pfh)

∂t
, (11)

where X,Z are the coordinates of the fluid domain
corresponding to the undeformed state of the movable structure
and u is the deformation of the movable structure in the X-
direction. As the 2D mechanical equations are solved in the
X–Y domain, mechanical deformation and its variation in the
Z-direction are assumed to be zero. The fluid pressure, Pf ,
obtained from equation (11) is integrated along the Z-direction
to compute an effective fluid pressure, Pfe, which is applied
as a boundary condition in the 2D mechanical analysis in the
X–Y domain [6].

The mean free path, λ (used for computing K in
equation (11)), is related to the ambient temperature and
pressure by the relation [28]

λ = kBT√
2πpd2

, (12)

where kB is the Boltzmann constant, T is the absolute
temperature, p is the ambient pressure and d is the collision
diameter of the fluid molecules (d = 3.66 Å for air [28]).

The effective fluid pressure, Pfe, from the fluidic analysis and
the electrostatic pressure, Pe, obtained from the electrostatic
analysis (equation (9)) are used to compute H in equation (3)
using

H = J (Pe − Pfe)F−T N, (13)

where J = det(F). A self-consistent solution of the
coupled electro-mechanical–fluidic analysis at each time step
is obtained using a Newton method as discussed in section 3.
The time integration scheme and the numerical discretization
of equation (11) are given in appendix A.

2.2.2. Compressible Navier–Stokes equations (CNSE). A
more general method to determine the fluid damping forces
is to use the compressible Navier–Stokes equations. A
Lagrangian form of the compressible Navier–Stokes equations
(assuming a Newtonian viscous fluid) can be written as [29]

∂ρfJf

∂t
= 0, (14)

∂ρfJfuf

∂t
− ∇ · (JfTfF−T

f

) = 0, (15)

where ρf is the fluid density, uf is the fluid velocity vector,
Ff = I + ∇xf is the deformation gradient of the fluid (xf is the
displacement vector of the fluid) and Jf = det(Ff). Tf is the
fluidic stress tensor in the deformed configuration given by

Tf = −PfI +

[
σxx τxy

τyx σyy

]
, (16)

where I is the 2 × 2 identity matrix. σxx, τxy, τyx and σyy are
the viscous stress terms in the deformed configuration of the
fluid.

There are several advantages of using a Lagrangian
formulation over a conventional Eulerian formulation for
the compressible Navier–Stokes equations (CNSE). In the
Lagrangian formulation, the fluid and the solid points/meshes
at the solid–fluid interface remain fixed at all time instants,
as a result of which the transfer of boundary conditions from
mechanics to fluidics and vice versa can be done accurately
and easily [30]. This also allows the exact computation
of the mechanical to fluidic and fluidic to mechanical
coupling terms of the Jacobian matrix in the Newton method.
Besides, once the equations are mapped back to the original
undeformed fluid domain/coordinate system (equations (14)
and (15)), rediscretization of the deformed fluid domain and
recomputation of the interpolation functions for the deformed
fluid domain are eliminated. In this paper, a Lagrangian
form of the 2D compressible Navier–Stokes equations is

1708



Coupling of hierarchical fluid models with electrostatic and mechanical models for the dynamic analysis of MEMS

implemented. Equations (14) and (15), after symmetrization
[31], when solved in the X–Y coordinate system (see figure 1)
can be written as

∂(ρfJf)

∂t
− ∂

∂X
(ufM − vfL) − ∂

∂Y
(vfA − ufB) = 0, (17)

∂(ρfJfuf)

∂t
+

∂

∂X
(PfM − σxxM + τxyL)

+
∂

∂Y
(−PfB + σxxB − τxyA) = 0, (18)

∂(ρfJfvf)

∂t
+

∂

∂X
(−PfL − τyxM + σyyL)

+
∂

∂Y
(PfA + τyxB − σyyA) = 0, (19)

where the geometrical terms A,B,L and M (the components
of the deformation gradient Ff ) are obtained using the relations

∂A

∂t
− ∂uf

∂X
= 0,

∂B

∂t
− ∂vf

∂X
= 0,

∂L

∂t
− ∂uf

∂Y
= 0,

∂M

∂t
− ∂vf

∂Y
= 0.

(20)

Pf is the fluid pressure and uf and vf are the fluid velocities in
the X and Y directions, respectively. The ideal gas equation,
Pf = ρfRT , is used to relate the density of the fluid with the
pressure (for air) and isothermal conditions are assumed. R is
the gas constant and T is the absolute temperature. σxx, τxy, τyx

and σyy (viscous stress terms in the deformed configuration)
can be expressed in the Lagrangian frame as

σxx = 2η

3

[
2
∂uf

∂x
− ∂vf

∂y

]

= 2η

3

[
2M

Jf

∂uf

∂X
− 2B

Jf

∂uf

∂Y
+

L

Jf

∂vf

∂X
− A

Jf

∂vf

∂Y

]
, (21)

τxy = τyx = η

[
∂uf

∂y
+

∂vf

∂x

]

= η

[
− L

Jf

∂uf

∂X
+

A

Jf

∂uf

∂Y
+

M

Jf

∂vf

∂X
− B

Jf

∂vf

∂Y

]
, (22)

σyy = 2η

3

[
2
∂vf

∂y
− ∂uf

∂x

]

= 2η

3

[
−M

Jf

∂uf

∂X
+

B

Jf

∂uf

∂Y
− 2L

Jf

∂vf

∂X
− 2A

Jf

∂vf

∂Y

]
, (23)

where η is the viscosity of the fluid.
The coupling between the solid (microstructure) and

the fluid is realized through standard boundary conditions
at the fluid–microstructure interface, namely the kinematic
conditions [29], expressing the continuity of velocity and the
continuity of stress. However, some of the MEMS devices
simulated in this paper are in the slip flow regime (i.e., 0.01 �
K � 0.1) where the rarefaction effects are modeled through
the first-order slip flow boundary condition [1] at the fluid–
microstructure interface (same approximation as that used in
equation (10)),

us − uw = K
∂us

∂n
= K

(
F−T

f ∇us · F−T
f N∣∣F−T
f N

∣∣
)

, (24)

where us is the tangential velocity of the fluid at the fluid–
microstructure interface and uw is the tangential microstructure
velocity at that point and K is the Knudsen number. n and
N denote the outward unit normal vector at the wall/fluid–
microstructure interface in the deformed and the undeformed
configurations, respectively. The fluidic stress, Tf , obtained
from the fluidic analysis and the electrostatic pressure, Pe,
obtained from the electrostatic analysis (equation (9)) are used
to compute H in equation (3) using the relation

H = J [PeI + Tf]F−T N. (25)

A self-consistent solution of the coupled electro-mechanical–
fluidic analysis at each time step is obtained using a Newton
method discussed in section 3. The time integration scheme
and the numerical discretization of equations (17)–(20) are
given in appendix B.

3. Coupling of the fluid models with the electrostatic
and mechanical models

In the full-Lagrangian formulation, since the mechanical,
electrical and the fluidic analyses are all done on the original
undeformed geometry, the inter-domain coupling terms in the
Jacobian matrix can be computed directly (i.e., they can be
expressed mathematically in a closed form) and, hence, a
Newton method that can exhibit higher convergence rate and
robustness can be developed. The two hierarchical models
for fluid damping are coupled with the electro-mechanical
solver presented in [14] using a full-Lagrangian formulation
and a Newton scheme, as discussed in this section. The full-
Lagrangian Newton scheme is much more efficient and robust
than existing coupled solvers for MEMS dynamics because of
the following reasons [14]:

(i) A full-Lagrangian formulation eliminates rediscretization
of the geometry and recomputation of interpolation
functions used in the numerical method during each
Newton iteration in each time step of the dynamic
simulations.

(ii) A direct Newton method with accurate computation of the
Jacobian matrix gives faster convergence and robustness.

The basic step in the Newton method for the coupled electro-
mechanical–fluidic analysis involves solving the equation

J̄(x)�x = −r(x),

i.e.


RMM RME RMF

REM REE REF

RFM RFE RFF






�xM

�xE

�xF


 = −




RM

RE

RF


 , (26)

in each time step of the dynamic analysis. J̄ is the Jacobian
matrix and the subscripts M, E and F denote mechanical,
electrical and fluidic domains, respectively. In equation (26),
RME denotes the electrical (E) to mechanical (M) coupling
term in the Jacobian matrix. The other terms in J̄ are defined
similarly. x is the vector of unknown variables where xM, xE

and xF are the mechanical, electrical and fluidic variables,
respectively. For the 2D mechanical and electrical analyses
implemented in this paper, xM = {u, v}T , where u and v

are the displacements of the microstructure in the X and
Y directions, respectively, and xE = {σ,C}T . The fluidic
variables xF = {Pf} for the 2D CRSFE, and for the 2D CNSE,
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Figure 3. (a) Undeformed and (b) deformed configurations of the mechanical (two cantilever beams), electrical (cantilever beam surfaces)
and fluidic (surrounding air) domains in a two-conductor MEM system.

xF = {ρf, uf, vf, A,B,L,M}T . The mechanical, electrical
and fluidic residual equations are denoted by RM, RE and RF,
respectively, in equation (26). The expressions for RM and RE

are described in detail in [14].
The full-Lagrangian Newton scheme (for both the fluid

damping cases) is presented in detail in algorithm 1.
Algorithm 1 is discussed with reference to the two-conductor
system shown in figure 3. In figure 3, �1 and �2 denote
the original/undeformed geometries and d�1 and d�2 denote
the original/undeformed surfaces/boundaries of conductors 1
and 2, respectively, where the mechanical analysis is done. �f

denotes the original/undeformed geometry and d�f denotes
the original/undeformed boundaries of the fluid domain (for
fluidic analysis). The electrostatic analysis is done on the
original/undeformed surfaces/boundaries of conductors 1 and
2, namely d�1 and d�2, respectively. A potential difference
V is applied between conductors 1 and 2 which deforms the
conductors. ω1 denotes the deformed shape of conductor 1,
ω2 denotes the deformed shape of conductor 2 and ωf denotes
the deformed shape of the fluid domain. dω1, dω2 and dωf

denote the deformed surfaces/boundaries of conductors 1,
2 and the fluid domain, respectively. The applied potential
does not change as the conductors undergo deformation or
shape changes. In algorithm 1, the index n stands for the time
instant whereas the index i denotes the ith Newton iteration
within the time step n. tol is some specified tolerance for
checking the convergence of the Newton scheme. Once the
domains are discretized, the mechanical, electrical and fluidic
unknowns are initialized (set to zero for our case). In each
time step, a Newton scheme is implemented to obtain a self-
consistent solution for that time step. The initial guesses
for the Newton method are generally taken to be the final
solutions of the previous time step. The computation of the
terms RMM, RME, REM and REE, the mechanical and electrical
variables (xM, xE) and the residual equations (RM, RE) in
equation (26) are all described in detail in [14]. Further,
REF = RFE = 0, i.e., there exists no coupling between
the electrical and fluidic domains. The computation of the
terms RMF, RFM and RFF, the fluidic residual equation RF

and the fluidic variables xF for the two different fluid models,
namely the compressible Reynold’s squeeze film equation and
the compressible Navier–Stokes equations, are described in
appendices A and B, respectively.

Algorithm 1 Full-Lagrangian Newton scheme for the self-
consistent dynamic analysis of MEMS.

1. Define �1, d�1,�2, d�2,�f, d�f

2. Discretize �1,�2,�f for mechanical and fluidic analysis
3. Discretize d�1, d�2 for electrostatic analysis
4. Set n = 0, tn = t0 = 0
5. Initialize xM(tn), xE(tn), xF(t

n)

6. For n = 0, 1, 2, . . . , N :

6(a). Set i = 0
6(b). Set xM

(
tn+1
i

) = xM(tn), xE
(
tn+1
i

) = xE(tn),
xF
(
tn+1
i

) = xF(t
n)

repeat

A. Compute J̄
(
tn+1
i

) = J̄
(
xM
(
tn+1
i

)
, xE

(
tn+1
i

)
, xF
(
tn+1
i

))
B. Compute r

(
tn+1
i

) = r
(
xM
(
tn+1
i

)
, xE

(
tn+1
i

)
, xF
(
tn+1
i

))
C. Solve J̄

(
tn+1
i

)[
�xM

(
tn+1
i

)
�xE

(
tn+1
i

)
�xF

(
tn+1
i

)] =
−r
(
tn+1
i

)
(equation (26))

D. Update xM
(
tn+1
i+1

) = xM
(
tn+1
i

)
+ �xM

(
tn+1
i

)
, xE

(
tn+1
i+1

) =
xE
(
tn+1
i

)
+ �xE

(
tn+1
i

)
, xF
(
tn+1
i+1

) = xF
(
tn+1
i

)
+ �xF

(
tn+1
i

)
E. Update i = i + 1

until
�xM

(
tn+1
i

) < tol and
�xE

(
tn+1
i

) < tol and�xF
(
tn+1
i

) < tol

6(c). Update xM(tn+1) = xM
(
tn+1
i+1

)
, xE(tn+1) = xE

(
tn+1
i+1

)
and

xF(t
n+1) = xF

(
tn+1
i+1

)
6(d). End of for loop n

4. Results

The full-Lagrangian Newton scheme described in
section 3 for coupled electro-mechanical–fluidic analysis
is applied in this section for the dynamic analysis of several
complex MEM devices. Important design parameters such as
resonant frequency and quality factor are computed for these
devices and compared with experimental data to validate the
physical models.

4.1. Micromirror

The first device considered is a MEMS torsion mirror [8]
shown in figure 4. The mirror plate is 1500 µm long, 1400 µm
wide and 3 µm thick. Four 150 µm long electrodes (of
negligible thickness) are attached to the mirror plate and
the ground plane. The distance from the center of the
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Figure 4. MEMS torsion mirror [8].
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Figure 5. Frequency response of the MEMS torsion mirror under an
external torque Te = 4.84 × 10−9 sin(2πf t) N m.

electrodes on the mirror to the center of the mirror is 505 µm.
The gap between the mirror and the ground plane is 42 µm.
Iθ = 5.51 × 10−15 kg m2 is the moment of inertia
of the mirror and Kθ = 4.49 × 10−7 N m rad−1 is the
torsional stiffness of the mirror. Squeeze film damping
between the mirror and the ground electrode is the dominant
dissipative mechanism for this device and has been solved
using the coupled electro-mechanical–fluidic solver based on
2D CRSFE in the X–Z plane for the fluidic analysis. An
external torque Te = 4.84 × 10−9 sin(2πf t) N m where f is
the frequency in Hz is applied in the absence of any electrode
voltages to the torsion mirror at 1 atm (1.013 × 105 Pa). The
viscosity is η = 1.82×10−5 kg m−1 s−1 and the mean free path
λ for air is computed from equation (12) at 1 atm and 293 K.
The frequency response curve of the torsion mirror under the
external torque Te is shown in figure 5. The transient response
of the mirror under a constant external torque Te = 4.84 ×
10−9 N m is shown in figure 6. The simulated resonant
frequency and the damping ratio ζ = 1

2Q
(Q is the quality

factor) of the mirror are 1.41 kHz and 0.20, respectively. The
corresponding experimental values are 1.59 kHz and 0.19. The
simulated and experimental damping ratios (which primarily
depend on the geometry and the ambient pressure) match well.
However, there is some difference between the simulated and
experimental resonant frequencies. This can be attributed to
the fact that the mirror surface is assumed to be rigid in the
simulations thereby neglecting any elastic deformation effect
of the surface [8]. Besides, experimental measurements can
also have errors. For example, it is very difficult to accurately
measure the gap between the mirror and the ground plane (an
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Figure 6. Transient response of the MEMS torsion mirror for a
constant external torque Te = 4.84 × 10−9 N m.
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Figure 7. Pressure profile in the gap at a given time instant.

error of 5% can be present using conventional measurement
techniques [32]). Figure 7 shows the fluid pressure profile in
the gap between the mirror and the ground plane for a particular
position of the mirror at a given time instant.

4.2. Piggyback actuator

Figure 8 shows a MEMS piggyback actuator for hard-disk
drive applications [33]. The actuator consists of a movable
mass suspended by two restoring springs. The restoring
springs are 500 µm long and 18 µm wide. The movable
mass has 11 electrodes (movable electrodes) on it. Each
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Figure 8. A MEMS piggyback actuator [33]. The actuator moves in the X-direction.

movable electrode has two fixed electrodes—one on either
side. One of the fixed electrode is grounded and a potential
is applied on the other electrode as shown in figure 8. The
movable electrodes are 500 µm long and 50 µm wide and the
overlap length between the fixed and the movable electrodes is
498 µm. The gap between the movable and the fixed electrodes
on either side is 3 µm. The length of the movable mass is
2078 µm. The height (normal to the plane of the paper) of
the structure is 50 µm. The whole structure is made from
silicon and has a Young’s modulus E = 140 GPa, density
ρ = 2330 kg m−3 and Poisson’s ratio ν = 0.3 [33]. Squeeze
film damping in the narrow air gaps between the movable
electrodes and the fixed electrodes is the dominant dissipative
mechanism for this device. The device is simulated using
the coupled electro-mechanical–fluidic solver based on 2D
CRSFE for the fluidic analysis. The viscosity of air is taken
to be η = 1.82 × 10−5 kg m−1 s−1 and the mean free path λ

for air is computed from equation (12) at 1 atm and 293 K.
The 2D CRSFE simulation is done for the narrow air gaps
between the movable electrodes and the fixed electrodes in
the Y–Z plane (498 µm in the Y-direction and 50 µm in the
Z-direction). Figure 9(a) shows the pressure profile in the air
gap between the electrodes at a given time instant (t = 20 µs)
obtained using the 2D CRSFE solver. As the overlap length of
the fingers along the Y-direction (498 µm) is much larger than
the width of the fingers in the Z-direction (50 µm), the pressure
variation along the Y-direction is negligible compared to the
pressure variation along the Z-direction. As a result, the 2D
CNSE based solver simulated in the X–Z plane is expected to
give similar results as the 2D CRSFE solver in the Y–Z plane.
While the 2D CNSE solver in the X–Z plane is equivalent
to the 3D CNSE in this case due to negligible variations
in the Y-direction, the 2D CRSFE in the Y–Z plane is also
equivalent to the 3D CNSE in this case due to the narrow air
gap between the electrodes. The pressure profile in the air gap
between the electrodes at the given time instant (t = 20 µs)
obtained using the 2D CNSE solver in the X–Z plane is shown
in figure 9(b). Figure 9(b) shows that the pressure variation
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Figure 9. Pressure profile in the air gaps between the electrodes of
the piggyback actuator at a given time instant (t = 20 µs) obtained
using (a) the 2D CRSFE solver in the Y–Z domain and (b) the 2D
CNSE solver in the X–Z domain.

in the X-direction (in the height direction of the electrodes) is
negligible. This is an important assumption in the derivation
of the 2D CRSFE from 3D CNSE and is found to be true.
Figure 10 compares the pressure profile in the Z-direction in
the air gaps between the electrodes of the piggyback actuator
at the given time instant (t = 20 µs) obtained using the 2D
CRSFE solver (plotted at the centerline Y = 249 µm) and
the 2D CNSE solver (plotted at the centerline X = 1.5 µm).
The pressure profiles given by the two solvers are in good
agreement.

Figure 11 shows the damped transient response of the
rigid movable mass of the MEMS piggyback actuator under
a 25 V dc bias. Both the solvers (the 2D CRSFE and the
2D CNSE) are found to give very similar results (as expected
from the above discussion). The frequency response of the
piggyback actuator at 20 V dc and 5 V ac (ac voltage of the
form Vac sin(2πf t)) is simulated using the coupled electro-
mechanical–fluidic solver based on 2D CRSFE for the fluidic
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between the electrodes of the piggyback actuator at the given time
instant (t = 20 µs) using the 2D CRSFE solver (plotted at the
centerline Y = 249 µm) and the 2D CNSE solver (plotted at the
centerline X = 1.5 µm).
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Figure 11. Damped transient response of the rigid movable mass of
the MEMS piggyback actuator at 25 V dc.
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Figure 12. Frequency response of the MEMS piggyback actuator at
20 V dc and 5 V ac using 2D CRSFE for fluid damping.

analysis and is shown in figure 12. The resonant frequency
and the quality factor of the piggyback actuator are found to be
16.8 kHz and 7.52, respectively, from the frequency response
plot. The corresponding experimental values are 16 kHz for
the resonant frequency and 7.73 for the quality factor. The
experimental data are close to the simulated results.

4.3. Lateral comb drive

Comb drives are an important class of MEM devices
as they have numerous applications ranging from micro-
accelerometers, position controllers to hard-disk drive

actuators [34–36]. Consequently, dynamic characterization
of these devices is very important for efficient design and
development. Figure 13 shows a laterally driven comb drive in
air [36]. The system consists of a movable center stage, four
pairs of interdigitated teeth (combs) and two spring beams.
The center stage is supported by the two folded spring beams
anchored at the ends. The four combs consist of a driving
comb, a sensing comb and two secondary combs. Electrostatic
forces are generated when a voltage is applied between the
fixed and movable electrodes/fingers of the drive comb and the
displacement of the movable stage is obtained by measuring
the change in capacitance between the fixed and movable
electrodes/fingers of the sensing comb. The fluid damping
due to the fingers in the secondary combs is simulated and
compared with experimental results. The spring beams are
200 µm long and 2 µm wide and the center stage is 230 µm
long and 30 µm wide. All the four combs are identical with
20 pairs of movable and fixed fingers/electrodes in each. The
fingers are 40 µm long and 2 µm wide and the overlap length
between the fixed and the movable fingers is 14 µm. The
comb gap (gap between fixed and movable fingers) is 2 µm on
either side. The central truss on which the secondary combs
are mounted is 220 µm long and 10 µm wide. The thickness
of the whole structure is 2.1 µm. The movable structure is
made from silicon and has a Young’s modulus E = 140 GPa,
density ρ = 2330 kg m−3 and Poisson’s ratio ν = 0.3
[36].

Figure 14 shows the damped transient response of the rigid
center stage of the comb drive for a 25 V dc driving voltage.
The damping from the secondary comb fingers (inter-comb
damping due to the presence of the fixed and movable fingers)
is only considered and the coupled electro-mechanical–fluidic
solver based on 2D CNSE is used. The 2D CNSE simulation
is done in the X–Y plane for the fluidic analysis. The ambient
conditions and the viscosity of air are taken to be the same
as in the case of the micromirror and the piggyback actuator.
The frequency response curve of the lateral comb drive is
plotted in figure 15. The simulations are done for a 20 V dc
bias and a 10 V ac signal whose frequency is varied from
6 kHz to 13 kHz. From both figures 14 and 15, the
resonant frequency and the quality factor (due to inter-comb
damping) are found to be 9.45 kHz and 235, respectively.
The experimentally measured resonant frequency is 9.6 kHz
and the quality factor due to inter-comb damping is found
to be 246 [36], indicating that the simulation results are
close to the experimental data. The effects of the finger
overlap length (14 µm in the actual device) and the inter-
comb gap (2 µm in the actual device) on the quality factor
are studied next and the results are presented in figures 16
and 17, respectively. From figure 16, it can be seen that
the quality factor decreases with the finger overlap length
in a nonlinear manner. On the other hand, from figure 17,
it can be seen that the quality factor increases with the comb
gap linearly. Since the electrostatic force in lateral comb
drives depends only on the comb gap and is independent
of the finger overlap length [37], for high quality factor
operation, the finger overlap length should be kept as small
as possible and an optimum value of the comb gap (depending
on the electrostatic force and the quality factor) should be
chosen.
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Figure 15. Frequency response of the lateral comb drive at 20 V dc
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Figure 19. Variation in quality factor of the MEMS cantilever beam
with ambient pressure obtained from experiments and from the 2D
CNSE solver.

4.4. Cantilever beam in air

MEMS cantilever beams vibrating in air in the absence of any
ground plane below them have several applications such as
a resonating force sensor or a resonating micro-bridge mass
flow sensor [38]. The dynamics of such a MEMS cantilever
beam 4000 µm long, 500 µm wide and 15 µm thick vibrating
in air [38] is simulated using the 2D CNSE solver for the
fluidic analysis. The beam is made from silicon and has a
Young’s modulus E = 169 GPa, density ρ = 2330 kg m−3

and Poisson’s ratio ν = 0.3. In the experimental setup, the
cantilever beam was excited by a mechanical exciter at its
base. The peak displacement of the beam was kept low to
avoid any form of nonlinearities in the oscillations. In the
numerical simulations, the 2D CNSE solver coupled with
the mechanical solver is used (no electrostatic analysis is
involved). The cantilever beam is made to vibrate in air by
applying a small external pressure P = 100 sin(2πfet) N m−2

(fe is the excitation frequency) to its bottom surface as shown
in figure 18. The simulation domain used along with the
appropriate boundary conditions applied in the 2D CNSE
solver is also shown in figure 18. The excitation frequency
fe is swept for a given ambient pressure to obtain the quality
factor and the resonant frequency at that pressure. Figures 19
and 20 show the variation in the quality factor and the
resonant frequency f , normalized with respect to f0, the
resonant frequency in vacuum, of the beam with the ambient
pressure. The viscosity of air is taken to be η = 1.82 ×
10−5 kg m−1 s−1 and the mean free path λ for air is computed
from equation (12) at different pressures and at 293 K. While
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Figure 20. Variation in the resonant frequency of the MEMS
cantilever beam with ambient pressure. �f = f − f0, where f and
f0 are the resonant frequencies at the given ambient pressure and in
vacuum, respectively.
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Figure 21. Variation in quality factor of the MEMS cantilever beam
with ambient pressure obtained from experiments and from the 2D
CRSFE solver.

the numerically simulated (using 2D CNSE) variation in the
resonant frequency of the beam with the ambient pressure
is close to the experimental data in figure 20, the measured
quality factors at low pressures are found to be smaller than
the values simulated by the 2D CNSE model in figure 19. This
may be due to the fact that as the pressure reduces the fluid
damping forces become smaller and other sources of damping
in MEMS [39], such as anchor losses, thermoelastic damping,
become significant for the cantilever beam. This would reduce
the measured quality factor compared to the simulated value
that is based only on fluid damping.

4.5. Limitations of the Reynold’s squeeze film damping model

The MEMS cantilever beam in air considered in section 4.4 is
simulated in this section using the 2D CRSFE solver instead
of the 2D CNSE solver. An imaginary ground electrode is
placed close to the MEMS cantilever beam and the system is
simulated using the coupled electro-mechanical–fluidic solver
based on 2D CRSFE for the fluidic analysis. A small dc bias of
1 V along with a small ac voltage of 0.1 V is applied between
the ground plane and the beam to keep the oscillations in
the linear regime. Under normal atmospheric conditions, the
quality factor of the beam with an imaginary ground electrode
simulated using the 2D CRSFE model matches with that of
the original system (cantilever beam in air simulated using
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Figure 22. Variation in the resonant frequency of the MEMS
cantilever beam with ambient pressure. �f = f − f0, where f and
f0 are the resonant frequencies at the given ambient pressure and in
vacuum, respectively.

the 2D CNSE model) for a gap of 107 µm and the value is
found to be 121. The variations in the quality factor and the
resonant frequency (obtained using 2D CRSFE) of the beam
with the imaginary ground plane at a gap of 107 µm with the
ambient pressure are plotted in figures 21 and 22. Figure 21
shows that 2D CRSFE predicts a much smaller change in
the quality factor compared to the experimental data while
figure 22 shows that 2D CRSFE predicts no change in the
resonant frequency of the beam with ambient pressure. These
observations are considerably different from the predictions of
2D CNSE (which is close to the experimental data as shown
in figures 19 and 20) due to the improper application of the 2D
CRSFE in this case (l/h is not large).

5. Conclusion

In this paper, we have presented a full-Lagrangian Newton
method for the dynamic analysis of electrostatic MEMS in
the presence of fluid damping. Two hierarchical fluid models,
namely the compressible Reynold’s squeeze film equation and
the compressible Navier–Stokes equations, are coupled with
electrostatic and mechanical models using a full-Lagrangian
formulation and a Newton method with accurate computation
of the Jacobian matrix for the coupling. Both these features
make this method far more efficient than existing coupled
electro-mechanical–fluidic solvers for the dynamic analysis
of MEMS. The physical models are validated by simulating
several complex MEMS devices and comparing important
design parameters such as the resonant frequency and the
quality factor obtained from the numerical simulation with
experimental data. The coupling of the two hierarchical fluid
models (the 2D CRSFE and the 2D CNSE) with the coupled
electro-mechanical solver makes it possible to simulate the
dynamics of a large class of MEMS devices. While the
faster 2D CRSFE based solver can be used to accurately
simulate certain classes of MEMS devices (having large aspect
ratios and small gaps like the micromirror and the piggyback
actuator), the more accurate and comparatively slower 2D
CNSE based solver can be used for MEMS devices where
2D CRSFE is not valid, for example, the cantilever beam
in air.
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Appendix A. 2D compressible Reynold’s squeeze
film equation (CRSFE): time integration, numerical
discretization and derivation of the Jacobian terms

From equation (11) and using the relations h = g + v

and K = λ/h = λ/(g + v), where g is the gap between
the microstructure and the ground plane in the undeformed
configuration and v is the displacement of the microstructure
perpendicular to the ground plane (in the Y-direction in
figure 1), the fluidic residual equation RF for the compressible
Reynold’s squeeze film equation (CRSFE) (equation (11)) can
be written as

RF = 12η
∂

∂t
[Pf(v + g)] − f (Pf, u, v) = 0, (A.1)

where

f (Pf, u, v)

= ∂

∂X

[{
1 + 6

λ

(v + g)

}
(v + g)3Pf

∂Pf

∂X

(
1 +

∂u

∂X

)−1
]

×
(

1 +
∂u

∂X

)−1

+
∂

∂Z

[{
1 + 6

λ

(v + g)

}
(v + g)3Pf

∂Pf

∂Z

]
.

(A.2)

The time integration of equation (A.1) is done using the Crank–
Nicholson scheme [40] and is given by

Rn+1
F = 12η

[Pf(v + g)]n+1 − [Pf(v + g)]n

�t

− 1

2

[
f
(
P n+1

f , un+1, vn+1
)

+ f
(
P n

f , un, vn
)] = 0, (A.3)

where the superscripts n+1 and n are used to denote the values
of the variables at the time instants tn+1 and tn, respectively,
and �t is the time step. In equation (A.3), P n+1

f , un+1 and
vn+1 are the unknowns to be evaluated at the time instant tn+1,
and P n

f , un and vn are all known. Note that in the Newton
method, since the electrical, mechanical and fluidic equations
are solved simultaneously, un+1 and vn+1 are also treated as
unknowns in the fluidic equation. In this regard, equation (A.3)
can be rewritten as

RF = 12η
[Pf(v + g)]

�t
− 1

2
f (Pf, u, v) − R = 0, (A.4)

where the superscript n+1 has been dropped from the unknown
variables at the time instant n + 1 and R is a collection of
all the terms that depend on the values of the variables at
the time instant tn only. The meshless finite cloud method
(FCM) (see [17, 22, 23] for details on FCM) is used to solve
equation (A.4). FCM uses a fixed-kernel technique to
construct the interpolations functions and a point collocation
technique to discretize the partial differential equations. In
this method, the value of an unknown p at an arbitrary point
(Xi, Zi) in the discretized domain is given by the relation

p(Xi, Zi) = pi

=
NP∑
j=1

Nj(Xi, Zi)p̂j , i = 1, 2, . . . , NP, (A.5)
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where NP is the total number of points in the domain,
Nj(Xi, Zi) is the value of the meshless interpolation function
for the point j at (Xi, Zi) and p̂j is the nodal parameter for
the variable p at the point j . After collecting the unknowns
and the nodal parameters into a matrix form, the value of the
unknown p at point i can be written as

pi =
NP∑
j=1

[N]ij p̂j , (A.6)

where [N]ij represents Nj(Xi, Zi). The derivatives of the
unknown can also be expressed in a similar manner, i.e.,

p = [N ]p̂, p,X = [NX]p̂, p,Z = [NZ]p̂, (A.7)

p,XX = [NXX]p̂, p,ZZ = [NZZ]p̂,

p,XZ = [NXZ]p̂, (A.8)

where [NX], [NZ], [NXX], [NZZ] and [NXZ] are
the matrices containing the X,Z, second X, second Z and
X–Z derivatives of the interpolation functions, respectively
(see [41] for more details). The spatial discretization of
equation (A.4) is done by expressing the variables Pf, u and v

and their derivatives in terms of their nodal parameters P̂f, û

and v̂, respectively, using equation (A.8).
The Jacobian term RFF (an NP × NP matrix in this case)

can be computed from equation (A.4) as

(RFF)ij = ∂(RF)i

∂(P̂f)j
= 12η

[vi + g]

�t
[N]ij

− 1

2

∂fi

∂(P̂f)j
, i, j = 1, 2, . . . , NP, (A.9)

where (RFF)ij is the term in the ith row and j th column of RFF

and the expression ∂fi/∂(P̂f)j from equation (A.2) is given by

∂fi

∂(P̂f)j
= ∂

∂Z

[{
1 + 6

λ

(vi + g)

}
(vi + g)3

×
{
(Pf)i[NZ]ij +

(
∂Pf

∂Z

)
i

[N]ij

}]

+
∂

∂X

[{
1 + 6

λ

(vi + g)

}
(vi + g)3

×
{
(Pf)i[NX]ij +

(
∂Pf

∂X

)
i

[N]ij

}

×
{

1 +

(
∂u

∂X

)
i

}−1
]

×
{

1 +

(
∂u

∂X

)
i

}−1

. (A.10)

Note that the nodal parameters of the unknown variables
are solved for in the FCM formulation instead of the nodal
values of the unknown variables. Hence, the Jacobian matrix
has derivatives with respect to the nodal parameters of the
unknown variables instead of the unknown variables directly.
The Jacobian term RFM is given by

(RFM)ij =
{ ∂(RF)i

∂ûj

∂(RF)i
∂v̂j

}T

=
{ − 1

2
∂fi

∂ûj

12η (Pf)i
�t

[N]ij − 1
2

∂fi

∂v̂j

}T

, (A.11)

where the derivatives of fi with respect to ûj and v̂j can be
computed in a similar manner as in equation (A.10) from
equation (A.2). The effect of fluidics on mechanics (i.e.,
the computation of the term RMF) enters as a boundary

condition through equation (13) into the mechanical analysis.
The mechanical residual equation at the microstructure–fluid
interface/boundary RM(boundary) from equations (3) and (13)
can be written as

RM(boundary)

= H − P · N = J (Pe − Pfe)F−T N − P · N. (A.12)

RMF can be computed from equation (A.12) as

(RMF)ij = ∂(RM)i

∂(P̂f)j

=
{

−Ji
∂(Pfe)i
∂(P̂f)j

F−T
i Ni , if i ∈ boundary,

0, otherwise.
(A.13)

Appendix B. 2D compressible Navier–Stokes
equations (CNSE): time integration, numerical
discretization and derivation of the Jacobian terms

From equations (17)–(20), the fluidic residual equations, RF,
for the compressible Navier–Stokes equations (CNSE) can be
written as

RF = ∂D
∂t

+ E = 0, (B.1)

where

D = {ρfJf ρfJfuf ρfJfvf A B L M}T , (B.2)

E =


− ∂
∂X

(ufM − vfL) − ∂
∂Y

(vfA − ufB)

∂
∂X

(PfM − σxxM + τxyL) + ∂
∂Y

(−PfB + σxxB − τxyA)

∂
∂X

(−PfL − τyxM + σyyL) + ∂
∂Y

(PfA + τyxB − σyyA)

− ∂uf
∂X

− ∂vf
∂X

− ∂uf
∂Y

− ∂vf
∂Y




.

(B.3)

The time integration of equation (B.1) is done using the Crank–
Nicholson scheme and is given by

Rn+1
F = Dn+1 − Dn

�t
+

1

2
[En+1 + En]

= Dn+1

�t
+

1

2
En+1 − Rn = 0, (B.4)

where the notation used is similar to that in appendix A and
Rn is a collection of all the terms that depend on the values of
the variables at the time instant tn only. Equation (B.4) can be
rewritten as

RF = D
�t

+
1

2
E − R = 0, (B.5)

where the superscripts n + 1 and n have been dropped and R
is independent of the unknown variables at the time instant
tn+1. The finite cloud method is used to solve equation (B.5).
Equation (A.8) is used to express the unknown variables,
xF = {ρf, uf, vf, A, B, L, M}T , and their
derivatives in terms of their nodal parameters given by x̂F =
{ρ̂f, ûf, v̂f, Â, B̂, L̂, M̂}T .
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The Jacobian term, RFF (a 7NP × 7NP matrix in this case),
can be computed from equation (B.5) as

(RFF)ij = ∂(RF)i

∂(x̂F)j

= 1

�t

∂Di

∂(x̂F)j
+

1

2

∂Ei

∂(x̂F)j
, i, j = 1, 2, . . . , NP. (B.6)

From equation (B.2) and using the relation J = det(Ff) =
AM − BL

∂Di

∂(x̂F)j
=



Jf 0 0 ρfM −ρfL −ρfB ρfA

Jfuf ρfJf 0 ρfMuf −ρfLuf −ρfBuf ρfAuf

Jfvf 0 ρfJf ρfMvf −ρfLvf −ρfBvf ρfAvf

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1




i

[N]ij .

(B.7)

Similarly, ∂Ei/∂(x̂F)j can be computed from equation (B.3).
The mechanical to fluidic and fluidic to mechanical coupling
terms of the Jacobian matrix are only present at the solid
(microstructure)–fluid interface in this case. At the solid–fluid
interface, the solid (microstructure) velocity is transferred to
the fluid through the slip flow correction (equation (24)). As
a result, equations (17), (24) (instead of equations (18) and
(19)) and (20) are solved for the fluid domain at the solid–fluid
interface and form the set of residual equations RF in this case.
The Jacobian term, RFM (a 7NP × 2NP matrix in this case),
can be written as

(RFM)ij = ∂(RF)i

∂(x̂M)j
=
{ ∂(RF)i

∂ûj

∂(RF)i
∂v̂j

}T

. (B.8)

The relations between the structural velocities u̇ and v̇

and the structural displacements u and v (see [14]) and
equation (24) are used to compute the terms ∂(RF)i/∂ûj

and ∂(RF)i/∂v̂j in equation (B.8). The fluidic stress Tf

computed from the fluidic analysis is transferred to the
mechanical analysis through equations (3) and (25) and forms
the mechanical residual equation at the microstructure–fluid
interface/boundary RM(boundary) in this case, i.e.,

RM(boundary) = H − P · N

= J [PeI + Tf ] F−T N − P · N. (B.9)

The Jacobian term, RMF (a 2NP × 7NP matrix in this case),
can be written as

(RMF)ij = ∂(RM)i

∂(x̂F)j

=
{

Ji
∂(Tf)i
∂(x̂F)j

F−T
i N, if i ∈ boundary,

0, otherwise,
(B.10)

where ∂(Tf)i/∂(x̂F)j can be computed in a similar manner as
equation (B.7) from equation (16).
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