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Abstract

Hydrogels are networked structures of polymer chains cross-linked to each other and surrounded by an aqueous

solution. The gels swell/deswell under several environmental conditions like pH, salt concentration, temperature,

electric field, light etc. Minor modifications can also make them sensitive to several biological agents. As a result, there

is a widespread application of hydrogels in a number of areas like control of microfluidic flow, development of muscle-

like actuators, filtration/separation, MEMS/Bio-MEMS and drug delivery. This makes it important to properly un-

derstand these materials. In this paper, we present an improved mathematical model (see [J. Microelectromech. Syst.

11(5) (2002) 544] for details on the earlier model) to predict the swelling/deswelling rates of hydrogels in buffered pH

solutions. The kinetic model developed earlier neglected the electro-static effects within the gel generated due to the

movement of the ions. It also used the Donnan theory which may not be valid in the interior of the gel. The present

work takes into account the electro-static effects and replaces the Donnan theory with the more general chemo-electro-

mechanical model. Time dependent mechanical equations and the effect of fluid flow velocity have also been explored in

the new models. The results have been compared with experimental data and a significant improvement has been

noticed after the above modifications were made, especially for smaller gel sizes.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

The sensitivity of hydrogels to a large number

of physical factors (Kost, 1990) like temperature,
light, electrical voltage, pH and salt concentration

makes them candidates for a broad range of ap-

plications. Hydrogels can be used as valves to
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regulate the flow of fluids (Beebe et al., 2000; Liu

et al., 2002) in micro-channels. Hydrogel-actuated

micro-valves that respond to changes in the con-

centration of specific chemical species in an ex-
ternal liquid environment have also been

fabricated and tested (Baldi et al., 2002). However,

to improve the performance and response time of

these devices it is very important to understand the

dynamics of gel swelling thoroughly. In this paper,

the dynamics of hydrogels which swell/deswell

when the surrounding pH of the solution changes

have been modeled. pH sensitive hydrogels are
ed.
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Fig. 1. Structure of a hydrogel.
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composed of polymer chain networks cross-linked

to each other and surrounded by a salt solution. A

change in the pH of the solution surrounding the

gel will initiate a physical process of either gel

swelling or deswelling. The physical process, in

general, is not instantaneous, and modeling the
gel swelling/deswelling rate helps us to have a

thorough understanding of the gel dynamics. This

is particularly important when hydrogels are used

in controlled drug delivery devices (Chu et al.,

1995), where the drug is released during the

swelling process.

A model for predicting the equilibrium swollen

state of the hydrogel at a particular pH has been
developed in De et al. (2002) based on the chemo-

electro-mechanical properties of hydrogels. A

model for hydrogel swelling kinetics has also been

developed in De et al. (2002). Specifically, the

kinetics model assumed the availability of equi-

librium data and neglected the effects of electro-

statics and fluid velocity. In De et al. (2002), we

observed that the kinetics for smaller gels did not
match well with the experimental data. In this

paper, the kinetic model has been improved. The

mechanical deformation equation and the effects

of electro-static and fluid velocity have been in-

corporated and the Donnan theory has been re-

placed by chemo-electro-mechanics.

1.1. Hydrogel structure

Hydrogels are considered as polymers with a

three-dimensional network (Chu et al., 1995).

When the polymer network is immersed in a suit-

able solvent, the chains in the network mix with

the solvent in the same way as two miscible liquids

combine. Cross-links prevent the complete mixing

of the polymer chains and the solvent by providing
an elastic restoring force that counters the expan-

sion of the network. The liquid prevents the net-

work from collapsing (Grimshaw, 1990). On the

other hand, the network retains the liquid and

imparts solidity to the gel. pH sensitive hydrogels

contain acidic or basic groups bound to the poly-

mer chains. The acidic groups on the chains de-

protonate at high pH, whereas the basic groups
protonate at low pH. Fig. 1 shows the general

structure of a pH sensitive gel. Not all ionizable
groups (acidic or basic) become fully dissociated

(protonated/deprotonated) as shown in Fig. 1

when placed in an aqueous solution. For the pH
sensitive hydrogels considered in this paper, acidic

carboxyl groups are bound to the chains and their

dissociation produces Hþ ions.
1.2. Chemo-electro-mechanics of hydrogel deforma-

tion

In basic solutions, the acidic groups bound to
the polymer chains deprotonate, the Hþ comes off

and combines with OH� to form H2O. Charge is

compensated by cations that enter the gel together

with another OH�. Charge neutrality is main-

tained. The increased cation concentration gives

rise to an osmotic pressure that causes the gel to

swell/deswell. The flow of ions in and out of the gel

is not instantaneous. The migration of the ions are
coupled to each other. It is mainly a diffusion re-

lated process, but the electrical field created due to

the movement of the charged ions inside the gels is

found to play a significant role. The solution flow

velocity has negligible effect on the migration of

ions, as can be seen later. As the concentration of

the different ions inside the gel changes with time,

the osmotic pressure changes and thus the defor-
mation of the hydrogel which generates the elastic

restoring force of the network also changes with

time. Finally, an equilibrium is established when

the elastic restoring force of the network balances

the osmotic forces.

It has also been seen that gels swell faster in the

presence of buffered solutions (Chu et al., 1995;

Grimshaw, 1990). The conjugate base of the buffer



Fig. 2. The swelling phenomena of a hydrogel in a buffered pH

solution.
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reversibly binds hydrogen ions in regions of higher
concentration and releases the hydrogen ion after

diffusing to a region of lower concentration (Chu

et al., 1995). This provides an additional path for

the diffusion of Hþ. Fig. 2 shows the swelling

process, where a change in the outside pH causes a

concentration difference between the inside and

outside of the gel. Some ions migrate into the gel

while others migrate out of the hydrogel. The os-
motic pressure inside the gel is higher than outside

and hence acts in the outward direction during

swelling.

1.3. Present work

The present work is aimed at improving the

kinetic model developed earlier (De et al., 2002).
The improvement has been done in two stages. In

the first stage, it has been made independent of the

equilibrium model by solving the mechanical de-

formation equation in the kinetic model itself. In

the second stage, the Donnan theory has been re-

placed by the more general chemo-electro-

mechanics and the effect of the electro-statics and

fluid velocity has been included.

1.3.1. Hydrogel kinetics based on chemo-mechanics

and Donnan theory

The kinetic model developed in De et al. (2002)

is based on the model developed in Grimshaw

(1990); Grimshaw et al. (1990). In Grimshaw

(1990) and Grimshaw et al. (1990), the concen-

tration of Hþ inside the hydrogel is first computed
at any given time instant and then the equilibrium

data is made use of to find the deformation of the

hydrogel for the computed Hþ concentration. This

model is limited as it relies on the equilibrium

model. In this paper, we employ the mechanical

equilibrium equations (Chandrasekharaiah and
Debnath, 1994) to compute the deformation of the

hydrogel. Specifically, in the chemo-mechanics/

Donnan theory approach, once the concentration

of Hþ is known, the concentration of the other

ions is found using the Donnan membrane theory

(Malmivuo and Plonsey, 1995) and the osmotic

pressure is subsequently computed. The mechani-

cal equations are then solved to compute the de-
formation of the hydrogel.

1.3.2. Hydrogel kinetics based on chemo-electro-

mechanics

The model developed in Grimshaw (1990) neg-

lects the effect of the electric field generated due to

the movement of the ions and also the fluid ve-

locity. The Donnan theory is valid only at the
boundary of the membrane (in this case the gel) for

a thickness of the order of the Debye length

(Malmivuo and Plonsey, 1995). Hence, its appli-

cation in the interior of the gel may be question-

able. Besides, Donnan theory is applied when there

is an equilibrium between the two sides of the

membrane. Its application in the gel interior dur-

ing the swelling kinetics, when there is a concen-
tration gradient within the gel is also questionable.

The new model developed in this paper modifies

the model stated in the previous section by taking

into account the above factors. It involves the in-

troduction of the electrical field and fluid velocity

effects in the computation of the Hþ concentration

at a given time instant. The concentration of the

other ions are then found from the coupled
Nernst–Planck and Poisson equations. The os-

motic pressure is then computed and the defor-

mation of the hydrogel is determined by using the

mechanical equations.

The rest of the paper is outlined as follows:

Section 2 describes the theory of the kinetic mod-

els, Section 3 describes the numerical solution

employed, Section 4 shows results comparing
simulations with experimental data and conclu-

sions are presented in Section 5.
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2. Theory

A cylindrical hydrogel in a channel is consid-

ered as shown in Fig. 3. The displacement of the

top and the bottom surfaces of the gel are re-
stricted by the glass channel. It is reasonable to

assume that the hydrogel deforms only in the ra-

dial direction. As a result, the swelling/deswelling

of the gel can be modeled by considering only a

circular section as shown in Fig. 3.

2.1. Kinetics model based on chemo-mechanics and

Donnan theory

In this model, we neglect the electro-static ef-

fects. The migration of Hþ ions has been modeled

by using the transient Nernst–Planck equation

(Malmivuo and Plonsey, 1995; Tien and Leit-

mannova, 2000). Donnan theory (Malmivuo and

Plonsey, 1995) is then used to find the concentra-

tion of the other ions. The deformation of the
hydrogel is calculated by using the mechanical

equations (Chandrasekharaiah and Debnath,

1994).

2.1.1. Chemical field

The flux of an ionic species is described by the

Nernst–Planck equation which includes flux due to

diffusion, electrical migration, and convection
(Malmivuo and Plonsey, 1995; Tien and Leit-

mannova, 2000), i.e.,

Ck ¼ /

�
� Dk

ock
ox

� lkzkck
ow
ox

�
þ ckU ; ð1Þ
Fig. 3. A cylindrical hydrogel in a channel. Channel walls are assumed

in section AA depicts the gel under radial osmotic pressure.
where Ck is the flux of the kth ion, / is the gel

porosity, Dk is the effective diffusivity of the kth ion

inside the hydrogel, ck is the concentration of the

kth ionic species inside the hydrogel, lk is the ionic

mobility and zk is the valence of the kth ion. w is
the electric potential, U is the area-averaged fluid

velocity relative to the polymer network and x is

the coordinate system associated with the de-

formed hydrogel. The Einstein relationship (Bruce,

1995) relates diffusivity to ionic mobility, i.e.,

Dk ¼
lkRT
F

; ð2Þ

where R is the universal gas constant, T is the

absolute temperature and F is the Faraday�s con-
stant. Gel porosity is given by (Nussbaum, 1986)

/ ¼ H
1þ H

; ð3Þ

where H is the hydration state of the gel and is

defined as the ratio of the volume of the fluid to
the volume of the solid in the gel.

Transport of ions is limited to the regions

containing fluid in the gel. The presence of poly-

mer chains, which are impenetrable to mobile ions,

increases the path length an ion travels, resulting

in a slower diffusion rate. Mackie and Meares

(1955) introduced a statistical model for the tor-

tuosity of a cross-linked polymer membrane as
seen by small ions which don�t interact with the

membrane. According to that model, the effective

diffusion rate inside the gel can be related to the

diffusion in an aqueous solution by
to be rigid constraints. The cross section of the cylinder shown
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Dk

Dk
¼ H

2þ H

� �2

: ð4Þ

Since Hþ is a minority carrier for the cases con-
sidered in this paper, the flux of Hþ is essentially

uncoupled electrically from the fluxes of the other

mobile ions (Helfferich, 1962). Thus, in the absence

of an applied electric field, the Hþ electrical mi-

gration term in Eq. (1) may be neglected. The

convection term is also neglected due to the neg-

ligible pressure drop within the gel. The gel

swelling further reduces the relative fluid velocity
in the gel. If the electrical migration term and the

convection term are neglected, Eq. (1) reduces to

Ck ¼ /

�
� Dk

ock
ox

�
: ð5Þ

Applying continuity conditions and taking into

account the hydrogen ions bound to the acidic

groups on the hydrogel and the ones carried by the

buffer ions, the continuity equation for Hþ is given

by

o

ot
ðHcH þ HcbH þ HcHBÞ ¼ � oðCH þ CHBÞ

oX
; ð6Þ

where t is the time, cH, cbH and cHB are the con-

centrations of free hydrogen ions, hydrogen ions

bound to the acidic groups on the polymer chain

and hydrogen ions bound to the buffer ions inside

the gel, respectively, CH is the flux of hydrogen
ions, and CHB is the flux of hydrogen ions bound to

the buffer. X is the Lagrangian coordinate system

associated with the solid frame of the hydrogel and

x and X are related by (see (Grimshaw, 1990) for

more details)

x ¼ ð1þ HÞX : ð7Þ
The flux of the buffer is proportional to the flux of

the hydrogen ions

CHB ¼ DHB

DH

cT
KB þ cH

CH; ð8Þ

where KB and DHB are the dissociation constant

and diffusivity of the buffer. cT is the total buffer

concentration inside the gel given by cB� þ cHB. DH

is the diffusivity of Hþ inside the hydrogel. Using a

reaction isotherm, cHB can be expressed in terms of

cH by
cHB ¼ cTcH
KB þ cH

: ð9Þ

The concentration of ion k reversibly bound to the

polymer chains (cbk ) in the presence of chemical

reactions can be calculated by

cbk ¼
csmo

H
ck

K þ ck

� �
; ð10Þ

where csmo is the concentration of the acidic groups

in the dry gel and K is the dissociation constant of

the acidic group. Combining Eqs. (5), (6) and (8)–
(10), the continuity equation for hydrogen ions is

given by

o

ot
HcH

�
þ csmocH
K þ cH

þ HcTcH
KB þ cH

�

¼ o

oX
H

1þ H

� �
1

��
þ DHB

DH

cT
KB þ cH

�

� DH

ocH
ox

� ��
: ð11Þ
2.1.2. Donnan theory

Using Eq. (11) we can find the concentration of

hydrogen ion inside the gel as a function of time.

The concentration of the other ions, e.g. Naþ and

Cl�, are found by assuming that they are in quasi-
equilibria with Hþ. Even during the non-equilib-

rium conditions, the local cNa and cCl are assumed

to maintain quasi-equilibrium with the more

slowly evolving profiles of cH as determined by

electro-neutrality and Donnan equilibria for these

ions. Electro-neutrality inside the polymer gel is

given by

XN
k¼1

ckzk þ cfzf ¼ 0; ð12Þ

where cf and zf are the concentration and the va-

lence of the acidic groups bound to the polymer

chains inside the gel. N is the number of ionic

species in the hydrogel considered. The expression

for the Donnan equilibria (Malmivuo and Plonsey,
1995) is given by:

ckþ
c0kþ

� � 1
jzkþj

¼ c0k�
ck�

� � 1
jzk�j

¼ k; ð13Þ
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where ckþ, c0kþ are the concentrations of a positive

ion inside and outside the hydrogel, respectively.

ck�, c0k� are the concentrations of a negative ion

inside and outside the hydrogel, respectively. zkþ
and zk� are the valences of the positive and nega-
tive ions, respectively. k is termed as the Donnan

partitioning ratio. The fixed charge concentration

used in Eq. (12) is related to the hydrogel volume

change by (Nussbaum, 1986)

cf ¼
1

H

csmoK
ðK þ cHÞ

: ð14Þ

Using Eqs. (11)–(13) the concentration of all the

ions is obtained. Once all the concentrations are

known, the osmotic pressure is calculated. The

osmotic pressure, Posmotic, is calculated by the ex-

pression (Berry et al., 1980)

Posmotic ¼ RT
XN
k¼1

ðck � c0kÞ; ð15Þ

where c0k is the concentration of the kth ion in the

stress-free state in the outside solution. The ions

considered in the computation of the osmotic

pressure are Naþ and Cl�. The concentrations of

Hþ and the buffer ions are too small compared to

that of Naþ and Cl� ions to contribute to the os-

motic pressure and hence are neglected.

2.1.3. Mechanical field

In order to describe the swelling of the hydro-

gel, the equation of motion is (Chandrasekharaiah

and Debnath, 1994)

q
o2u
ot2

þ f
ou
ot

¼ r � rþ qb; ð16Þ

where q is the effective density of the gel, u repre-

sents the vector of the displacements, f represents

the viscous damping parameter between the sol-

vent and the polymer-network, r the stress tensor

and b is the vector of body forces. There are no
body forces present and the friction factor has

been neglected in this paper. Hence, Eq. (16) re-

duces to

q
o2u
ot2

¼ r � r: ð17Þ

Although a one dimensional analysis is suitable for

the chemical field due to the symmetry of the
problem, a two dimensional model has been de-

veloped for the mechanical equations as the

swelling of the gel is a two dimensional process. In

two dimensional, Eq. (17) can be rewritten as

q
o2ux
ot2

¼ orxx

ox
þ osxy

oy
; ð18Þ

q
o2uy
ot2

¼ osyx
ox

þ oryy

oy
; ð19Þ

where ux and uy are the x and y displacements in
the gel, respectively. rij and sij are the normal and

shear stresses on the ith plane along the jth di-

rection. For the plane strain problem, the expres-

sions for the various stresses in terms of the

displacements and the osmotic pressure in a po-

rous solid are given by (Biot, 1955)

rxx ¼
E

ð1þ mÞð1� 2mÞ ð1
�

� mÞ oux
ox

þ m
ouy
oy

�
� Posmotic; ð20Þ

ryy ¼
E

ð1þ mÞð1� 2mÞ ð1
�

� mÞ ouy
oy

þ m
oux
ox

�
� Posmotic; ð21Þ

sxy ¼ syx ¼ G
oux
oy

�
þ ouy

ox

�
; ð22Þ

where E, G and m are the Young�s modulus, Shear

modulus and Poisson�s ratio of the hydrogel, re-

spectively. Posmotic is the osmotic pressure. Com-

bining Eqs. (18)–(22), the governing equations are

given by

q
o2ux
ot2

¼ Eð1� mÞ
ð1þ mÞð1� 2mÞ

o2ux
ox2

þ Em
ð1þ mÞð1� 2mÞ

o2uy
oxoy

þG
o2ux
oy2

�
þ o2uy
oxoy

�
� oPosmotic

ox
; ð23Þ

q
o2uy
ot2

¼ Eð1� mÞ
ð1þ mÞð1� 2mÞ

o2uy
oy2

þ Em
ð1þ mÞð1� 2mÞ

o2ux
oxoy

þG
o2uy
ox2

�
þ o2ux
oxoy

�
� oPosmotic

oy
: ð24Þ

If the inertial terms are not dominant, then

o2ux
ot2

¼ o2uy
ot2

¼ 0: ð25Þ



Fig. 4. Flowchart for solving the chemo-mechanical equations

along with Donnan theory within a time loop.
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The density of the hydrogel changes with the de-

formation of the hydrogel. q can be expressed as

(Hariharan and Peppas, 1993)

q ¼ 1

1þH
qs þ

H

1þH
qw; ð26Þ

where qs is the density of the deformed solid gel

matrix and qw is the density of water. H is the

hydration state of the hydrogel. The density of the

deformed solid gel matrix can be related to the dry

gel density, i.e., the density of the undeformed
solid gel (qso) matrix, using continuum mechanics

(Chandrasekharaiah and Debnath, 1994)

qs ¼
1

1þ H
qso: ð27Þ

In two dimensional, hydration is related to the
strains by (Popov, 1990)

H ¼ Vf
Vs

¼ Vt � Vs
Vs

¼ DV
Vs

¼ �x þ �y þ �x�y ; ð28Þ

where Vt, Vf and Vs are the total gel volume, volume

of fluid and volume of solid in the hydrogel. �x and
�y are the strains in the x and y directions, re-

spectively.
2.1.4. Coupling of the different fields

The deformation of the hydrogel computed by

the mechanical equations changes the hydration

state of the gel. This in turn would change the

concentrations of the different ions inside the gel as

there is a volume change. As a result, a coupled

chemical and mechanical field has to be solved to

get a self-consistent solution. The coupling be-

tween the chemical and the mechanical field is
shown in Fig. 4. An iterative process is imple-

mented within each time loop as shown in the

flowchart.
2.2. Kinetics model based on chemo-electro-mechan-

ics

The Donnan theory is typically valid only at the
boundaries of a membrane (in this case the gel) for

a thickness of the order of the Debye length

(Malmivuo and Plonsey, 1995). Hence, its appli-

cation in the interior of the gel to determine ionic

concentrations may not be correct. Besides, Don-
nan theory is applied when there is an equilibrium

between the two sides of the membrane. Its ap-

plication in the gel interior during the swelling

kinetics, when there is a concentration gradient

within the gel, is questionable. For smaller gels, the

concentration gradient within the gel becomes

more steeper as compared to larger gels and the

electric potential also increases as seen from the
results presented later. As a result, the Donnan

theory may not be applicable for smaller gels. The

effects of the electric field and fluid velocity terms

in the Nernst–Planck equation (1) have been neg-

lected in the previous model. In this section, we

include these two terms (electric field and fluid

velocity) in Eq. (1) and also remove the use of

Donnan theory by solving the Poisson equation
for the electric field. A similar model has been used

in Wallmersperger (2001) for electrically respon-

sive gels.

2.2.1. Chemical field

As the gel size gets smaller, the electric field and

the fluid velocity terms may play an important

role. Hence, all three contributions (i.e. diffusion,
electrical migration and convection) to the flux

term as given in Eq. (1) are retained. Following the

same method of derivation as in Eq. (11), the

concentration of Hþ is computed by



Fig. 5. Flowchart for solving the chemo-electro-mechanical

equations within a time loop.
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o

ot
HcH

�
þ csmocH
K þ cH

þ HcTcH
KB þ cH

�

¼ o

oX
H

1þH

� �
1

��
þ DHB

DH

cT
KB þ cH

�

� DH

ocH
ox

�
þ lHzHcH

ow
ox

� 1þH

H
cHU

��
:

ð29Þ

Next, the concentration of the other ions, which

are in quasi-equilibria with the Hþ (as the limiting

factor here is not their diffusion but the coupling of
their fluxes through the electrical potential term

w), is computed by using the steady state Nernst–

Planck equation, i.e.,

Dk
o2ck
ox2

þ lkzk
ock
ox

ow
ox

þ lkzkck
o2w
ox2

� 1þH

H
U
ock
ox

� o

ox
1þH

H

� �
Uck ¼ 0;

ðk ¼ 1; 2; 3; . . . ;NÞ: ð30Þ

2.2.2. Electric field

The electric field is computed by solving the

Poisson equation (Jeans, 1911)

o2w
ox2

¼ � F
��0

XN
k¼1

zkck

 
þ zfcf

!
; ð31Þ

where �0 is the dielectric constant of vacuum and �
is the relative dielectric constant of the solvent.
2.2.3. Mechanical field

The mechanical field is given by Eqs. (23) and

(24).

2.2.4. Coupling of the different fields

The Nernst–Planck equation (29), the Poisson

equation (31) and the mechanical equations (23)

and (24) are all coupled to each other. Hence, an
iterative process has to be used to obtain a self-

consistent solution. Fig. 5 shows the iterative

process employed for solving the equations. First,

Eqs. (29) and (30) are solved based on the w value

at the previous time instant. Using the ck values

thus calculated, the Poisson equation (31) is solved

to get the new w which is now used in Eqs. (29) and
(30) and the process is repeated to get a self-con-

sistent solution. Then the mechanical deformation

is calculated and the previous iteration is repeated

at each step to finally obtain self-consistent values

of ck, w and H at a particular time instant as

shown in Fig. 5.
3. Numerical solution

The chemical, electrical and mechanical equa-

tions developed in the previous section are coupled

to each other. Analytical solution of these equa-

tions is impossible. The finite cloud method (Aluru
and Li, 2001; Jin et al., 2001) has been used for the

solution of the coupled chemo-electro-mechanical

equations. For the circular cross-section of the gels

shown in Fig. 3, the concentration gradient and

hence the ionic fluxes are in the radial direction. As

a result, the chemical and the electric field can be

modeled along the radial direction of the gel and

hence a one-dimensional model is sufficient. Hy-
dration is defined by Eq. (32) which contains both

�x and �y terms. By solving a one-dimensional

mechanical equation, only one strain component is
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known, which does not represent hydration com-

pletely. Hence, the mechanical deformation has

been modeled as a two dimensional problem to

compute both �x and �y .
For modeling the chemical and electric fields,

points have been distributed along a diameter of
the gel with uniform spacing. A finite cloud

method is then applied on Eq. (11) for the first

model and on Eqs. (29) and (31) for the second

model. Eighty-one points are used along the dia-

meter of the gel for discretization. More details on

the discretization of the equations can be found in

Ohs (2001).

The hydrogel deformation takes place only in
the circular plane of the cylindrical hydrogel. Due

to symmetry, a quarter of the circular section of

the gel along with appropriate boundary condi-

tions has been used as the simulation domain for

the mechanical equations. The points have been

distributed approximately uniformly in the sector

as shown in Fig. 6. Thirty-six points in the domain

are used for simulation purpose.
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Fig. 6. Two dimensional uniform point distribution on a sector

of the gel.
4. Results

The kinetic theories presented in Section 2 are

compared with experimental data for various dia-

meter gels. The experimental data shown in this
paper are taken from De et al. (2002). Experi-

ments on swelling/deswelling kinetics were done

for gels of diameter 150, 200 and 300 lm for pH

variations from 3 to 6. The ionic strength of the

solution was 0.2 M with phosphoric acid as buf-

fer. Swelling experiments were performed by

changing the bath solution from a pH of 3 to 6,

while deswelling experiments were performed by
returning the bath solution to a pH of 3 and re-

cording the gel diameters at various times. Several

separate swelling and deswelling experiments were

performed for each hydrogel. The gel diameters

were converted to hydration values using the re-

lation

H ¼ Vf
Vs

¼ pd2h� pd2
0h

pd2
0h

¼ d2 � d2
0

d2
0

; ð32Þ

where d and d0 are the deformed and undeformed

diameter of the hydrogel and h is the height of the

channel. More details about the experimental

procedure can be found in De et al. (2002). The
material properties and other constants used for

the simulations are given in Table 1. The density of

the hydrogel is taken to be 1300 kg/m3 based on

experimental measurements.

4.1. Kinetics based on chemo-mechanics and Don-

nan theory

Comparisons between numerical swelling and

deswelling and experimental results are given in

Figs. 7–12 using the model based on chemo-

mechanics and Donnan theory. Simulation was

started from uniform initial conditions corre-

sponding to mechanical equilibrium and chemical
Table 1

Cylindrical hydrogel properties

DH 9.3 · 10�9 m2/s K 10�2:0 mM

DH2PO4
8.79· 10�10 m2/s KH2PO4

6.2 · 10�5 mM

csmo 1800 mM m 0.43

M 0.61 Mpa k0 2.2 · 10�16 m4/Ns
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Fig. 7. Experiment vs chemo-mechanical/Donnan theory sim-

ulation of swelling kinetics for a 300 lm gel for a pH change of

3 to 6.
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Fig. 8. Experiment vs chemo-mechanical/Donnan theory sim-

ulation of deswelling kinetics for a 300 lm gel for a pH change

of 6 to 3.
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Fig. 9. Experiment vs chemo-mechanical/Donnan theory sim-

ulation of swelling kinetics for a 200 lm gel for a pH change of

3 to 6.
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Fig. 10. Experiment vs chemo-mechanical/Donnan theory

simulation of deswelling kinetics for a 200 lm gel for a pH

change of 6 to 3.
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equilibrium with the external bath solution (pH 3
for swelling and pH 6 for deswelling). Swelling/de-

swelling in response to changes in bath pH were

initiated by changing the chemical boundary con-

ditions (Hþ concentration at the two ends of the

diameter) to values specified by the new bath pH.

The material properties determined through ex-

periments described in detail in De et al. (2002) have

been used in the simulations.
In Figs. 7–12, average hydration of the gel is

defined as the numerical average of the hydration

at the different points in the gel. The results indi-

cate that the model works fine for larger gels (e.g.

300 lm), but it cannot capture the kinetics of

smaller gels (e.g. 200 and 150 lm) very accurately.
The effect of the inertial term in the mechanical

equations is found to be negligible as was already

reported in Tanaka and Fillmore (1979) and

Tanaka et al. (1973).
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Fig. 13. Experiment vs chemo-electro-mechanical simulation of

swelling kinetics for a 300 lm gel for a pH change of 3 to 6.
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Fig. 11. Experiment vs chemo-mechanical/Donnan theory

simulation of swelling kinetics for a 150 lm gel for a pH change

of 3 to 6.
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Fig. 12. Experiment vs chemo-mechanical/Donnan theory

simulation of deswelling kinetics for a 150 lm gel for a pH

change of 6 to 3.
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Fig. 14. Experiment vs chemo-electro-mechanical simulation of

deswelling kinetics for a 300 lm gel for a pH change of 6 to 3.
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4.2. Kinetics based on chemo-electro-mechanics

The results shown in Figs. 7–12 are repeated

with the chemo-electro-mechanical model. Figs.

13–18 show the comparison between the chemo-

electro-mechanical model and the experimental

data.

The results shown in Figs. 13–18 did not change
when the velocity term is dropped. From these

results, it can be concluded that for the velocities
considered (around 0.04 m/s), the fluid velocity
does not affect the kinetics.

4.3. Analysis of the results

We can conclude from the results shown in

Sections 4.1 and 4.2 that the model based on

chemo-mechanics and Donnan theory works fine

for larger gels, but for smaller gels, it predicts
faster kinetics. On the other hand, the chemo-

electro-mechanical model developed in this paper
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Fig. 15. Experiment vs chemo-electro-mechanical simulation of

swelling kinetics for a 200 lm gel for a pH change of 3 to 6.
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Fig. 16. Experiment vs chemo-electro-mechanical simulation of

deswelling kinetics for a 200 lm gel for a pH change of 6 to 3.
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Fig. 17. Experiment vs chemo-electro-mechanical simulation of

swelling kinetics for a 150 lm gel for a pH change of 3 to 6.
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Fig. 18. Experiment vs chemo-electro-mechanical simulation of

deswelling kinetics for a 150 lm gel for a pH change of 6 to 3.
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can predict the kinetics of all the gels accurately. In

order to investigate the probable reasons for this

difference in the two models, we study the varia-

tion in the electrical potential and the concentra-

tion gradient terms for the different gels. Fig. 19
shows the equilibrium electrical potential inside

the gels at pH 3 and 6. The potential is found to

increase for smaller gels for both pH values.

Besides, the electric potential computed by the

chemo-electro-mechanical model differs from that

computed by Donnan theory (referred to as
Donnan potential) for smaller gels but are the

same for larger gels. The expression for Donnan

potential wD is

wD ¼ RT
zkþF

ln
ckþ
c0kþ

� �
: ð33Þ

From Eq. (13), since the ratio of the ionic con-

centration inside the gel to that outside in the so-

lution is same for all positive ions, any of the
positive ions can be used in Eq. (33). The hydrogen

ion concentration gradient at t ¼ 0 is shown in
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Fig. 22. Comparison between Donnan theory and chemo-

electro-mechanical model for a 200 lm gel.
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Fig. 20. At the start of the swelling or deswelling

process, the gel boundary is assumed to reach the

final equilibrium state instantaneously, while the

gel interior remains at the initial equilibrium state.

As a result, the concentration gradient in the gel is
maximum at t ¼ 0 and it gradually reduces and

finally becomes zero at the end of the swelling/

deswelling kinetics. Hence, the gradients at t ¼ 0

have been considered. It can be seen that for

smaller gels, the concentration gradient is higher.

The values at the edge of the gels have been shown

as the gradient is zero in the interior of the gel at

the start.
The partitioning ratio computed by Donnan
theory (Eq. (13)) and electrostatic coupling (Eq.

(30)) for various Hþ concentrations inside the gel

are shown in Figs. 21–23 for the three gels. It can

be seen that for smaller gels the difference in the

partitioning ratio given by the two theories in-

creases. This indicates that while Donnan theory

can be applicable for larger gels, it may not be

applicable for smaller gels.
Fig. 24 shows the gel–solution interface and

the conditions for applying the Donnan theory.
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Fig. 24. Sketch of a gel–solution interface and the applicability

of Donnan theory.
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First, Donnan theory is only valid at the
boundaries of the membrane (within the Debye

length) and cannot be applied in the interior of

the gel. Secondly, the theory is applied when

there is a uniform concentration profile on either

sides of the membrane, contrary to our case

where there is a concentration gradient on the

right side. In fact, when the gradient is smaller

(e.g. for the 300 lm gel), the two theories agree,
but as the gradient becomes larger (e.g. for the

150 lm gel), the difference in the two theories

increases. Another reason for the difference in the
two theories may arise because of the increasing
potential difference between the two sides of the

membrane (solution and gel) as we go to smaller

gels. For smaller gels, there is a difference be-

tween the Donnan potential and the electric po-

tential from the chemo-electro-mechanical model.

This can be one of the reasons for the difference

in the results from the two models especially for

smaller gels.
From Eq. (1) the electric (Ce) and diffusive (Cd)

fluxes respectively, for the kth ion are

Ce ¼ lkzkck
ow
ox

Cd ¼ Dk
ock
ox

: ð34Þ

Fig. 25 shows the ratio of the electric flux to the

diffusive flux for the different gels at the edge at

t ¼ 0. It is negligible inside the gel at the start but

attains the maximum value near the edges. For all

the gels, although the electrical migration term is

much smaller than the diffusive flux, it becomes

comparable at certain points and can have a small

effect in the overall kinetics of all gels as can be
seen from the results (300 lm gel has also some

difference in the results from the two models). The

significance of the electrical migration/flux term

increases for smaller gels as shown in Fig. 26 but

since the diffusive term also increases with de-

creasing gel size, the ratio between the electrical

flux to the diffusion flux decreases as we go to

smaller gels.
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5. Conclusion

The kinetic model developed earlier (De et al.,

2002) has been improved in this paper. As verified

earlier (Tanaka and Fillmore, 1979; Tanaka et al.,

1973), the inertial term in the mechanical equa-

tions is negligible. The application of Donnan

theory for smaller gels is questionable due to a
steeper concentration gradient and a higher

electric potential. The more general chemo-electro-

mechanical model gives a better match with the

experimental data for smaller gels. The contribu-

tion of the electrical migration term to the ion

flux cannot be neglected when determining the

swelling/deswelling kinetics. The fluid velocity has

a negligible effect in the swelling/deswelling ki-
netics for the range of velocities considered in this

paper.
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