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ABSTRACT

We investigate the mechanical strength and properties of graphene under uniaxial tensile test as a function of size and chirality using the
orthogonal tight-binding method and molecular dynamics simulations with the AIREBO potential. Our results on Young’s modulus, fracture
strain, and fracture strength of bulk graphene are in reasonable agreement with the recently published experimental data. Our results indicate
that fracture strain and fracture strength of bulk graphene under uniaxial tension can have a significant dependence on the chirality. Mechanical
properties such as Young’s modulus and Poisson’s ratio can depend strongly on the size and chirality of the graphene nanoribbon.

Graphenesdefined as the monolayer of honeycomb lattice
packed with carbon atomsshas gained significant attention
recently after experiments showed its two-dimensional lattice
stability1 and sophisticated low-dimensional electronic prop-
erties.2,3 Many possible applications of graphene, especially
as electronic devices, have already been reported.4,5 Graphene
has also been shown to possess exceptional mechanical
properties6 and many potential applications of graphene as
micro- and nanoelectromechanical devices are only starting
to emerge. The mechanical properties of graphene have been
investigated using experimental and theoretical approaches.
On the experimental side, Blakslee et al.7 reported the
Young’s modulus of bulk graphite to be 1.06 ( 0.02 TPa.
Recently, Frank et al.8 measured the Young’s modulus of a
stack of graphene sheets (less than five layers) to be 0.5 TPa.
Gomez-Navarro et al.9 used the tip-induced deformation
method to estimate the Young’s modulus of a monolayer
graphene oxide as 0.25 ( 0.15 TPa assuming the thickness
as 1.0 nm. More recently, by nanoindenting the center of a
free-standing monolayer graphene membrane with an atomic
force microscope, Lee et al.6 measured the Young’s modulus
as 1.0 ( 0.1 TPa assuming the thickness of graphene to be
0.335 nm. They also reported the intrinsic breaking strength
of graphene as 130 ( 10 GPa. Many theoretical and
computational studies have been performed to investigate
the mechanical properties of graphene. By using density
functional theory with a local density approximation, Liu et
al.10 computed the Young’s modulus and Poisson’s ratio of

graphene as 1.050 TPa and 0.186, respectively. Liu et al.
also reported the maximum Cauchy stress for a uniaxial
tensile test in the armchair and zigzag direction (see Figure
1) to be 110 and 121 GPa, respectively. Various ab initio
calculations on graphene reported either the Young’s modu-
lus (Y) values of 1.11 TPa11 and 1.24 ( 0.01 TPa12 assuming
the thickness of graphene as t ) 0.34 nm or the second
derivative of strain energy with respect to the axial strain,
∂2U/∂ε2, as 57.313 and 60 eV,14 without making any assump-
tion on the graphene thickness. By using the semiempirical
nonorthogonal tight-binding (TB) method, Hernandez et al.15

reported the Young’s modulus of graphene to be 1.206 TPa.
Molecular Dynamics (MD) simulation has also been used
to compute the mechanical properties of graphene. For
example, Young’s modulus of graphene was computed to
be 1.272 TPa16 with the modified Brenner potential and 1.026
TPa17 with reactive empirical bond order (REBO) potential.

* Corresponding author, aluru@illinois.edu and URL http://www.
illinois.edu/~aluru.

Figure 1. A graphene nanoribbon with armchair edges and zigzag
edges. A uniaxial tensile test in the armchair direction refers to the
figure on the left and the figure on the right is for a uniaxial tensile
test in the zigzag direction. In the force-control method, the forces
are applied on the edge atoms as shown in the figure.
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With the molecular mechanics theory, the Young’s modulus
of graphene was computed as 0.94518 and 1.06 TPa.19 In
summary, experimental and theoretical studies have consis-
tently predicted that graphene has exceptional mechanical
properties.

In this Letter, we investigate the size and chirality effects
on the elastic properties of graphene nanoribbons using two
atomistic approachessspecifically, the molecular dynamics
method with the adaptive intermolecular reactive empirical
bond order (AIREBO) potential20 and the orthogonal tight-
binding method.21 As shown in Figure 1, we investigate the
mechanical properties of approximately square-shape graphene
nanoribbons in both the armchair direction and the zigzag
direction. In particular, we investigate the size and chirality
dependence of Young’s modulus and Poisson’s ratio of
graphene nanoribbons and chirality effects on the fracture
strength of bulk graphene.

Molecular dynamics simulations are performed using
LAMMPS22 with the AIREBO potential. AIREBO potential
has been shown to accurately capture the bond-bond
interaction between carbon atoms as well as bond breaking
and bond re-forming. In order to terminate the bond-order
potential to the nearest neighbor interactions, a cutoff
function is used in most empirical potentials. When the
fracture process is described, where the cutoff function
becomes important, spuriously high bond forces can arise
with nonphysical explanations with improper cutoff func-
tions. To avoid such issues, we set the cutoff parameter to
be 2.0 Å for the REBO part of the potential, as suggested in
ref 23, which is an acceptable approximation for the near-
fracture regime. To study mechanical properties of graphene,
we perform uniaxial tensile tests under deformation-control
or force-control methods. In the deformation-control method,
the applied strain rate is 0.001/ps. The strain increment is
applied to the structure every 1000 time steps. In the force-
control method, the force is applied on the edge atoms quasi-
statically by keeping the system under equilibrium for 400
ps before each load increment of 0.1 eV/Å on each of the
edge atoms. All the MD simulations are carried out at 300K
with the Nose-Hoover thermostat.24 The Velocity-Verlet
time stepping scheme is used with an integration time step
of 0.1 fs. In the uniaxial tensile test, the engineering
(nominal) strain and the engineering (nominal) stress are
defined as

where lx° and ly° are the initial lengths of the nanoribbon in
x and y directions, lx and ly are the strained lengths of the
nanoribbon, U is the strain energy, V° ) lx°ly°t is the initial
volume of the structure, and t ) 3.35 Å6 is the assumed
graphene thickness. The Young’s modulus Y and Poisson’s
ratio ν in the x direction are defined via the equations

We have also used the orthogonal tight-binding method
to calculate the Young’s modulus of graphene with the
parameters proposed by Xu et al.21 For a N atom system,
with the relaxed atomic configuration, the total energy E can
be calculated by E ) Ebs + Erep, where Ebs is the sum of
electronic eigenvalues over all occupied electronic states
obtained by solving an empirical tight-binding Hamiltonian,
and Erep is the sum of the repulsive energy calculated from
the scaling function and the pairwise potential.21 The Young’s
modulus of the system in the x direction can be obtained
from the elastic constants25 as (assuming graphene to be an
orthotropic material)

i, j, k, l, m, n ) x, y, z

Y )
CxxxxCyyyy - Cxyxy

2

Cyyyy

where WT ) E/V° is the energy density, V° is the initial
volume of the relaxed structure, E is the Green-Lagrange
strain tensor, and � is the inner displacement between the
two Bravais lattices of the graphene structure.

We first investigate the equilibrium configuration of bulk
graphene at room temperature by performing an NPT
ensemble MD simulation of 3936 atoms (100.8 Å × 102.2
Å) with periodic boundary conditions (PBC) in the in-plane
two directions. Starting with an initial random velocity for
all the atoms, once the system reaches an equilibrium state,
the intrinsic ripple structures can be clearly observed. We
found that the typical size of the out-of-plane fluctuation is
around 0.576 Å. Since the amplitude of the out-of-plane
fluctuations hj of a membrane with typical size L obeys the
relation hj ∝ L� with � ) 0.6-0.8 for graphene, our estimate
for the ratio hj/L� is 0.036 with � ) 0.6, which is in good
agreement with 0.035 calculated in ref 26. Figure 2 shows
the radial distribution function of bulk graphene at 300 K
calculated with AIREBO potential based MD simulations.
The locations of the peaks identify the first three nearest
neighbors and the distribution matches well with the
published data.26

To investigate the effect of chirality on the mechanical
properties of bulk graphene, we perform displacement-control
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Figure 2. Comparison of the radial distribution function obtained
with the AIREBO potential and the LCBOPII potential.26
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uniaxial tensile tests in both armchair and zigzag directions
on a 3936 atom graphene lattice with PBC in the in-plane
two directions. Our MD calculations indicate that 3936 atoms
with PBC can accurately reproduce the mechanical properties
of bulk graphene. In TB simulations, the Young’s modulus
in both armchair and zigzag directions is calculated using
the relaxed configuration of a 680 atom graphene lattice with
PBC. The Young’s modulus Yb is 1.01 ( 0.03 TPa from
MD simulation and 0.91 TPa from the TB simulation. The
Poisson’s ratio νb from MD simulation is 0.21 ( 0.01. These
results match with the published data quite well. Figure 3
shows the engineering strain-stress curves for uniaxial
tensile tests in both armchair and zigzag directions from MD
simulations. The inset of Figure 3 clearly shows the linear
elastic behavior of graphene for the small strain range
(<0.5%) and there is no chirality dependence for small
strains. As the strain increases, the chirality dependence
becomes more obvious. The fracture strain is 0.13 and 0.20
in the armchair and zigzag cases, respectively. The fracture
strength, defined as the engineering stress on the material at
the breaking point, is 90 and 107 GPa in the armchair and
zigzag cases, respectively. The maximum Cauchy stress is
102 and 129 GPa in the armchair and zigzag cases,
respectively. To understand how a graphene lattice deforms
due to the tensile stress, parts (a) and (b) of Figure 4 show
the variation of the bond length and bond angle with the
strain in the tension direction for armchair and zigzag cases.
We can clearly observe that a uniaxial tensile stress causes
variations in both the bond length and the bond angle. The
bonds along the tension direction (bond type A, along the
armchair direction (see Figure 1)) or close to the tension
direction (bond type B, 30° to the zigzag direction (see Figure
1)) undergo more deformation and are responsible for failure
with very similar bond elongation at the fracture point.
Furthermore, the magnitude of the bond angle variation in
the zigzag direction tension test is much larger than that in the
armchair direction tension test. These observations can
explain why zigzag direction tension has larger fracture strain
compared to the armchair direction tension. At room tem-
perature, the brittle fracture behavior is observed in our MD
simulations. The bonds with light color (shown in Figure 1)
are the typical brittle fracture paths for uniaxial tensile tests

in armchair and zigzag directions. For bonds that are along
(or most closely aligned along) the tension direction, an
expression relating the bond elongation and the elastic
deformation at the brittle breaking point can be obtained by
using the homogeneous deformation Cauchy-Born rule as27

where εbb is the brittle breaking strain or fracture strain, (δl/
l)bb is the individual bond elongation at the brittle breaking
point, ν is the Poisson’s ratio, and � is the chiral angle which
is equal to 0° for the armchair case and 30° for the zigzag
case. Using the above equation, we estimate εbb,armchair:εbb,zigzag

) 0.66:1.00, which is consistent with our simulation results
of 0.68:1.00.

To investigate the size and chirality effects on the
mechanical properties of graphene nanoribbons, we perform
force-control uniaxial tensile tests on approximately square-
shaped graphene nanoribbons in armchair and zigzag direc-
tions with the diagonal length varying between 1.17 and
15.62 nm. MD simulations are performed using an NVT
ensemble with 5.0 nm vacuum space on each side of the
nanoribbon. In TB simulations, the graphene nanoribbon
structures are relaxed to minimize the energy, and the
Young’s modulus is calculated for armchair and zigzag
directions using the method described above. In parts (a)
and (b) of Figure 5 we plot the variation of normalized
Young’s modulus Y/Yb and normalized Poisson’s ratio ν/νb

as a function of the size of the graphene nanoribbon. We
observe that Young’s modulus along armchair and zigzag
directions increases with the diagonal length of the nanor-
ibbon and slowly converges to the Young’s modulus of bulk
graphene, whereas the Poisson’s ratio decreases with the

Figure 3. Stress-strain relation of bulk graphene under uniaxial
tensile test in the armchair direction (dashed line with circles) and
the zigzag direction (solid line with squares) at 300 K. The inset
figure shows the linear elastic behavior for the small strain range
without chirality effects.

Figure 4. Variation of bond length (a) and bond angle (b) as a
function of strain when uniaxial tension is applied on bulk graphene
along zigzag and armchair directions. Zigzag A and Zigzag B refer
to the bond lengths of type A and type B (see Figure 1) when
tension is applied along the zigzag direction. Armchair A and
Armchair B refer to the bond lengths of type A and type B (see
Figure 1) when tension is applied along the armchair direction.
Similarly, Zigzag R and Zigzag � refer to the bond angles of type
R and type � (see Figure 1) when tension is applied along the zigzag
direction. Armchair R and Armchair � refer to the bond angle of
type R and type � (see Figure 1) when tension is applied along the
armchair direction.

εbb(�) ) 2(δl/l)bb[(1 - ν) + (1 + ν) cos 2�]-1
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increase in diagonal length of nanoribbon and converges to
the bulk value. This variation is similar to the size-dependent
Young’s modulus of a carbon nanotube, even though the
Young’s modulus and Poisson’s ratio show more size
dependence in the two-dimensional graphene nanoribbon
structure compared to the one-dimensional carbon nanotube
structure.19 For example, the size effect on Young’s modulus
is negligible when the diagonal length of the graphene
nanoribbon is over 10.0 nm. However, the size effect can
be neglected when the diameter of the carbon nanotube is
larger than 0.75 nm. TB simulations do not indicate any
significant dependence of Young’s modulus and Poisson’s
ratio on chirality. However, MD simulations indicate sig-
nificant chirality effects. For the same size nanoribbon,
Young’s modulus is larger along the zigzag direction than
along the armchair direction, whereas Poisson’s ratio is larger
in the armchair direction than in the zigzag direction. The
differences in MD and TB simulation results are due to the
different parameters and potentials used in the models. For
instance, MD simulations are carried out at room temperature
with thermal fluctuations involved in the out-of-plane direc-
tion, while TB simulations are carried out at zero-temperature
with a perfect two-dimensional lattice structure. The results
also suggest that potentials in MD and TB simulations need
to be understood in more detail for graphene. It is also
important to note that both MD and TB simulations predict
similar magnitude for the size dependence, which is much
larger than the prediction28 made by the continuum mechan-
ics approximation with the Tersoff-Brenner potential.29 In
this approach, the Young’s modulus of the graphene nano-
ribbon is calculated based on a two-dimensional equilibrium
configuration (no rippling) with the assumption of straight
edges by directly minimizing the potential energy.

In summary, we have performed an extensive study to
understand the size and chirality effects on the elastic
properties of graphene nanoribbons. The predicted Young’s

modulus, Poisson’s ratio, fracture strain, and fracture strength
for bulk graphene are in reasonable agreement with the
published theoretical10 and experimental6 data. In the case
of bulk graphene, uniaxial tensile test along the zigzag
direction has a larger fracture strain and fracture strength
compared to the armchair direction. The stiffness decreases
when the size of graphene nanoribbon decreases. Two-
dimensional graphene nanoribbons exhibit a larger size
dependence on the mechanical properties compared to the
one-dimensional carbon nanotubes.
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