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Derivation of OFF state current 

We consider the following assumptions to derive the current in the OFF state. The 

depletion extended space charge (ESC) region occurs only in the micropore as we 

assume some of the charge inside the nanopore leaks into the micropore forming the 

ESC region. Also, we assume the ESC region consists of predominantly cations 

because the nanopore is permselective to cations. Under these assumptions, we have, 

𝑛𝑛𝑁𝑁𝑎𝑎+|𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸 = 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐, 𝑛𝑛𝑝𝑝ℎ−|𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸 = 0, where 𝑛𝑛𝑁𝑁𝑎𝑎+and 𝑛𝑛𝑝𝑝ℎ− are the number of 

sodium (cations) or phosphate ions (anions)  per unit volume, respectively. 𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸 is the 

length of the depletion extended space charge region. The remaining length of the 

micropore is going to be electro-neutral diffusion layer, hereafter as neutral region, 

NR, consisting of both cations and anions and its length is given as; 𝐿𝐿𝑁𝑁𝑁𝑁. The total 

length of the micropore is therefore,  𝐿𝐿𝑚𝑚𝑚𝑚 = 𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸 + 𝐿𝐿𝑁𝑁𝑁𝑁. We further assume that only 

diffusion governs the transport in the neutral region and there is no electric field (𝐸𝐸) 

drop in this region; i.e., 𝐸𝐸 = 0. As a result for a positive bias, 𝜙𝜙𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎𝑚𝑚𝑎𝑎𝑎𝑎 in the 

micropore, the boundary condition is; 𝜙𝜙|𝑥𝑥=0 = 𝜙𝜙|𝑥𝑥=𝐿𝐿𝑁𝑁𝑁𝑁 = 0 and 𝜙𝜙|𝑥𝑥=𝐿𝐿𝑁𝑁𝑁𝑁 = 𝜙𝜙𝑎𝑎𝑝𝑝𝑝𝑝𝑎𝑎𝑚𝑚𝑎𝑎𝑎𝑎. 

Based on this assumption, the current in the OFF state in the ESC region is expressed 

in terms of total ionic charge (𝑧𝑧𝑁𝑁𝑎𝑎+𝑒𝑒𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸) times velocity (𝑣𝑣𝐸𝐸𝐸𝐸𝐸𝐸) 

normalized by length of ESC region (𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸). 𝑧𝑧𝑁𝑁𝑎𝑎+ is the valence of the sodium ion, 𝑒𝑒 

is the electronic charge, 𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+ is the total number of sodium ions in the ESC per unit 

volume, 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸 is the area of the ESC, also the area of the micropore as the ESC region 

occurs in the micropore. The velocity (𝑣𝑣𝐸𝐸𝐸𝐸𝐸𝐸) is assumed to be equal to the electrical 

mobility of the ion, Ω𝑁𝑁𝑎𝑎+ �=
𝑎𝑎𝐷𝐷𝑁𝑁𝑎𝑎+
𝑘𝑘𝐵𝐵𝑇𝑇

� times the electric field, 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸. 𝑣𝑣𝐸𝐸𝐸𝐸𝐸𝐸 =
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Ω𝑁𝑁𝑎𝑎+𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸S1. 𝐷𝐷𝑁𝑁𝑎𝑎+ is the diffusion coefficient of sodium ion, 𝑘𝑘𝐵𝐵𝑇𝑇 is the thermal 

energy. Therefore, the current in the OFF state is given by, 

                                       𝐼𝐼𝐸𝐸𝐸𝐸𝐸𝐸𝑂𝑂𝑂𝑂𝑂𝑂 =
𝑧𝑧𝑁𝑁𝑎𝑎+𝑎𝑎𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸

𝑁𝑁𝑎𝑎+𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸Ω𝑁𝑁𝑎𝑎+𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

                                    (S1) 

We require 𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+ and electric field 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 in Eq. (S1) to calculate the OFF state current.  

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 can be obtained by solving the Poisson equation in the axial direction (𝑧𝑧), 

                                                 𝑎𝑎
2𝜙𝜙
𝑎𝑎𝑧𝑧2

= −
𝑧𝑧𝑁𝑁𝑎𝑎+𝑎𝑎𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸

𝑁𝑁𝑎𝑎+

𝜖𝜖0𝜖𝜖𝑟𝑟
                                     (S2) 

where, 𝜖𝜖0 is the permittivity of the free space and 𝜖𝜖𝑟𝑟 is the permittivity of the medium 

(water). Integrating the above equation along  𝑧𝑧 direction gives,  

   𝐸𝐸(𝑧𝑧) =
𝑧𝑧𝑁𝑁𝑎𝑎+𝑎𝑎𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸

𝑁𝑁𝑎𝑎+𝑧𝑧

𝜖𝜖0𝜖𝜖𝑟𝑟
                                                           (S3) 

Since, 𝜕𝜕𝜙𝜙
𝜕𝜕𝑧𝑧

= −𝐸𝐸. Substituting the electric field 𝐸𝐸 from Eq. (S3) in Eq. (S1) results,  

                                          𝐼𝐼𝐸𝐸𝐸𝐸𝐸𝐸𝑂𝑂𝑂𝑂𝑂𝑂 =
𝑧𝑧𝑁𝑁𝑎𝑎+
2 𝑎𝑎2�𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸

𝑁𝑁𝑎𝑎+�
2
𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸Ω𝑁𝑁𝑎𝑎+  𝑧𝑧

𝜖𝜖0𝜖𝜖𝑟𝑟
                         (S4) 

Integrating Eq. (S4) along z direction from 𝑧𝑧𝑁𝑁𝑁𝑁to 𝑧𝑧𝐸𝐸𝐸𝐸𝐸𝐸 on both sides, and substituting 

the distance between 𝑧𝑧𝑁𝑁𝑁𝑁 to 𝑧𝑧𝐸𝐸𝐸𝐸𝐸𝐸 as the length of ESC, 𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸 gives, 

                                     𝐼𝐼𝐸𝐸𝐸𝐸𝐸𝐸𝑂𝑂𝑂𝑂𝑂𝑂 =
𝑧𝑧𝑁𝑁𝑎𝑎+
2  𝑎𝑎2�𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸

𝑁𝑁𝑎𝑎+�
2
𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸Ω𝑁𝑁𝑎𝑎+𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

2𝜖𝜖0𝜖𝜖𝑟𝑟
                              (S5) 

We do not know the value of, 𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+, the total number of sodium ions in the ESC per 

unit volume to calculate the OFF state current. In order to find this value we consider 

the nanopore region. The total charge (𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎) stored inside the nanopore is given by,  

 

                                𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 = |𝜎𝜎𝑛𝑛|𝑑𝑑𝑑𝑑 = 𝑧𝑧𝑁𝑁𝑎𝑎+𝑒𝑒𝑛𝑛𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡𝑁𝑁𝑎𝑎+ 𝑑𝑑𝑉𝑉𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡,                         (S6) 



   
 

 
 

4 

where 𝜎𝜎𝑛𝑛 is the nanopore wall surface charge density, 𝑑𝑑𝑑𝑑 is the nanopore surface area. 

The total charge 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 is also equal to 𝑧𝑧𝑁𝑁𝑎𝑎+𝑒𝑒𝑛𝑛𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡𝑁𝑁𝑎𝑎+ 𝑑𝑑𝑉𝑉𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡, where 𝑛𝑛𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡𝑁𝑁𝑎𝑎+  the number 

of sodium ions per unit volume in the nanopore and 𝑑𝑑𝑉𝑉𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡 is the volume of the 

nanopore. We assume that the total charge, leaks into the ESC region with a leakage 

factor 𝛼𝛼, given by,  

    𝛼𝛼 = 𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸
𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡

                             (S7)   

where 𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸  is the total charge in the ESC region which is given as, 

   𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸 =  𝑧𝑧𝑁𝑁𝑎𝑎+𝑒𝑒𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸                      (S8) 

We substitute Eq. (S7) in Eq. (S8) which gives,  

                                            𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+ = 𝛼𝛼𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡
𝑧𝑧𝑁𝑁𝑎𝑎+𝑎𝑎𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

                             (S9) 

Substituting for 𝑛𝑛𝐸𝐸𝐸𝐸𝐸𝐸𝑁𝑁𝑎𝑎+ in Eq. (S5), we obtain the current in the OFF state, 

                                             𝐼𝐼𝐸𝐸𝐸𝐸𝑁𝑁𝑂𝑂𝑂𝑂𝑂𝑂 =
𝛼𝛼2(𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡)2Ω𝑁𝑁𝑎𝑎+
2𝜖𝜖0𝜖𝜖𝑟𝑟𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

             (S10) 

We have all the inputs to calculate the current in the OFF state, except the leakage 

factor, 𝛼𝛼. We continue our analysis to obtain the constraints on 𝛼𝛼. The two constraints 

on 𝛼𝛼 are : 

                                                      𝛼𝛼 > 0                                                                 (S11) 

                                                     𝛼𝛼 < 𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸
𝑚𝑚𝑎𝑎𝑚𝑚

𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡
,                                                           (S12) 

The first constraint is that 𝛼𝛼 is positive. The second constraint shows the maximum 

ESC, 𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 that can be leaked inside the micropore. We have,  



   
 

 
 

5 

                                                   𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 = |𝜎𝜎𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥|𝑑𝑑𝑑𝑑𝐸𝐸𝐸𝐸𝐸𝐸                                  (S13) 

where 𝜎𝜎𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 is the maximum surface charge density in the ESC region and 𝑑𝑑𝑑𝑑𝐸𝐸𝐸𝐸𝐸𝐸 is 

the surface area of the ESC. To obtain 𝜎𝜎𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥, we invoke the Gauss law which is given 

by,   

                                               𝜖𝜖𝑟𝑟EESC𝑚𝑚𝑎𝑎𝑥𝑥 ⋅ 𝑛𝑛�⃗ = −𝜎𝜎𝐸𝐸𝐸𝐸𝐸𝐸
𝑚𝑚𝑎𝑎𝑚𝑚

𝜖𝜖0
                                                  (S14) 

where EESC𝑚𝑚𝑎𝑎𝑥𝑥 is the maximum electric field in ESC and 𝑛𝑛�⃗  is the unit vector in the 

normal direction. Substituting Eq. (S14) in Eq. (S13) we get,  

                                               𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 =  𝜖𝜖𝑟𝑟𝜖𝜖0EESC𝑚𝑚𝑎𝑎𝑥𝑥𝑑𝑑𝑑𝑑𝐸𝐸𝐸𝐸𝐸𝐸                                         (S15) 

Now, if we assume all electric field drops across the ESC, 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 = 𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

, then there 

is no electric field drop in the nanopore, 𝐸𝐸𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡 = 0, which is not physical. Hence, 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 < 𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

. Substituting for maximum electric field drop condition in the ESC 

region, 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 in Eq. (S15), we obtain, 

   𝑄𝑄𝐸𝐸𝐸𝐸𝐸𝐸𝑚𝑚𝑎𝑎𝑥𝑥 < 𝜖𝜖𝑟𝑟𝜖𝜖0𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

               (S16) 

We substitute Eq. (S16) in Eq. (S12) to obtain an upper limit for 𝛼𝛼;  

𝛼𝛼 < �𝜖𝜖0𝜖𝜖𝑟𝑟𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡

�.  Finally, we assume 5% voltage drop in the micropore during 

the formation of ESC. So, the upper limit of 𝛼𝛼 is given by, 

   𝛼𝛼 =  �0.05 𝜖𝜖0𝜖𝜖𝑟𝑟𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡

�                         (S17) 

Substituting Eq. (S17) in Eq. (S10), we obtain the OFF state current.  

 𝐼𝐼𝐸𝐸𝐸𝐸𝐸𝐸𝑂𝑂𝑂𝑂𝑂𝑂 =
0.0025𝜖𝜖𝑟𝑟𝜖𝜖0𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎

2 𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
2 Ω𝑁𝑁𝑎𝑎+

2𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸
3                                        (S18) 
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We substitute 𝑑𝑑𝑑𝑑𝐸𝐸𝐸𝐸𝐸𝐸 = 2𝜋𝜋𝑅𝑅𝐸𝐸𝐸𝐸𝐸𝐸𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸, where 𝑅𝑅𝐸𝐸𝐸𝐸𝐸𝐸 is the radius of the ESC region and 

for the cross-sectional area of the ESC region, we substitute 𝐴𝐴𝐸𝐸𝐸𝐸𝐸𝐸 = 𝜋𝜋𝑅𝑅𝐸𝐸𝐸𝐸𝐸𝐸2 . Eq. (S18) 

reduces to, 

                                           𝐼𝐼𝐸𝐸𝐸𝐸𝐸𝐸𝑂𝑂𝑂𝑂𝑂𝑂 = 5𝜋𝜋
1000

�
𝜖𝜖𝑟𝑟𝜖𝜖0𝜙𝜙𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎

2 Ω𝑁𝑁𝑎𝑎+
𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸

�                                     (S19) 

Eq. (S19) shows that the OFF state current is inversely proportional to the length of the ESC 

region, 𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸 . Hence, to obtain almost zero OFF state current, 𝐿𝐿𝐸𝐸𝐸𝐸𝐸𝐸  should be very large which 

is obtained by our novel plasma oxidation method.  

Derivation of ON state current 

We propose a generalized oscillator model to derive the ON state current. The 

oscillator model is called “Variational non-equilibrium potential oscillator", VN 

oscillator. The model states that the ionic velocity, 𝜕𝜕𝑥𝑥𝚤𝚤���⃗
𝜕𝜕𝑡𝑡

  along with the total charge of 

the ionic species, 𝑒𝑒𝑧𝑧𝑚𝑚 𝑛𝑛𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 divided by the total length of the system, 𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 gives the 

ON state current, 

                                                     𝐼𝐼 = ∑ 𝑎𝑎𝑧𝑧𝑎𝑎𝑛𝑛𝑎𝑎
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡 

𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡
𝑛𝑛
𝑚𝑚=1

𝜕𝜕𝑥𝑥𝚤𝚤���⃗
𝜕𝜕𝑡𝑡

                                           (S20) 

where, 𝑧𝑧𝑚𝑚 is the valence of the ionic species, 𝑖𝑖, 𝑛𝑛𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 is the total number of ions of 

each ionic species, 𝑖𝑖 and 𝑛𝑛 is the total number of species. We predict the velocity, 𝜕𝜕𝑥𝑥𝚤𝚤���⃗
𝜕𝜕𝑡𝑡

 

from the displacement of ion, 𝑥𝑥𝑚𝑚. To calculate the displacement, we solve the 

Newton's equation of motion, 

                                           𝑚𝑚𝑚𝑚
𝜕𝜕𝑥𝑥𝚤𝚤2�����⃗

𝜕𝜕𝑡𝑡
+  �̇�𝜆 𝜕𝜕𝑥𝑥𝚤𝚤���⃗

𝜕𝜕𝑡𝑡
= 𝐹𝐹𝑚𝑚|𝑡𝑡𝑛𝑛                                                  (S21) 

where 𝑚𝑚𝑚𝑚 is the mass of the each ionic species, 𝑖𝑖, �̇�𝜆, is the damping constant given by, 

�̇�𝜆 = 𝑘𝑘𝐵𝐵𝑇𝑇
𝐷𝐷𝑎𝑎

,  𝐷𝐷𝑚𝑚 is the diffusion coefficient of each ionic species. 𝐹𝐹𝑚𝑚|𝑡𝑡𝑛𝑛  is the conservative 
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force acting on the ionic species at time 𝑐𝑐𝑛𝑛. 𝐹𝐹𝑚𝑚|𝑡𝑡𝑛𝑛is given by the interaction of the 

ionic charge, 𝑒𝑒𝑧𝑧𝑚𝑚 with the applied voltage (𝑉𝑉0) plus the interaction of the charge with 

the nanopore wall surface charge density plus the interaction of the nanopore wall 

surface charge density with the applied voltage.  

 𝐹𝐹𝑚𝑚|𝑡𝑡𝑛𝑛 = 𝑎𝑎𝑧𝑧𝑎𝑎𝑉𝑉0
|𝑥𝑥𝑏𝑏2�������⃗ −𝑥𝑥𝑏𝑏1�������⃗ |

+ 𝑎𝑎𝑧𝑧𝑎𝑎𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡

4𝜋𝜋𝜖𝜖0𝜖𝜖𝑟𝑟𝑛𝑛𝑇𝑇
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡�𝑥𝑥𝚤𝚤���⃗ −𝑥𝑥𝑡𝑡𝑛𝑛�����⃗ �

2 + 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡𝑉𝑉0
𝑛𝑛𝑇𝑇
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡|𝑥𝑥𝑏𝑏2�������⃗ −𝑥𝑥𝑏𝑏1�������⃗ |

          (S22) 

We apply an electrostatic potential, 𝑉𝑉0 across the micro-nano-macroporous system 

within a length of |𝑥𝑥𝑏𝑏2������⃗ − 𝑥𝑥𝑏𝑏1������⃗ |. The variable  𝑥𝑥0𝑛𝑛����⃗  is the position of the nanopore. In 1-D 

this is equal to;  𝑥𝑥0𝑛𝑛����⃗  = 𝐿𝐿𝑚𝑚𝑚𝑚 + 𝐿𝐿𝑛𝑛, where 𝐿𝐿𝑚𝑚𝑚𝑚 is the length of the micropore and 𝐿𝐿𝑛𝑛 is 

the length of the nanopore. Also, |𝑥𝑥𝑏𝑏2������⃗ − 𝑥𝑥𝑏𝑏1������⃗ | = 𝐿𝐿𝑚𝑚𝑚𝑚 + 𝐿𝐿𝑛𝑛 + 𝐿𝐿𝑚𝑚𝑎𝑎, where 𝐿𝐿𝑚𝑚𝑎𝑎 is the 

length of the macropore. We normalize 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 with the total number of ionic species, 

𝑛𝑛𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 = ∑ 𝑐𝑐𝑡𝑡𝑎𝑎
𝑛𝑛
𝑚𝑚=1 × 𝑁𝑁𝐴𝐴[𝑑𝑑𝑉𝑉𝑚𝑚𝑚𝑚 + 𝑑𝑑𝑉𝑉𝑛𝑛 + 𝑑𝑑𝑉𝑉𝑚𝑚𝑎𝑎] since we are interested in the force 

acting on a single ion in Eq. (S22). 𝑐𝑐0𝑎𝑎 is the bulk concentration of ionic species, 𝑑𝑑𝑉𝑉𝑚𝑚𝑚𝑚 

is the volume of the micropore, 𝑑𝑑𝑉𝑉𝑛𝑛 and 𝑑𝑑𝑉𝑉𝑚𝑚𝑎𝑎 are the volumes of the nanopore and 

macropore,  respectively and 𝑁𝑁𝐴𝐴 is the Avogadro number. The model is marched in 

time by Δ𝑐𝑐 amount using a well know velocity-verlet algorithmS2. The position at 𝑐𝑐 +

Δ𝑐𝑐 is given by, 

 𝑥𝑥𝚤𝚤���⃗ (𝑐𝑐 + Δ𝑐𝑐) =  𝑥𝑥𝚤𝚤(𝑐𝑐)���������⃗ + 𝑥𝑥�̇�𝚤���⃗ (𝑐𝑐)Δ𝑐𝑐 + 0.5𝑥𝑥�̈�𝚤���⃗ (𝑐𝑐)Δ𝑐𝑐2        (S23) 

The force acting on the ion at time (𝑐𝑐 + Δ𝑐𝑐) is calculated using Eq. (S22) at 𝑥𝑥𝚤𝚤���⃗ (𝑐𝑐 +

Δ𝑐𝑐). Finally, the velocity is given by,  

                 𝑥𝑥�̇�𝚤���⃗ (𝑐𝑐 + Δ𝑐𝑐) =  𝑥𝑥�̇�𝚤���⃗ (𝑐𝑐) + 0.5 �𝑥𝑥�̈�𝚤���⃗ (𝑐𝑐) + 𝑥𝑥�̈�𝚤���⃗ (𝑐𝑐 + Δ𝑐𝑐)� Δt                             (S24) 

We considered the following terms to non-dimensionalize the VN oscillator model: 

distance 𝑥𝑥 is normalized by 𝑥𝑥Δ = 1 𝑛𝑛𝑚𝑚; time 𝑐𝑐 by 𝑐𝑐Δ = 1 𝑛𝑛𝑐𝑐; diffusion coefficient 𝐷𝐷𝑚𝑚 
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by 𝐷𝐷Δ = 1 𝑛𝑛𝑚𝑚2/𝑛𝑛𝑐𝑐; charge 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 by 𝑞𝑞Δ = 𝜎𝜎𝑛𝑛𝑑𝑑𝑑𝑑; and potential 𝑉𝑉0 by applied 

potential, 𝑉𝑉0. The non-dimensional equation gives us a unique non-dimensional 

number called Nandigana number, 𝑁𝑁 = 𝜎𝜎𝑛𝑛𝑎𝑎𝐸𝐸
4𝜋𝜋𝜖𝜖0𝜖𝜖𝑟𝑟𝑥𝑥Δ𝑉𝑉0

. The non dimensional number 

shows the effect of the nanopore wall surface charge density and the applied electric 

potential on the ON state current. In the model, we neglect the micropore and the 

macropore system as they are assumed not to influence the transport in the ON state 

because the ESC region is weak in the macropore. Also, we reduce the equation to a 

simple single sodium ion oscillator model instead of the generalized oscillator model 

as it is much easier to understand. The dynamics of single sodium ion inside the 

nanopore is given by,  

                                                 𝑚𝑚𝑁𝑁𝑎𝑎
𝜕𝜕𝑥𝑥𝑁𝑁𝑎𝑎

2��������⃗

𝜕𝜕𝑡𝑡
+  �̇�𝜆𝑁𝑁𝑎𝑎+

𝜕𝜕𝑥𝑥𝑁𝑁𝑎𝑎��������⃗
𝜕𝜕𝑡𝑡

= 𝐹𝐹𝑁𝑁𝑎𝑎|𝑡𝑡𝑛𝑛,                          (S25) 

where 𝑚𝑚𝑁𝑁𝑎𝑎 is the mass of the sodium ion, 𝑥𝑥𝑁𝑁𝑎𝑎 is the displacement of the sodium ion, 

�̇�𝜆𝑁𝑁𝑎𝑎+ is the damping constant which is given by �̇�𝜆𝑁𝑁𝑎𝑎+ = 𝑘𝑘𝐵𝐵𝑇𝑇
𝐷𝐷𝑁𝑁𝑎𝑎+

. 𝐹𝐹𝑁𝑁𝑎𝑎|𝑡𝑡𝑛𝑛is the 

conservative force acting on the sodium ion at time 𝑐𝑐𝑛𝑛, which is given by,  

                                 𝐹𝐹𝑁𝑁𝑎𝑎|𝑡𝑡𝑛𝑛 =
𝑎𝑎𝑧𝑧𝑁𝑁𝑎𝑎+𝑉𝑉0

|𝑥𝑥𝑏𝑏2�������⃗ −𝑥𝑥𝑏𝑏1�������⃗ |
+

𝑎𝑎𝑧𝑧𝑁𝑁𝑎𝑎+𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡

4𝜋𝜋𝜖𝜖0𝜖𝜖𝑟𝑟𝑛𝑛𝑁𝑁𝑎𝑎
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡�𝑥𝑥𝑁𝑁𝑎𝑎��������⃗ −𝑥𝑥𝑡𝑡𝑛𝑛�����⃗ �

2 + 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡𝑉𝑉0
𝑛𝑛𝑁𝑁𝑎𝑎
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡|𝑥𝑥𝑏𝑏2�������⃗ −𝑥𝑥𝑏𝑏1�������⃗ |

,   (S26) 

where |𝑥𝑥𝑏𝑏2������⃗ − 𝑥𝑥𝑏𝑏1������⃗ | is the length of the nanopore, 𝐿𝐿𝑛𝑛. 𝑥𝑥𝑡𝑡𝑛𝑛����⃗  is also the length of the 

nanopore, 𝐿𝐿𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡 and 𝑛𝑛𝑁𝑁𝑎𝑎𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎 = 𝑐𝑐0𝑁𝑁𝑎𝑎
+ × 𝑁𝑁𝐴𝐴𝑑𝑑𝑉𝑉𝑛𝑛, where 𝑐𝑐0𝑁𝑁𝑎𝑎

+is the bulk concentration of 

the sodium ion. The first term shows the interaction of the charged sodium ion with 

the applied voltage, 𝑉𝑉0. The order of this force is (𝑂𝑂(10−13)). The second term shows 

the electrostatic interaction of the sodium ion with the nanopore wall surface charge, 

𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑎𝑎. For a nanopore surface charge density of 𝜎𝜎𝑠𝑠𝑛𝑛 =  −1.3 𝑚𝑚𝑚𝑚/𝑚𝑚2, the order of 

this force is (𝑂𝑂(10−19)). The third term shows the interaction of the nanopore wall 
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surface charge with the applied voltage. The order of this force is (𝑂𝑂(10−13)).  We 

observe that the second term is very small compared to the other two terms and hence 

is neglected in the model.  

The ON state current is given by the charge of the sodium ion times the velocity, 𝜕𝜕𝑥𝑥𝑁𝑁𝑎𝑎��������⃗
𝜕𝜕𝑡𝑡

 

divided by the length of the nanopore, 

                                                     𝐼𝐼 =
𝑛𝑛𝑁𝑁𝑎𝑎
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑧𝑧𝑁𝑁𝑎𝑎+
𝐿𝐿𝑛𝑛𝑎𝑎𝑛𝑛𝑡𝑡

𝜕𝜕𝑥𝑥𝑁𝑁𝑎𝑎��������⃗
𝜕𝜕𝑡𝑡

                                             (S27) 

Neglecting the acceleration of the sodium ion �𝜕𝜕𝑥𝑥𝑁𝑁𝑎𝑎
2��������⃗

𝜕𝜕𝑡𝑡
= 0� in Eq. (S25) and 

substituting for 𝜕𝜕𝑥𝑥𝑁𝑁𝑎𝑎��������⃗
𝜕𝜕𝑡𝑡

 from Eq. (S26) into Eq. (S25), the 1-D ionic current is given by, 

 𝐼𝐼𝑂𝑂𝑁𝑁  =
𝑛𝑛𝑁𝑁𝑎𝑎
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑧𝑧𝑁𝑁𝑎𝑎+

𝐿𝐿𝑛𝑛
�
𝑎𝑎𝑧𝑧𝑁𝑁𝑎𝑎+𝑉𝑉0
�̇�𝜆𝑁𝑁𝑎𝑎+𝐿𝐿𝑛𝑛

+ 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡𝑉𝑉0
𝑛𝑛𝑁𝑁𝑎𝑎
𝑡𝑡𝑡𝑡𝑡𝑡𝑎𝑎𝑡𝑡�̇�𝜆𝑁𝑁𝑎𝑎+𝐿𝐿𝑛𝑛

�                      (S28) 

Substituting Eq. (S6) and 𝑑𝑑𝑉𝑉𝑛𝑛 = 𝐴𝐴𝑛𝑛𝐿𝐿𝑛𝑛 where 𝐴𝐴𝑛𝑛 is the area of the nanopore, Eq. 

(S28) reduces to, 

                                       𝐼𝐼𝑂𝑂𝑁𝑁 = 𝐴𝐴𝑛𝑛𝑂𝑂2𝑉𝑉0
𝐿𝐿𝑛𝑛

��𝑧𝑧𝑁𝑁𝑎𝑎+
2 𝑐𝑐0𝑁𝑁𝑎𝑎

+𝜇𝜇𝑁𝑁𝑎𝑎+� + �
4𝑧𝑧𝑁𝑁𝑎𝑎+𝜇𝜇𝑁𝑁𝑎𝑎+|𝜎𝜎𝑠𝑠𝑛𝑛|

𝑂𝑂𝑎𝑎𝑛𝑛
��  (S29)  

where 𝐹𝐹 is the Faraday’s constant given by,  

     𝐹𝐹 = 𝑒𝑒𝑁𝑁𝐴𝐴             (S30) 

Also, 𝜇𝜇𝑁𝑁𝑎𝑎+ = 1
�̇�𝜆𝑁𝑁𝑎𝑎+

=
𝐷𝐷𝑁𝑁𝑎𝑎+
𝑁𝑁𝑇𝑇

 is the mobility of the sodium ion and 𝑅𝑅 is the gas constant. 

Eq. (S29) is very similar to Eq. (7) in the main article, with the only difference Eq. 

(S29) considers only one ionic species, sodium ion instead of all the ionic species in 

Eq. (7) in the main article.  

Relationship between nanopore surface charge density and zeta potential: 
Grahame equation 
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The space charge density (𝜌𝜌𝑎𝑎) of the ions  in the system is given by,  

                                           𝜌𝜌𝑎𝑎 =  ∑𝑛𝑛𝑚𝑚𝑧𝑧𝑚𝑚𝑒𝑒                                                   (S31) 

where 𝑛𝑛𝑚𝑚 is the concentration of the 𝑖𝑖𝑡𝑡ℎ species.  Using Boltzmann equation, we 

approximate the concentration of the each ionic species, 𝑖𝑖, as 

                                              𝑛𝑛𝑚𝑚 = 𝑛𝑛𝑡𝑡𝑎𝑎exp �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

�                                                (S32) 

where, 𝑛𝑛𝑡𝑡𝑎𝑎 is the bulk concentration of the ions, 𝜓𝜓 is the potential. Using Poisson 

equation across the plane of the system,  

                                               𝑎𝑎
2𝑒𝑒
𝑎𝑎𝑦𝑦2

= − 𝜌𝜌𝑎𝑎
𝜖𝜖0𝜖𝜖𝑟𝑟

                                                              (S33) 

Substituting Eq. (S31) and Eq. (S32) into Eq. (S33),  

                                          𝑎𝑎
2𝑒𝑒
𝑎𝑎𝑦𝑦2

=  − 1
𝜖𝜖0𝜖𝜖𝑟𝑟

�∑𝑛𝑛𝑡𝑡𝑚𝑚𝑧𝑧𝑚𝑚𝑒𝑒 𝑒𝑒𝑥𝑥𝑒𝑒 �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

��                         (S34) 

Now, using the relation, 𝑎𝑎
2𝑒𝑒
𝑎𝑎𝑦𝑦2

= 1
2
𝑎𝑎
𝑎𝑎𝑦𝑦
�𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦
�
2
 and substituting in Eq. (S34), 

                                      1
2
𝑎𝑎
𝑎𝑎𝑦𝑦
�𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦
�
2

=  − 1
𝜖𝜖𝑟𝑟𝜖𝜖0

∑ 𝑛𝑛𝑡𝑡𝑎𝑎𝑧𝑧𝑚𝑚𝑒𝑒 𝑒𝑒𝑥𝑥𝑒𝑒 �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

�                       (S35) 

                                     �𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦
�
2

=  ∫− 2
𝜖𝜖𝑟𝑟𝜖𝜖0

∑ 𝑛𝑛𝑡𝑡𝑚𝑚𝑧𝑧𝑚𝑚𝑒𝑒 𝑒𝑒𝑥𝑥𝑒𝑒 �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

�  𝑑𝑑𝑑𝑑                     (S36) 

                                    �𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦
�
2

= 2𝑘𝑘𝐵𝐵𝑇𝑇
𝜖𝜖0𝜖𝜖𝑟𝑟

∑ 𝑛𝑛𝑡𝑡𝑚𝑚 exp �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

� + 𝑚𝑚                                 (S37) 

Applying the boundary conditions, 𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦

= 0 for 𝑑𝑑 = 0 due to the symmetry of the 

plane. Substituting the boundary condition in Eq. (S37), we obtain 𝑚𝑚. Eq. (S37) 

reduces to,  

                        �𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦
�
2

= 2𝑘𝑘𝐵𝐵𝑇𝑇
𝜖𝜖𝑟𝑟𝜖𝜖0

∑ 𝑛𝑛𝑡𝑡𝑚𝑚 �exp �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

� − 1�                                          (S38) 
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𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦

 on the wall can be equated to the wall surface charge density (𝜎𝜎𝑛𝑛) using Gauss 

lawS1. 

                                              𝑎𝑎𝑒𝑒
𝑎𝑎𝑦𝑦
⋅ 𝑛𝑛 = 𝜎𝜎𝑛𝑛

𝜖𝜖0𝜖𝜖𝑟𝑟
                                                               (S39) 

where 𝑛𝑛 denotes unit normal denoting outwards to the planar surface. Subsituting Eq. 

(S39) in Eq. (S38), we arrive at the Grahame equationS3. 

                                  𝜎𝜎𝑛𝑛 =  ± �2𝑘𝑘𝐵𝐵𝑇𝑇𝜖𝜖0𝜖𝜖𝑟𝑟 ∑𝑛𝑛𝑡𝑡𝑎𝑎 �exp �− 𝑧𝑧𝑎𝑎𝑎𝑎𝑒𝑒
𝑘𝑘𝐵𝐵𝑇𝑇

� − 1��
1
2                   (S40) 

Eq. (S40) is similar to Eq. (8) in the main article, except that potential 𝜓𝜓 is replaced 

by the zeta potential, 𝜁𝜁.  

Nonlinear electroosmotic flow  

We perform additional 2D simulations to understand nonlinear electroosmotic flow or 

electroosmotic flow of second-kind. The electroosmotic flow of second kind is a well 

known phenomenon in concentration polarization dominated system as it arises due to 

the presence of ESC regionS4,S5. When the ESC region is acted upon by a tangential 

electric field we generate a nonlinear fluid flow which is different from the primary 

electroosmotic flow (EOF). This is because the primary EOF is linearly proportional 

to the tangential electric field, 𝐸𝐸 while the EOF of second kind scales quadratically 

with the electric field. The interaction of the nonlinear electroosmotic fluid velocity 

with the electric field results in a vortex formation. In this study, we use numerical 

simulations to understand if there is any vortex formation in the nanofluidic diode.  

Fig. S1 (a) and S1 (b) shows the velocity profile in the micro/nanopore region. We 

observe uniform flow in the micro/macro as well as nanopore region. Also, we do not 

observe the electroosmotic flow of second-kind in the nanofluidic diode because there 
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is no vortex formation at the interfaces of the micro-nanopore. Hence, our nanofluidic 

diode offers tremendous fluidic stability.  

  

Figure S1. 2D velocity profile in (a) OFF state condition and (b) ON state condition. 
The simulation is done at 1 𝑚𝑚𝑚𝑚 sodium phosphate concentration. The label indicates 
velocity values in 𝑚𝑚/𝑐𝑐. We do not observe electroosmotic flow of second-kind in the 
nanofluidic diode. 
 
Effect of Agarose gel and PEG on ON/OFF state current 

We carry out additional experiments to understand the effect of highly viscous 

materials like agarose gel or Polyethylene glycol (PEG) on the ON/OFF state current. 

Fig. S2 shows the current-voltage characteristics for 10 𝑚𝑚𝑚𝑚 solution with and 

without 1 % agarose gel or 50 % PEG in the macropore. In all the three cases we 

observe the same OFF state current with no change in the length of ESC region. We 

postulate the reason to the low Reynolds number as it leads to small convection and 

rapid stabilization of the ESC region. However, in the ON state, Fig. S2 shows 

significant reduction in the ON state current owing to the increase in the lengths of the 

ESC region in the macropore. The primary reason for such increase in lengths of ESC 

region is the addition of viscous material like agarose gel and PEG suppresses the 

fluidic convection and increases in the macropore. To gain better insight into these 

results, Eq. (7) in the main article is used to calculate the ON state current. We used 

reduced diffusion coefficient for each ion to consider the viscous effects. The 

(b) (a) 
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individual diffusion coefficient of each ion is multiplied by a factor of 0.016 for 

agarose gel case and multiplied by a factor of 0.01 for PEG. The OFF state currents 

were calculated using Eq. (1) in the main article using the same parameters as with the 

buffer solution case. Fig S2 shows a good match between the theoretical model and 

the experiments in both ON and OFF state. To our knowledge, these are the first 

experiments reported for the nanofluidic diode.   

 

Figure S2. Current-voltage characteristics with 1% agarose gel or 50% PEG along 
with 10 𝑚𝑚𝑚𝑚 buffer solution.  

 
Joule heating effect  

We also perform additional numerical simulations to understand if there is any Joule 

heating effect inside the nanofluidic diode to understand the thermal stability of the 

nanofluidic diode. In our experiments, the temperature of the nanofluidic diode did 

not rise beyond 10% of the room temperature ensuring the nanofluidic diode is 

thermally stable.  In order to understand numerically the Joule heating effects, we 

develop an area-averaged Joule heating model. Neglecting the radial convection, the 

fluid temperature due to convective fluid flow and conductive water is given as; 
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                         𝜌𝜌𝑐𝑐𝑝𝑝 �
𝑎𝑎𝑇𝑇
𝑎𝑎𝑡𝑡

+ 𝒖𝒖 ⋅ ∇𝑇𝑇� = ∇ ⋅ [𝑘𝑘1(𝑇𝑇)∇𝑇𝑇] + 𝜆𝜆1𝐸𝐸2                       (S41) 

where 𝜌𝜌 is the density of the fluid, 𝑐𝑐𝑝𝑝 is the specific heat of the fluid. 𝒖𝒖 is the velocity 

vector, 𝑘𝑘1 is the thermal conductivity and 𝜆𝜆1 is the electrical conductivity. A linear 

model is employed to model the temperature dependence on electrical 

conductivity (𝜆𝜆1).  

                                              𝜆𝜆1 = 𝜆𝜆0(1 + 𝛽𝛽(𝑇𝑇 − 𝑇𝑇0))                                  (S42) 

where 𝜆𝜆0 is the bulk electrical conductivity given by,  

      𝜆𝜆0 = 𝑂𝑂2

𝑁𝑁𝑇𝑇
∑ 𝑧𝑧𝑚𝑚𝑐𝑐𝑚𝑚𝐷𝐷𝑚𝑚𝑛𝑛
𝑚𝑚=1               (S43) 

𝑐𝑐𝑚𝑚 is the concentration of the ionic species and 𝛽𝛽 is the temperature coefficient. We 

assume the velocity of the fluid does not vary across the radial direction, and is given 

by the Helmholtz-Smoluchowski equationS6,  

                                                   𝑢𝑢𝑧𝑧 =  −𝜖𝜖0𝜖𝜖𝑟𝑟𝜁𝜁𝐸𝐸𝑧𝑧
𝜇𝜇

                                   (S44) 

The boundary conditions at the ends of the micro and macro reservoirs are specified 

as;  

                                                𝑇𝑇𝑚𝑚𝑚𝑚 = 𝑇𝑇0                            (S45) 

                                                𝑇𝑇𝑚𝑚𝑎𝑎 = 𝑇𝑇0              (S46) 

where 𝑇𝑇𝑚𝑚𝑚𝑚 is the temperature of the micropore reservoir and 𝑇𝑇𝑚𝑚𝑎𝑎 is the temperature of 

the macropore reservoir, 𝑇𝑇0 = 300 𝐾𝐾 is the bulk temperature. The other boundary 

conditions are,  

                          𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟 

(0, 𝑧𝑧) = 0   (axisymmetric boundary condition)                      (S47) 

                            𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟

(𝑅𝑅𝑛𝑛, 𝑧𝑧) =  −ℎ1
𝑘𝑘1

(𝑇𝑇(𝑅𝑅𝑛𝑛, 𝑧𝑧) − 𝑇𝑇0)                                   (S48) 
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                            𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟
�𝑅𝑅𝑚𝑚𝑚𝑚/𝑚𝑚𝑎𝑎, 𝑧𝑧� =  0                          (S49) 

Where 𝑅𝑅𝑛𝑛 is the radius of the nanopore and 𝑅𝑅𝑚𝑚𝑚𝑚/𝑚𝑚𝑎𝑎 is the radius of the micropore or 

macropore respectively. ℎ1 is the heat transfer coefficient of the fluid. We neglect the 

term related to viscous dissipation (i.e., the thermal energy converted from the 

mechanical energy) as it is small compared to the Joule heating effectS7,S8.  

We integrate Eq. (S41) along the 𝑟𝑟 direction to average out the radial effects.  

 

 

where 𝛼𝛼1 = 𝑘𝑘1
𝜌𝜌𝑐𝑐𝑎𝑎

. Substituting the boundary conditions Eq. (S45) to Eq. (S49) and also 

substituting Eq. (S44) in Eq. (S50), we arrive at an area-averaged Joule heating 

model, 

Δ(𝑧𝑧) 𝜕𝜕𝑇𝑇�
𝜕𝜕𝑡𝑡

= 𝜖𝜖𝑟𝑟𝜖𝜖𝑡𝑡𝜁𝜁𝐸𝐸�

𝜇𝜇
Δ(𝑧𝑧) 𝜕𝜕𝑇𝑇�

𝜕𝜕𝑧𝑧
− 2𝜋𝜋𝑅𝑅(𝑧𝑧)𝛼𝛼1 �

ℎ1
𝑘𝑘1

(𝑇𝑇(𝑧𝑧) − 𝑇𝑇0)� +  Δ(𝑧𝑧)𝛼𝛼1
𝜕𝜕2𝑇𝑇�

𝜕𝜕𝑧𝑧2
+

𝐸𝐸�2

𝑘𝑘1
Δ(𝑧𝑧)𝛼𝛼1𝜆𝜆0(1 + 𝛽𝛽(𝑇𝑇 − 𝑇𝑇0))                                                                                  (S51) 

where Δ(z) is the cross sectional area accounting for the micro, nano and macropore 

respectively. 𝑅𝑅(𝑧𝑧) is the radius of the micro-nano-macropore, respectively and 𝑓𝑓 =

1
Δ(z)∫ ∫ 𝑓𝑓(𝑟𝑟,𝜃𝜃)𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃2𝜋𝜋

0
𝑁𝑁
0  is the area averaged quantity. We consider two approaches 

to predict the Joule heating effects. One, we consider coupling Eq. (S51) with Eq. (10) 

and Eq. (12) in the main article to determine the local concentration, electric potential 

and the electrical conductivity, 𝜆𝜆0. The coupling is a one way coupling, where we 

assume the fluid properties like diffusivity, thermal conductivity and viscosity are 

independent of temperature. The second approach is a more realistic approach where 

∫ ∫ 𝜕𝜕𝑇𝑇
𝜕𝜕𝑡𝑡
𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃 2𝜋𝜋

0
𝑁𝑁
0 +  ∫ ∫ 𝑢𝑢𝑧𝑧

2𝜋𝜋
0

𝑁𝑁
0

𝜕𝜕𝑇𝑇
𝜕𝜕𝑧𝑧
𝑟𝑟 𝑑𝑑𝑟𝑟 𝑑𝑑𝜃𝜃 = 𝛼𝛼1 ∫ ∫ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑧𝑧2
2𝜋𝜋
0

𝑁𝑁
0 𝑟𝑟 𝑑𝑑𝑟𝑟 𝑑𝑑𝜃𝜃 +  ∫ ∫ 1

𝑟𝑟
� 𝜕𝜕
𝜕𝜕𝑟𝑟
�𝛼𝛼1𝑟𝑟

𝜕𝜕𝑇𝑇
𝜕𝜕𝑟𝑟
��2𝜋𝜋

0
𝑁𝑁
0  𝑟𝑟 𝑑𝑑𝑟𝑟 𝑑𝑑𝜃𝜃 +

𝜆𝜆1𝛼𝛼1 ∫ ∫ 𝐸𝐸2

𝑘𝑘1
𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝜃𝜃2𝜋𝜋

0
𝑁𝑁
0                                                                                                                         (S50) 
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we consider a two ways coupling in which the area-averaged Joule heating model is 

coupled with Eq. (10) and Eq. (12) in the main article along with accounting for the 

temperature variations of the fluid properties.   

The effect of viscosity variation with temperature is modeled using Eq. (S52)S7.  

𝜇𝜇(𝑇𝑇) = 2.716 × 10−6𝑒𝑒𝑥𝑥𝑒𝑒 �1713
𝑇𝑇
�                          (S52) 

Similarly, the temperature variation of permittivity 𝜖𝜖(𝑇𝑇)S8 and the diffusion 

coefficient of ionic species 𝐷𝐷𝑚𝑚(𝑇𝑇) are given by,  

𝜖𝜖(𝑇𝑇) = 305.7 𝑒𝑒𝑥𝑥𝑒𝑒 �− 𝑇𝑇
219
�                           (S53) 

𝐷𝐷𝑚𝑚(𝑇𝑇) = 𝐷𝐷0𝑚𝑚(1 + 0.0209(𝑇𝑇 − 𝑇𝑇0))                          (S54) 

where, 𝐷𝐷0𝑚𝑚 is the bulk diffusion coefficient of ionic species 𝑖𝑖 at temperature 𝑇𝑇0. The 

thermal conductivity, 𝑘𝑘1(𝑇𝑇), density, 𝜌𝜌(𝑇𝑇) as a function of temperature are obtained 

from the standard steam tables S9. The values for the other simulation parameters are 

𝜁𝜁 =  −6.21 𝑚𝑚𝑉𝑉S3, nanopore wall surface charge density is 𝜎𝜎𝑛𝑛 = 0 𝑚𝑚𝑚𝑚/𝑚𝑚2, bulk 

concentration is 𝑐𝑐0 = 10 𝑚𝑚𝑚𝑚 and input voltage is 𝜙𝜙 = 40𝑉𝑉. The heat transfer 

coefficient at 𝑇𝑇0 = 300 𝐾𝐾 is ℎ = 0.21 𝑊𝑊/𝑚𝑚2𝐾𝐾; the thermal conductivity is 𝑘𝑘1 =

0.6 𝑊𝑊/𝑚𝑚𝐾𝐾. 𝜌𝜌 = 1000 𝑘𝑘𝑘𝑘/𝑚𝑚3, 𝜇𝜇 = 1.002 × 10−3 𝑃𝑃𝑐𝑐 ⋅ 𝑐𝑐 and temperature coefficient, 

𝛽𝛽 = 0.027 𝐾𝐾−1for 10 𝑚𝑚𝑚𝑚 concentrationS7. Fig. S3 (a) shows that the one way 

coupling approach leads to unphysical results as the temperature rise inside the 

nanopore is 700 𝐾𝐾. However, the two ways coupling approach in which we account 

for the temperature variations of the fluid properties yields physically consistent 

results and the temperature rise inside the nanopore is 340 𝐾𝐾 (see Fig. S3 (a) and Fig. 

S3 (b)) which is comparable the experimental temperature rise of 10%. Our results 

indicate that the nanofluidic diode is thermally stable which helps for industrial 
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scaling of the device. To the best of our knowledge these simulations are carried out 

for the first time in nanofluidic diode literature. 

 

Figure S3 (a) Joule heating effect inside the nanofluidic diode using both one way and 
two ways coupling model (b) The variation of temperature with time inside the 
nanopore between the two models. We observe that the two ways coupling approach 
is more physical as it leads to 10% temperature rise when compared to one way 
coupling approach. 
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Supporting information movie: OFF state concentration polarization depletion and 

accumulation regions in the micro and macropore, respectively.  
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